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11.1) Integrating standard functions

Page 4

There’s certain results you should be able to integrate straight off, by just thinking about 
the opposite of differentiation. Have a go at these by thinking about what would 
differentiate to the function on the left:

∫ 𝒚 𝒅𝒙𝒚

1

𝑛 + 1
𝑥ାଵ + 𝐶

𝑥

𝑒௫ + 𝐶𝑒௫

ln |𝑥| + 𝐶1

𝑥

sin 𝑥 + 𝐶cos 𝑥

− cos 𝑥 + 𝐶sin 𝑥

tan 𝑥 + 𝐶secଶ 𝑥

−𝑐𝑜𝑠𝑒𝑐 𝑥 + 𝐶𝑐𝑜𝑠𝑒𝑐 𝑥 cot 𝑥

− cot 𝑥 + 𝐶𝑐𝑜𝑠𝑒𝑐ଶ𝑥

sec 𝑥 + 𝐶sec 𝑥 tan 𝑥

It’s vital you remember this one.

?
?
?
?
?
?
?
?
?



Notes
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Worked Example
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Find:

න 3 sin 𝑥 −
4

𝑥ଶ
+ 𝑥య  𝑑𝑥



Worked Example
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Find:

න
sin 𝑥

cosଶ 𝑥
 𝑑𝑥



Worked Example
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Given that 

∫   
ଷ௫ିଵ

௫
 𝑑𝑥

ହ


= ln 2,

find the exact value of 𝑎.



11.2) Integrating 𝒇(𝒂𝒙+𝒃)

Page 13

For any expression where inner function is 𝑎𝑥 + 𝑏, integrate as before and ÷ 𝑎.

න𝑓ᇱ 𝑎𝑥 + 𝑏 𝑑𝑥 =
1

𝑎
𝑓 𝑎𝑥 + 𝑏 + 𝐶



Notes
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Worked Example
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Find:

න 6𝑥 + 1 ଶ 𝑑𝑥

න 5𝑥 − 2 ଷ 𝑑𝑥

න 4𝑥 + 3 ସ 𝑑𝑥



Worked Example
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Find:

න
1

2 3𝑥 − 4 ସ
𝑑𝑥

න
1

4 2 − 3𝑥 ଷ
𝑑𝑥



Worked Example
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Find:

න 3𝑥 − 1 ଶ

න(3𝑥 − 1) 𝑑𝑥

න
1

3𝑥 − 1
𝑑𝑥

න
1

3𝑥 − 1 ଶ
𝑑𝑥



Worked Example

Page 21

Find:

නsin 6𝑥 + 1  𝑑𝑥

න − sin
𝑥

5
− 2  𝑑𝑥

නsin 3 − 4𝑥  𝑑𝑥



Worked Example
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Find:

නcos 6𝑥 + 1  𝑑𝑥

න − cos
𝑥

5
− 2  𝑑𝑥

නcos 3 − 4𝑥  𝑑𝑥



Worked Example
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Find:

න
1

6𝑥 − 1
𝑑𝑥

න
1

1
5

𝑥 + 2
𝑑𝑥

න
1

3 − 4𝑥
𝑑𝑥



Worked Example
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Find:

නsecଶ 2𝑥 − 3  𝑑𝑥

න6secଶ 5 − 4𝑥  𝑑𝑥



Worked Example
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Find:

නsec 5𝑥 tan 5𝑥 𝑑𝑥

න sec
𝑥

4
tan

𝑥

4
𝑑𝑥



Worked Example
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Find:

න𝑒௫ାଵ 𝑑𝑥

න 𝑒
ଵ
ହ

௫ିଶ 𝑑𝑥

න𝑒ସିଷ௫ 𝑑𝑥



Worked Example
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Find:

න 𝑒௫ − 1 ଷ 𝑑𝑥



Exercise 11B Pages 297-298

නsin 2𝑥 + 1 𝑑𝑥 = −
𝟏

𝟐
𝒄𝒐𝒔 𝟐𝒙 + 𝟏 + 𝑪

න4𝑒௫ାହ 𝑑𝑥 = 𝟒𝒆𝒙ା𝟓 + 𝑪

න𝑐𝑜𝑠𝑒𝑐ଶ3𝑥 𝑑𝑥 = −
𝟏

𝟑
𝐜𝐨𝐭 𝟑𝒙 + 𝑪

නsec 4𝑥 tan 4𝑥  𝑑𝑥 =
𝟏

𝟒
𝐬𝐞𝐜 𝟒𝒙 + 𝑪

න 3 sin
1

2
𝑥 + 1 𝑑𝑥 = −𝟔 𝐜𝐨𝐬

𝟏

𝟐
𝒙 + 𝟏

න𝑐𝑜𝑠𝑒𝑐 2𝑥 cot 2𝑥  𝑑𝑥 = −
𝟏

𝟐
𝒄𝒐𝒔𝒆𝒄 𝟐𝒙 + 𝑪

න 𝑒ଶ௫ −
1

2
sin 2𝑥 − 1 𝑑𝑥

              =
𝟏

𝟐
𝒆𝟐𝒙 +

𝟏

𝟒
𝐜𝐨𝐬 𝟐𝒙 − 𝟏 + 𝑪

න 𝑒௫ + 1 ଶ 𝑑𝑥 =
𝟏

𝟐
𝒆𝟐𝒙 + 𝟐𝒆𝒙 + 𝒙 + 𝑪

නsecଶ 2𝑥 1 + sin 2𝑥 𝑑𝑥 =
𝟏

𝟐
𝐭𝐚𝐧 𝟐𝒙 +

𝟏

𝟐
𝐬𝐞𝐜 𝟐𝒙

∫
ଷିଶ ୡ୭

భ

మ
௫

ୱ୧୬మ భ

మ
௫

𝑑𝑥 = −𝟔 𝐜𝐨𝐭
𝟏

𝟐
𝒙 + 𝟒𝒄𝒐𝒔𝒆𝒄

𝟏

𝟐
𝒙

න𝑒ଷି௫ + sin 3 − 𝑥 + cos 3 − 𝑥 𝑑𝑥

     = −𝒆𝟑ି𝒙 + 𝐜𝐨𝐬 𝟑 − 𝒙 − 𝐬𝐢𝐧 𝟑 − 𝒙 + 𝑪

a

c

e

f

g

h

1

a2

b

c

d

e

න
1

2𝑥 + 1
𝑑𝑥 =

𝟏

𝟐
𝐥𝐧 𝟐𝒙 + 𝟏 + 𝑪

න
1

2𝑥 + 1 ଶ
𝑑𝑥 = −

𝟏

𝟐 𝟐𝒙 + 𝟏
+ 𝑪

න 2𝑥 + 1 ଶ 𝑑𝑥 =
𝟏

𝟔
𝟐𝒙 + 𝟏 𝟑 + 𝑪

න
3

4𝑥 − 1
𝑑𝑥 =

𝟑

𝟒
𝐥𝐧 𝟒𝒙 − 𝟏 + 𝑪

න
3

1 − 4𝑥 ଶ
𝑑𝑥 =

𝟑

𝟒 𝟏 − 𝟒𝒙
+ 𝑪

න
3

1 − 2𝑥 ଷ
𝑑𝑥 =

𝟑

𝟒 𝟏 − 𝟐𝒙 𝟐
+ 𝑪

න
5

3 − 2𝑥
𝑑𝑥 = −

𝟓

𝟐
𝐥𝐧 𝟑 − 𝟐𝒙 + 𝑪

න 3 sin 2𝑥 + 1 +
4

2𝑥 + 1
 𝑑𝑥

     = −
𝟑

𝟐
𝐜𝐨𝐬 𝟐𝒙 + 𝟏 + 𝟐 𝐥𝐧 𝟐𝒙 + 𝟏 + 𝑪

න
1

sinଶ 2𝑥
+

1

1 + 2𝑥
+

1

1 + 2𝑥 ଶ
𝑑𝑥

      = −
𝟏

𝟐
𝐜𝐨𝐭 𝟐𝒙 +

𝟏

𝟐
𝐥𝐧 𝟏 + 𝟐𝒙 −

𝟏

𝟐 𝟏 + 𝟐𝒙

a

b

c

d

f

h

j

a

c

3

4

?
?

?
?

?
?

?
?

?
?

?

?

?

?

?

?

?

?

?

?



11.3) Using trigonometric identities
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NOT given:Given:



Notes
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Worked Example

Page 39

Find:

නsinଶ 𝑥  𝑑𝑥



Worked Example
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Find:

නcotଶ 𝑥  𝑑𝑥



Worked Example

Page 43

Find:

න sec 𝑥 − tan 𝑥 ଶ 𝑑𝑥



Worked Example

Page 45

Find:

නsin 5𝑥 cos 5𝑥  𝑑𝑥

න sin
𝑥

4
cos

𝑥

4
 𝑑𝑥



Worked Example
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Find:

න sin 𝑥 − cos 𝑥 ଶ𝑑𝑥



Worked Example
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Find:

න cos 2𝑥 + 1 ଶ𝑑𝑥



Worked Example
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Find:

න
1 + sin 𝑥 ଶ

cosଶ 𝑥
𝑑𝑥



Worked Example
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Find:

න
cos 2𝑥

sinଶ 𝑥
𝑑𝑥



Worked Example
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Show that:

න cosଶ 𝑥

గ
ସ

గ


 𝑑𝑥 =
𝜋

24
+

2 − 3

8



Worked Example
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Find:

න cosଶ 3𝑥

గ
ଷ

గ


 𝑑𝑥



Worked Example
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Find:

නsinସ 𝑥  𝑑𝑥



11.4) Reverse chain rule

Page 61

There’s certain more complicated expressions which look like the result of having 
applied the chain rule. I call this process ‘consider then scale’:
1. Consider some expression that will differentiate to something similar to it.
2. Differentiate, and adjust for any scale difference.

න𝑥 𝑥ଶ + 5 ଷ 𝑑𝑥 නcos 𝑥 sinଶ 𝑥  𝑑𝑥 න
2𝑥

𝑥ଶ + 1
 𝑑𝑥



Notes
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Quickfire

Page 64

න
4𝑥ଷ

𝑥ସ − 1
𝑑𝑥 = 𝐥𝐧 𝒙𝟒 − 𝟏 + 𝑪

න
cos 𝑥

sin 𝑥 + 2
𝑑𝑥 = 𝒍𝒏 𝐬𝐢𝐧 𝒙 + 𝟐 + 𝑪

නcos 𝑥  𝑒ୱ୧୬ ௫ 𝑑𝑥 = 𝒆𝐬𝐢𝐧 𝒙 + 𝑪

නcos 𝑥 sin 𝑥 − 5  𝑑𝑥 =
𝟏

𝟖
𝐬𝐢𝐧 𝒙 − 𝟓 𝟖 + 𝑪

න𝑥ଶ 𝑥ଷ + 5  =
𝟏

𝟐𝟒
𝒙𝟑 + 𝟓

𝟖
+ 𝑪

In your head!

Not in your head…

න
𝑥

𝑥ଶ + 5 ଷ 𝑑𝑥 =

                                  

Tip: If there’s as power around the whole denominator, 
DON’T use 𝑙𝑛: re-express the expression as a product. 
e.g. 𝑥 𝑥ଶ + 5 ିଷ

?

?

?

?

?



Worked Example
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Worked Example
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Worked Example
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Worked Example

Page 69

Find:

න
3𝑥ଶ + 5

𝑥ଷ + 5𝑥 − 2
 𝑑𝑥



Worked Example

Page 71

Find:

න
secଶ 𝑥

tan 𝑥 − 3
𝑑𝑥



Worked Example

Page 73

Find:

නsin 𝑥  𝑒ୡ୭ୱ ௫ 𝑑𝑥

නsecଶ 𝑥  𝑒୲ୟ୬ 𝑑𝑥



Worked Example

Page 75

Find:

නsin 𝑥 cos 𝑥 − 1 ହ 𝑑𝑥

නsecଶ 𝑥 tan 𝑥 + 3  𝑑𝑥



Worked Example
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Find:

නsecଶ 𝑥 tan 𝑥  𝑑𝑥



Worked Example
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Find:

න
𝑐𝑜𝑠𝑒𝑐ଶ𝑥

3 − cot 𝑥 ସ
𝑑𝑥



Worked Example

Page 81

Find:

න
𝑐𝑜𝑠𝑒𝑐ଶ𝑥

3 − cot 𝑥 ସ
𝑑𝑥



Worked Example
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Find:

නtan 𝑥 𝑑𝑥



11.5) Integration by substitution
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Notes

Page 87



Worked Example

Page 88



How can we tell what substitution to use?

Page 89

In Edexcel you will usually be given the substitution!
However in some other exam boards, and in STEP, you often aren’t.
There’s no hard and fast rule, but it’s often helpful to replace to replace expressions inside roots, powers 
or the denominator of a fraction.

නcos 𝑥 1 + sin 𝑥 𝑑𝑥

Sensible substitution:

𝒖 = 𝟏 + 𝐬𝐢𝐧 𝒙

න6𝑥 𝑒௫మ
𝑑𝑥 𝒖 = 𝒙𝟐

න
𝑥𝑒௫

1 + 𝑥
𝑑𝑥 𝒖 = 𝟏 + 𝒙

න 𝑒
ଵି௫
ଵା௫ 𝑑𝑥 𝒖 =

𝟏 − 𝒙

𝟏 + 𝒙

?

?

?

But this can be integrated 
by inspection.?



Worked Example

Page 91

Find:

න cos 𝑥 sin 𝑥 2 + sin 𝑥 ସ

గ
ଶ



𝑑𝑥

using the substitution 𝑢 = sin 𝑥 + 2



Worked Example

Page 93

Find:

න
3 sin 2𝑥

2 + sin 𝑥
 𝑑𝑥

using the substitution 𝑢 = 2 + sin 𝑥



Worked Example
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Calculate:

න sin 𝑥 2 + cos 𝑥

గ
ଶ



 𝑑𝑥

using the substitution 𝑢 = cos 𝑥 + 2



Worked Example
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Use the substitution 𝑢 = 𝑥 − 1 to evaluate:

න
1

𝑥 − 1

ସଽ

ଷ

𝑑𝑥



Worked Example

Page 99

A finite region is bounded by the curve with equation 𝑦 = 𝑥ଷ ln(𝑥ଶ + 3) , the 𝑥-axis and the lines 𝑥 = 0 and 𝑥 = 5.

Use the substitution 𝑢 = 𝑥ଶ + 3 to show that the area of 𝑅 is ଵ
ଶ

∫ 𝑢 − 3 ln 𝑢
଼

ଷ
𝑑𝑢



Worked Example
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Using integration by substitution, prove that:

− න
1

1 − 𝑥ଶ
𝑑𝑥 = arccos 𝑥 + 𝑐



Worked Example

Page 103

Use the substitution 𝑢 = cos 𝑥 to evaluate

න sinଷ 𝑥 cosଶ 𝑥

గ
ଷ



𝑑𝑥



Worked Example
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Use the substitution 𝑥 = cos 𝑢 to evaluate

න 𝑥ଶ 1 − 𝑥ଶ

ଷ
ଶ

ଵ
ଶ

𝑑𝑥



11.6) Integration by parts

Page 107

Just as the Product Rule was used to differentiate the product of two 
expressions, we can often use ‘Integration by Parts’ to integrate a product.

න𝑥 cos 𝑥  𝑑𝑥 =?

To integrate by parts:

න 𝑢
𝑑𝑣

𝑑𝑥
𝑑𝑥 = 𝑢𝑣 − න 𝑣

𝑑𝑢

𝑑𝑥
 𝑑𝑥

𝑑

𝑑𝑥
𝑢𝑣 = 𝑣

𝑑𝑢

𝑑𝑥
+ 𝑢

𝑑𝑣

𝑑𝑥
          →      න

𝑑

𝑑𝑥
𝑢𝑣 . 𝑑𝑥 = න 𝑣

𝑑𝑢

𝑑𝑥
. 𝑑𝑥 + න 𝑢

𝑑𝑣

𝑑𝑥
. 𝑑𝑥

𝑢𝑣 = න 𝑣
𝑑𝑢

𝑑𝑥
. 𝑑𝑥 + න 𝑢

𝑑𝑣

𝑑𝑥
. 𝑑𝑥



Notes
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Worked Example

Page 109

Find:

න𝑥 sin 𝑥  𝑑𝑥



Worked Example
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Find:

න𝑥ଶ cos 𝑥  𝑑𝑥



Worked Example
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Find:

න𝑥ଶ𝑒ି௫ 𝑑𝑥



By parts twice (or even thrice...)

Find ∫ 𝑥ଶ𝑒௫ 𝑑𝑥

Page 115



Worked Example

Page 116

Find:

න𝑥ଷ ln 𝑥  𝑑𝑥



Worked Example

Page 118

Evaluate:

න ln 𝑥 𝑑𝑥
ସ

ଵ



Worked Example
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Find:

න𝑒௫ cos 𝑥  𝑑𝑥



Worked Example

Page 122

Evaluate:

න 𝑥 cos 𝑥  𝑑𝑥

గ
ଶ





11.7) Partial fractions

Page 125



Notes

Page 126



Worked Example

Page 127

Find:

න
𝑥 + 5

𝑥 − 1 𝑥 + 2
 𝑑𝑥



Worked Example

Page 129

Find:

න
3𝑥 + 15 − 4𝑥ଶ

2𝑥 + 1 𝑥 − 2 ଶ
 𝑑𝑥



Worked Example

Page 131

Evaluate:

න
8𝑥ଶ + 34𝑥 + 20

(2𝑥 + 1)(𝑥 + 1)(𝑥 + 3)

ଶ





Worked Example

Page 133

Find:

න
4

𝑥ଶ − 4
 𝑑𝑥



Worked Example

Page 135

Find:

න
𝑥ଶ

𝑥 − 1
 𝑑𝑥



Worked Example

Page 137

Find:

න
4𝑥ଶ − 2𝑥 − 18

4𝑥ଶ − 9
 𝑑𝑥



11.8) Finding areas

Page 139



Notes

Page 140



Worked Example

Page 141

A finite region is bound by the curve 
𝑦 =

ଷ

ଽାସ௫
, the 𝑥-axis, and the lines 𝑥 = 0 and 𝑥 = 4. Use integration to find the area of the region.



Worked Example

Page 143

A finite region is bound between the curves 𝑦 = sin 2𝑥 and 𝑦 = c𝑜𝑠 𝑥 sinଶ 𝑥 where 0 ≤ 𝑥 ≤
గ

ଶ
. Use integration to find the 

area of the region.



11.8+) Finding areas: Areas under parametric curves

Page 145

Area:         ∫ 𝑦 𝑑𝑥 = ∫ 𝑦
ௗ௫

ௗ௧
 𝑑𝑡



Notes

Page 146



Worked Example

Page 147

Determine the area bound between the curve with parametric equations 
𝑥 = 𝑡ଶ and 𝑦 = 𝑡 − 1, the 𝑥-axis, and the lines 𝑥 = 0 and 𝑥 = 5.



Worked Example

Page 149

The curve 𝐶 has parametric equations

𝑥 = 𝑡 2 + 𝑡 ,  𝑦 =
1

2 + 𝑡
, 𝑡 ≥ 0

Find the exact area of the region, bounded by 𝐶, the 𝑥-axis and the lines 𝑥 = 0 and 𝑥 = 8.



Worked Example

Page 151

The curve 𝐶 has parametric equations

𝑥 = 1 −
1

4
𝑡,  𝑦 = 4௧ − 1, 𝑡 ≥ 0

A finite region is bounded by the curve 𝐶, the 𝑥-axis and the line 𝑥 = −1. Find the exact area of this region.



Exercise 11.X
This exercise is not in the current version of the Pearson textbooks as the content was added 
later. I have temporarily included the exercise subsequently produced by Pearson.

?
?
?
?
?

?

58.9?



11.9) The trapezium rule

Page 155

In general: 

න 𝑦




𝑑𝑥 ≈
ℎ

2
𝑦 + 2 𝑦ଵ + ⋯ + 𝑦ିଵ + 𝑦

width of each trapezium

Area under curve

is approximately

Trapezium rule for concave downwards, – GeoGebra



Notes
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Worked Example
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𝐼 = න sec 𝑥  𝑑𝑥

గ
ଷ



Use the trapezium rule with two strips to estimate 𝐼.



Worked Example
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𝐼 = න sin 𝑥  𝑑𝑥

గ
ଶ



a) Use the trapezium rule with four strips to estimate 𝐼
b) State, with a reason, whether your approximation is an underestimate or an overestimate
c) Find the percentage error of your estimate to the exact value of 𝐼
d) Give one way the trapezium rule can be used to give a more accurate approximation



11.10) Solving differential equations
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Differential equations are equations involving a mix of variables and 
derivatives, e.g. 𝒚, 𝒙 and 𝒅𝒚

𝒅𝒙
.

‘Solving’ these equations means to get 𝑦 in terms of 𝑥 (with no ௗ௬

ௗ௫
).



Key Points
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• Get 𝑦 on to LHS by dividing (possibly factorising first).
• If after integrating you have 𝑙𝑛 on the RHS, make your 

constant of integration ln 𝑘.
• Be sure to combine all your 𝑙𝑛’s together, e.g.:

2 ln 𝑥 + 1 − ln 𝑥      →   ln
𝑥 + 1 ଶ

𝑥
• Sub in boundary conditions to work out your constant –

better to do sooner rather than later.
• Exam questions - partial fractions combined with differential 

equations.



Worked Example
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Find the general solution to:  
𝑑𝑦

𝑑𝑥
= 𝑥𝑦 − 𝑦



Worked Example
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Find the general solution to:  

1 − 𝑥ଶ
𝑑𝑦

𝑑𝑥
= 𝑥 cot 𝑦



Worked Example
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Find the particular solution to:  
𝑑𝑦

𝑑𝑥
= −

3 𝑦 + 2

2𝑥 − 1 𝑥 − 2
given that 𝑥 = 4 when 𝑦 = 5



Worked Example
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Find the particular solution to:  
𝑑𝑦

𝑑𝑥
= −

5

𝑦 sinଶ 𝑥

given that 𝑦 = 4 at 𝑥 =
గ

ସ



Worked Example
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Find the particular solution to:  
𝑑𝑦

𝑑𝑥
= 𝑥𝑦 cos 𝑥

given that 𝑦 = 1 at 𝑥 =
గ

ଶ



11.11) Modelling with differential equations
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Worked Example
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The rate of increase of a population 𝑃 of microorganisms at time 𝑡, in hours, is given by
𝑑𝑃

𝑑𝑡
= 6𝑃, 𝑘 > 0

Initially the population was of size 4.
a) Find a model for 𝑃 in the form 𝑃 = 𝐴𝑒௧

b) Find, to the nearest hundred, the size of the population at time 𝑡 = 4
c) Find the time at which the population will be 10000 times its starting value.
d) State one limitation of this model for large values of 𝑡



Worked Example
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Water in a manufacturing plant is held in a large cylindrical tank of diameter 10m. Water flows out of the bottom of the tank through a tap at a rate proportional to 
the cube root of the volume.
(a) Show that 𝑡 minutes after the tap is opened, 

ௗ

ௗ௧
= −𝑘 ℎ

య for some constant 𝑘.
(b) Show that the general solution of this differential 

equation may be written ℎ = 𝑃 − 𝑄𝑡
య

మ, where 𝑃 and 𝑄
are constants.

Initially the height of the water is 64m. 21 minutes later, the height is 27m.
(c) Find the values of the constants 𝑃 and 𝑄.
(d) Find the time in minutes when the water is at a depth of 8m.



Worked Example
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A fluid reservoir initially containers 10000 litres of unpolluted fluid.
The reservoir is leaking at a constant rate of 200 litres per hour and it is suspected that contaminated fluid flows into the reservoir at a constant rate of 300 litres per day.
The contaminated fluid contains 4 grams of contaminant in every litre of fluid.
It is assumed that the contaminant instantly disperses throughout the reservoir upon entry.
Given that there are 𝑥 grams of contaminant in the reservoir after 𝑡 days,
(a) Show that the situation can be modelled by the differential equation

𝑑𝑥

𝑑𝑡
= 1200 −

2𝑥

100 + 𝑡
(b) Hence find the number of grams of contaminant in the tank after 7 days.
(c) Explain how the model could be refined.



11.12) Integration as the limit of a sum
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Notes
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Worked Example

Page 185

The diagram shows a sketch of the curve with equation 𝑦 = 𝑥ర , 𝑥 > 0.

The area under the curve may be thought of as a series of thin strips of height 𝑦 and width 𝛿𝑥. 
Calculate to 4 significant figures:

lim
ఋ௫→

 𝑥ర

ଷ

ଶ

𝛿𝑥



Worked Example
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Calculate to four significant figures:

lim
ఋ௫→

 cos 𝑥



ହ

𝛿𝑥



Extract from Formulae book
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Past Paper Questions
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Past paper practice by 
topic.  Both new and old 
specification can be 
found via this link on 
hgsmaths.com 



Summary of Key Points
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