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10.1) Locating roots
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Why do we need numerical methods?
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Proving a solution lies in a range
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…but only if the function is continuous
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…and no sign change doesn’t mean there isn’t a root
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Worked Example
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Explain why there are no real roots to ଵ

௫ିଶ
between and 



Worked Example
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Using the same axes, sketch the graphs of 
𝑦 = 𝑒௫ and 𝑦 =

ଵ

௫

a) Explain how your diagram shows that the function 𝑓 𝑥 = 𝑒௫ −
ଵ

௫
 has only one root

b) Show that this root lies in the interval 0.5 < 𝑥 < 0.6
c) Show that the root is 0.567 to 3 decimal places

T.277 : 10A Qs 8, 11, 12



10.2) Iteration
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Why does this method work?
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Cobweb Diagrams
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And when iteration fails…
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Notes
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Worked Example
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𝑓 𝑥 = 𝑥ଶ − 5𝑥 − 3
a) Show that 𝑓 𝑥 = 0 can be written as:

i) 𝑥 =
௫మିଷ

ହ
ii) 𝑥 = 5𝑥 + 3 iii) 𝑥 = 5 +

ଷ

௫

b) Starting with 𝑥଴ = 3 use each iterative 
formula to find a root of the equation 
𝑓 𝑥 = 0, rounding your answers to 3 
decimal places



Worked Example
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𝑓 𝑥 = 𝑒௫ିଶ + 𝑥 − 5
a) Show that 𝑓 𝑥 = 0 can be written as:

𝑥 = ln(5 − 𝑥) + 2, 𝑥 < 5
The root of 𝑓 𝑥 = 0 is 𝛼.
The iterative formula 

𝑥௡ାଵ = ln(5 − 𝑥௡) + 2,  𝑥଴ = 3
is used to find an approximate value for 𝛼
b) Calculate the values of 𝑥ଵ, 𝑥ଶ and 𝑥ଷ to four 

decimal places.
c) By choosing a suitable interval, show that 

𝛼 = 2.792 correct to 3 decimal places.



Worked Example

Page 23

𝑓 𝑥 = 𝑥ଷ + 4𝑥ଶ + 3𝑥 − 12
(a) Show that the equation can be written as

𝑥 =
3(4 − 𝑥)

4 + 𝑥
, 𝑥 ≠ −4

The equation 𝑓 𝑥 = 0 has a single root between 1 and 2.
(b) Use the iterative formula

𝑥௡ାଵ =
ସ(ଷି௫೙)

ଷା௫೙
, 𝑛 ≥ 0, 𝑥଴ = 1

to calculate the values of 𝑥ଵ, 𝑥ଶ and 𝑥ଷ, giving your answers to 2 decimal places.
(c) The root of 𝑓 𝑥 = 0 is 𝛼. By choosing a suitable interval, prove that 𝛼 = 1.253 (3 dp)

T.280: 10B Qs 1,2, P.82: 10.2 Qs 1-3



Worked Example
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Use the graph of and to solve the equation
ଶ

using the recurrence relation:

௡ାଵ ௡ ଴



Your Turn
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Use the graph of and to solve the equation
ଶ

using the recurrence relation:

௡ାଵ ௡ ଴



Worked Example
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Use the graph of 𝑦 = 𝑥 and 𝑦 =
ଷ

௫ିଵ
to solve the equation

𝑥ଶ − 𝑥 − 3 = 0
using the recurrence relation:

𝑥௡ାଵ =
3

𝑥௡ − 1
, 𝑥଴ = −4.5



Your Turn
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Use the graph of 𝑦 = 𝑥 and 𝑦 =
ଵ

௫ିଵ
to solve the equation

𝑥ଶ − 𝑥 − 1 = 0
using the recurrence relation:

𝑥௡ାଵ =
1

𝑥௡ − 1
, 𝑥଴ = −2.5



Worked Example
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Use the graph of 𝑦 = 𝑥 and 𝑦 = 𝑥ଶ − 3 to solve the equation
𝑥ଶ − 𝑥 − 3 = 0

using the recurrence relation:
𝑥௡ାଵ = 𝑥௡

ଶ − 3, 𝑥଴ = 3

T.280: 10B Qs 3+, P.82: 10.2 Qs 4+



Your Turn
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Use the graph of 𝑦 = 𝑥 and 𝑦 = 𝑥ଶ − 1 to solve the equation
𝑥ଶ − 𝑥 − 1 = 0

using the recurrence relation:
𝑥௡ାଵ = 𝑥௡

ଶ − 1, 𝑥଴ = 2



10.3) The Newton-Raphson method
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The Newton-Raphson Process 
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The Newton-Raphson Process 
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When does Newton-Raphson fail?
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଴

tangent

If the starting value 𝟎 was the stationary 
point, then ᇱ

଴ , resulting in a 
division by 0 in the above formula.

Graphically, it is because the tangent will 
never reach the -axis.

𝑦 =
𝑥

1 + 𝑥ଶ

𝑥଴𝑥ଵ 𝑥ଶ

Newton-Raphson also suffers from the 
same drawbacks as solving by iteration, 
in that it’s possible for the values of ௜ to 
diverge.
In this example, the ௜ oscillate either 
side of 0, but gradually getting further 
away from .
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Worked example Your turn
Using the Newton-Raphson process, state the 
recurrence relation for the following functions:

ସ

ଶ

Using the Newton-Raphson process, state the 
recurrence relation for the following functions:

ଷ

ଶ
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Worked example Your turn
Using three iterations of the Newton-Raphson 
process, starting with ଴ ,
solve the equation 

Using three iterations of the Newton-Raphson 
process, starting with ଴ ,
solve the equation 
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Worked example Your turn
𝑓 𝑥 =

1

3
𝑥ସ − 𝑥ଶ + 3𝑥 − 1

The equation 𝑓 𝑥 = 0 has a root 𝛼 in the interval 
[−2, −3]
Taking −2.5 as a first approximation to 𝛼, apply the 
Newton-Raphson process once to 𝑓(𝑥) to obtain a second 
approximation to 𝛼.
Give your answer to 2 decimal places. 

𝑔 𝑥 =
1

2
𝑥ସ − 𝑥ଷ + 𝑥 − 3

The equation 𝑔 𝑥 = 0 has a root 𝛽 in the interval 
[−2, −1]
Taking −1.5 as a first approximation to 𝛽, apply the 
Newton-Raphson process once to 𝑔(𝑥) to obtain a second 
approximation to 𝛽.
Give your answer to 2 decimal places. 
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Worked example Your turn
𝑓 𝑥 = 11𝑥ଶ −

3

𝑥ଶ

The equation 𝑓 𝑥 = 0 has a root 𝛼 in the interval [0, 1]
Taking 0.4 as a first approximation to 𝛼, apply the 
Newton-Raphson process once to 𝑓(𝑥) to obtain a second 
approximation to 𝛼.
Give your answer to 3 decimal places. 

𝑔 𝑥 = 3𝑥ଶ −
11

𝑥ଶ

The equation 𝑔 𝑥 = 0 has a root 𝛽 in the interval [1, 2]
Taking 1.4 as a first approximation to 𝛽, apply the 
Newton-Raphson process once to 𝑔(𝑥) to obtain a second 
approximation to 𝛽.
Give your answer to 3 decimal places. 
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Worked example Your turn
ଶ

State why ଴ is not suitable to use as a first 
approximation to the roots of when applying 
the Newton-Raphson method. 

ଶ

State why ଴ is not suitable to use as a first 
approximation to the roots of when applying 
the Newton-Raphson method. 

T.284: 10C al Qs, P.84: 10.3 all Qs 



10.4) Applications to modelling
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Notes
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Worked Example

Page 44

The price of a car in £s, 𝑥 years after purchase, is modelled by the function
𝑓 𝑥 = 5000 0.58 ௫ − 100 sin 𝑥 ,   𝑥 > 0

(a) Use the model to find the value, to the nearest hundred £s, of the car 5 years after purchase.
(b) Show that 𝑓 𝑥 has a root between 7 and 8.
(c) Taking 7.5 as a first approximation, apply the Newton-Raphson method once to 𝑓(𝑥) to obtain a second approximation for the time 

when the value of the car is zero. Give your answer to 3 decimal places.
(d) Criticise this model with respect to the value of the car as it gets older.

T.287: 10D all Qs, P.86: 10.4 all Qs



Extract from Formulae book
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Past Paper Questions
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Past paper practice by 
topic.  Both new and old 
specification can be 
found via this link on 
hgsmaths.com 



Summary of Key Points

Page 48 T.289: mixed ex, P.88: BSG


