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Prior knowledge check

Prior knowledge check

1 Differentiate:
a @x-176 b sinb5x
C c; « Sections 9.1, 9.2, 9.3

2 Givenf(x) = 87\‘5 o 6\-
a find [f(x)dx
b find .I;"f(.\') dx « Year 1, Chapter 13

3 Write- S¥ hek as partial fractions.

(4x - 1)(x + 3)

« Section 1.3

4 Find the area of the region R bounded
by the curve y = x? + 1, the x-axis and
the linesx=-1and x = 2.

Ntesescsmnovesnans

¢« Year 1, Chapter 13
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11.1) Integrating standard functions

There’s certain results you should be able to integrate straight off, by just thinking about
the opposite of differentiation. Have a go at these by thinking about what would
differentiate to the function on the left:

COS X

sin x

sec? x

cosec x cotx

cosec®x It’s vital you remember this one.

secx tan x
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Notes
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Worked Example

Find:

J

35inx——2+3xdx
X
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Worked Example

Find:

Sin x

cos? x

dx
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Worked Example

Given that

fasa Sxx_l dx =1n2,

find the exact value of a.
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11.2) Integrating f(ax+b)

For any expression where inner function is ax + b, integrate as before and + a.

ff’(ax+b)dx =%f(ax+b) + C
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Notes
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Worked Example

Find:

f(6x + 1)? dx

j(Sx —2)3dx

f(4x + 3)* dx

Page 15




Worked Example

Find:

J

J

1

2Gx = 1t

1

4(2 — 3x)3 dx

Page 17




Worked Example

Find:
j(3x —1)?

j(3x —1)dx

[ 5=
3x— 1"

L 4
f@x—sz
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Worked Example

Find:

jsin(6x + 1) dx

j—sin(g—Z) dx

jsin(S — 4x) dx

Page 21




Worked Example

Find:

jcos(6x + 1) dx

j—cos(g—Z) dx

jcos(3 — 4x) dx

Page 23




Worked Example

Find:

[
6x—17

j ]

[=a
3 _ax

Page 25




Worked Example

Find:

jsecz(Zx —3) dx

j6sec2(5 — 4x) dx

Page 27




Worked Example

Find:

jsec 5x tan 5x dx

j X tanZd
SeC4an4 X
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Worked Example

Find:
-fe6x+1dx

1x—Z
jeS dx

je4—3x dx
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Worked Example

Find:

f(ex —1)3dx
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Exercise 11B Pages 297-298

fsin(Zx +1)dx =

H jcosecz3x dx =

sec4xtan4x dx

3 sin (—x + 1) dx =

cosec 2x cot2x dx =

(e¥ +1)%dx =
3 sin(2x + 1) +

sec? 2x (1 + sin 2x) dx =

1
3—2co —
sm2

e3™% + 51n(3 —x) + cos(3 — x) dx

C
.fsm22x 1+ 2x (1+2x)2

— =

ol
EJ
a [
-f ——sm(2x—1)dx
b I
A -
Bl ==
<y



11.3) Using trigonometric identities

Given:
Trigonometric identities

sin(4 + B) =sinA4 cosB + cos4 smB
cos(4 £ B)=cosA cosBFsinAdsinB

tan 4 + tan B

tan(4 = B) = (AxB#(k+ 2)n)
( | ¥ tan Atan B ”
: . - B A-B -
sin 4 + sinB = 2sin A : cos
sin 4 — sinB = 2cos o : sin A=5
cosA + cosB = 2cos <ol cos e
2 2
cosA — cosB = -2sin ol sin -l

Small angle approximations

sinf =@
( 2
cos@=1-— )—
2
tan@ = 6

where @ is measured in radians

NOT given:
sin(24) = 2sin(A) cos(A)
cos(2A) = cos?(A) — sin?(4)
= 1 — 2sin?(4)
= 2cos?(4) — 1
~ 2tan(4)
tan(Za)= 1 —tan?(A)

Sin®> 0 +cos? 6 =1
1 +tan®? 0 =sec? 6

1 + cot? B8 = cosec? 6
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Worked Example

Find:

Jsin2 x dx
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Worked Example

Find:

j cot? x dx
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Worked Example

Find:

j(secx —tanx)? dx

Page 43




Worked Example

Find:

jsin 5x cos5x dx

j_x xd
sm4cos4 X
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Worked Example

Find:

J(sinx — cos x)?%dx
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Worked Example

Find:

j(cos 2x + 1)%dx
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Worked Example

Find:

1 + sin x)?
( )d

cos? x
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Worked Example

Find:

J

Ccos 2x

sin? x

Page 53




Worked Example

Show that:

NE

cos?x dx = —+

ol
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Worked Example

Find:

cos? 3x

\
Ny

dx
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Worked Example

Find:

jsin4 x dx
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11.4) Reverse chain rule

There’s certain more complicated expressions which look like the result of having
applied the chain rule. | call this process ‘consider then scale’:

1. Consider some expression that will differentiate to something similar to it.
2. Differentiate, and adjust for any scale difference.

JX(XZ +5)° dx fcosxsinzx dx f 2X
x2+1

dx
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Notes
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Quickfire

In your head!

[ 4x3

J x*—1
[ COsX

dx =
] sinx + 2 x

dx =

| cosx e X dx =

| cosx (sinx —5)” dx =

rxz(x?’ +5) =

Not in your head...

X d _
j(x2+5)3 X

Tip: If there’s as power around the whole denominator,

DON’T use [n: re-express the expression as a product.
e.g. x(x?2+5)73
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Worked Example

618d: Integrate other standard
functions given in the form f(ax + b)

including a$1+b

Find the following integral.

/4scc:1:tan;cd:c
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Worked Example

618e: Integrate expressions given in
the form kf'(z)[f(x)]" by inspection.

Find the following integral.

/325(3:1:6 4 5)9da:
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Worked Example

2

618h: Integrate sin” z, cos? z, tan?® z,

cot? z

Find /19 cos? zdz
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Worked Example

Find:

3x% +5

I3

x3+5x—2
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Worked Example

Find:

J

sec™ X

tanx — 3
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Worked Example

Find:

jsinx eCOS X dx

jsec2 x etdn  dy
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Worked Example

Find:

jsinx (cosx —1)° dx

jsec2 x (tanx + 3)® dx
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Worked Example

Find:

jsec2 xtanx dx
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Worked Example

Find:

cosec®x

(3 — cotx)* x
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Worked Example

Find:

cosec?x

(3-—cotx)4dx
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Worked Example

Find:

jtanx dx
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11.5) Integration by substitution

For some integrations involving a complicated expression, we can make a
substitution to turn it into an equivalent integrationthat is simpler. We wouldn’t be
able to use ‘reverse chainrule’ on the following:

n Use the substitutionu = 2x + 5 to find [ xv/2x + 5 dx

The aimis to completely remove any reference to x, and replace it with u. We’ll
have to work out x and dx so that we can replace them.

Tip: Be careful about

STEP 1: Using “
substitution, work out 2 ensuring you reciprocate
x and dx (or variant) when rearranging.

=5

5 E u 1 1
these into expression. 1
f u2 — 5u2 Tip: If you have a constant factor,

STEP 3: Integrate 1/2 5 10 3
simplified expression. ) guz - ?uz +C

5 3
STEP 4: Write answer in (2x+5)2 5(2x+5)2
terms of x. = 10 - 6 +C

factor it out of the integral.
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Worked Example

619a: Integrate expressions given in
the form z(ax + b)" using a

substitution.

Using u = 5z + 1, find an expression in terms of x for:

f6$(5:c +1)%da
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How can we tell what substitution to use?

In Edexcel you will usually be given the substitution!

However in some other exam boards, and in STEP, you often aren’t.

There’s no hard and fast rule, but it’s often helpful to replace to replace expressions inside roots, powers
or the denominator of a fraction.

Sensible substitution:

Jrcosx\/1+sinxdx u=
[ 2

J6xex dx U=
r xe”* P

] 1+x * u=
[ 1-X

J el+x dx U=

Page 89




Worked Example

Find:

s

2
j cosx sinx (2 + sinx)* dx
0

using the substitution u = sinx + 2
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Worked Example

Find:

3sin2x
[Zomzx
2+ sinx

using the substitutionu = 2 + sinx
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Worked Example

Calculate:

T

2
j sinxV2+ cosx dx

0

using the substitution u = cosx + 2
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Worked Example

Use the substitution u = \/x — 1 to evaluate:

49 1
dx
[ =
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Worked Example

A finite region is bounded by the curve with equation y = x3 In(x? + 3), the x-axis and the lines x = 0 and x = /5.

Use the substitution u = x2 + 3 to show that the area of R is %f:(u —3)Inudu
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Worked Example

Using integration by substitution, prove that:

dx = arccosx + ¢

Ja=
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Worked Example

Use the substitution u = cos x to evaluate
T

3 3 2
sin® x cos“ x dx
0
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Worked Example

Use the substitution x = cosu to evaluate
V3

.[12 x%y1—x2dx
2
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11.6) Integration by parts

jxcosx dx =7

Just as the Product Rule was used to differentiate the product of two
expressions, we can often use ‘Integration by Parts’ to integrate a product.

To integrate by parts:

f dvd f dud
7 X = Uv vdx X

d( ) = du+ dv f (wv). d Jdud_l_ dvd
dxuv vd udx uv).dx = vdx.x udx X
du dv

uw=|v—.dx+ | u—.dx

dx dx
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Worked Example

Find:

jxﬂnxdx
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Worked Example

Find:

sz cos x dx
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Worked Example

Find:

sze'x dx
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By parts twice (or even thrice...)

Find [ x%e* dx
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Worked Example

Find:

jx3lnx dx
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Worked Example

Evaluate:

4
f In x dx
1
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Worked Example

Find:

Jex cosx dx
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Worked Example

Evaluate:

NE

X Ccosx dx
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11.7) Partial fractions
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Notes
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Worked Example

Find:

x+5

x—Dx+2)

dx
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Worked Example

Find:

3x + 15 — 4x?

2t D =22 &
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Worked Example

Evaluate:

2 8x%+34x+20

o Cx+1)(x+1)(x+3)

Page 131




Worked Example

Find:

J

4
x2 —4

dx
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Worked Example

Find:
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Worked Example

Find:

J

4x% —2x — 18

4x2 -9

dx

Page 137




11.8) Finding areas
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Notes
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Worked Example

A finite region is bound by the curve

3 , , , . , :
Y = Toraw the x-axis, and the lines x = 0 and x = 4. Use integration to find the area of the region.
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Worked Example

A finite region is bound between the curves y = sin 2x and y = cos x sin® x where 0 < x < % Use integration to find the
area of the region. 2

&)
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11.8+) Finding areas: Areas under parametric curves

Area:
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Notes
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Worked Example

Determine the area bound between the curve with parametric equations
x =t?andy =t — 1, the x-axis, and the lines x = 0 and x = 5.
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Worked Example

The curve C has parametric equations

1
X=t(2+t), y=2—+t, t=>0

Find the exact area of the region, bounded by C, the x-axis and the lines x = 0 and x = 8.
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Worked Example

The curve C has parametric equations

1
x=1—Zt, y =4t -1, t>0

A finite region is bounded by the curve C, the x-axis and the line x = —1. Find the exact area of this region.
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Exercise 11.X

This exercise is not in the current version of the Pearson textbooks as the content was added
later. | have temporarily included the exercise subsequently produced by Pearson.

® 1 The curve C has parametric equations x = 3, y = 1°, = 0. Show that the exact area of the
region bounded by the curve, the x-axis and the linesx=0and x =4 is k2, where k is a

rational constant to be found.

(E/P) 2 The curve C has parametric equations
m

x=smmi, y=sm2 0=i=

[

The finite region R 1s bounded by the curve and the x-axis.
Find the exact area of R. (6 marks)

(E/P) 3 This graph shows part of the curve C with
parameiric equations x = ( + 1%, y = %E" +3,1=-1
P is the point on the curve where 1 = 2.

The line § is the normal to Cat P.

a Find an equation of §. (5 marks)
The shaded region R is bounded by C, 5, the x-axis
and the line with equation x = 1.

b Using integration, find the area of R. (5 marks)

ey, |

(E/P) 4 The diagram shows the curve C with parametric equations  y
x=32 y=sm2t, =0
a Write down the value of ¢ at the point 4 where
the curve crosses the x-axis. (1 mark)
b Find, in terms of m, the exact area of the shaded
region bounded by C and the x-axis. (6 marks)

ANSWERS

7]

o

(2]

(e/P) 5 The curve shown has parametric equations
x=5cosf, y=4smb, 0 =#<2x

a Find the gradient of the curve at the point P

P
\\ .

at which § = I

Find an equation of the tangent to the curve

(3 marks)

/,,_'
et

B
=

|

at the point P. (3 marks)

¢ Find the exact area of the shaded region bounded by the tangent PR, the curve and the x-axis.

(6 marks)

(6 P) 6 The curve C has parametric equations

E®) 7

=Y

x=l-y=2i-1eR
The line L is a normal to the curve at the point P where the

curve intersects the positive y-axis. Find the exact area of

the region R bounded by the curve C, the line L and the x-axis,

as shown on the diagram. {7 marks)

The curve shown in the diagram has parametric equations
x=1=2sinf, y=1=2cost, 0=1r=2r

a ‘Simu' that the curve crosses the x-axis where
5n

t== .1nd 1=~ (3 marks)

The hﬂ“t. region R is enclosed by the curve and the x-axis, I\Q
as shown shaded in the diagram.

im

b Show that the area R is given by flTll = 2cost)? di

i

(3 marks)

¢ Use this integral to find the exact value of the shaded area.

ol

(4 marks)



11.9) The trapezium rule

In general. width of each trapezium

—
(yO + 2(3’1 paliiie s Yn—l) + yn)

N| S

b
fydxz
a

/

Area under curve

is approximately

f(x) = cos(e”)

0.5 4
/ cos(e® )dx = 0.22413 squa
0

Trapezium rule for concave downwards, — GeoGebra

Area = 0.22413
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Notes
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Worked Example

TC

3
I=f secx dx
0

Use the trapezium rule with two strips to estimate I.
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Worked Example

a)
b)
9)
d)

T

2
sz sinx dx
0

Use the trapezium rule with four strips to estimate /

State, with a reason, whether your approximation is an underestimate or an overestimate
Find the percentage error of your estimate to the exact value of |

Give one way the trapezium rule can be used to give a more accurate approximation
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11.10) Solving differential equations

Differential equations are equations involving a mix of variables and

... d
derivatives, e.g. y, x and d—i.

dy

‘Solving’ these equations means to get y in terms of x (with no —).

dx
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Key Points

Get y on to LHS by dividing (possibly factorising first).
If after integrating you have [n on the RHS, make your
constant of integration In k.

Be sure to combine all your [n’s together, e.g.:
(x + 1)?
X
Sub in boundary conditions to work out your constant —

better to do sooner rather than later.

Exam questions - partial fractions combined with differential
equations.

2Inlx+ 1| —1In|lx] - In
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Worked Example

Find the general solution to:

dy
dx YTV
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Worked Example

Find the general solution to:

d
(1 —xz)é = x coty
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Worked Example

Find the particular solution to:
dy 3(y +2)
dx  (2x—1D(x—-2)
given thatx = 4 wheny =5
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Worked Example

Find the particular solution to:
dy 5

dx  ysin?x
giventhaty =4 atx =%
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Worked Example

Find the particular solution to:

dy B
i XYy COS X

giventhaty = latx = %
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11.11) Modelling with differential equations
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Worked Example

The rate of increase of a population P of microorganisms at time ¢, in hours, is given by

dpP
—=6P, k>0
dt

Initially the population was of size 4.

a) Find amodel for P in the form P = Ae®*

b)  Find, to the nearest hundred, the size of the population at time t = 4

¢) Findthe time at which the population will be 10000 times its starting value.
d)  State one limitation of this model for large values of t
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Worked Example

Water in a manufacturing plant is held in a large cylindrical tank of diameter 10m. Water flows out of the bottom of the tank through a tap at a rate proportional to
the cube root of the volume.

(@) Show that t minutes after the tap is opened,
dh

== —k3/h for some constant k.

(b) Show that the general solution of this differential

3
equation may be written h = (P — Qt)z, where P and Q
are constants.
Initially the height of the water is 64m. 21 minutes later, the height is 27m.
(c) Find the values of the constants P and Q.
(d) Find the time in minutes when the water is at a depth of 8m.
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Worked Example

A fluid reservoir initially containers 10000 litres of unpolluted fluid.
The reservoir is leaking at a constant rate of 200 litres per hour and it is suspected that contaminated fluid flows into the reservoir at a constant rate of 300 litres per day.
The contaminated fluid contains 4 grams of contaminant in every litre of fluid.
It is assumed that the contaminant instantly disperses throughout the reservoir upon entry.
Given that there are x grams of contaminant in the reservoir after t days,
(@) Show that the situation can be modelled by the differential equation
dx 2x
—=1200 -

dt 100+t
(b)  Hence find the number of grams of contaminant in the tank after 7 days.

(c)  Explain how the model could be refined.
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11.12) Integration as the limit of a sum

b
lim > f(x)éx =

&x—0 x=a

f(x)dx

oty
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Worked Example

The diagram shows a sketch of the curve with equation y = /x, x > 0.

The area under the curve may be thought of as a series of thin strips of height y and width §x.

Calculate to 4 significant figures:
3

lim 3/x 6x
5x—0
2
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Worked Example

Calculate to four significant figures:
6

lim COS X OX
ox—-0
5
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Extract from Formulae book

Integration (+ constant)

f(x) If (x) dx
* k l tan k
sec” kx — tankx
k
tan kx T In|sec kx|
L. 2. .
cotkx —In|sinkx|
k
1 1 .
cosec kx % In |cosec kx + cot kx|, 5 In|tan (5 kx)|
l 1 1
sec kx T In |sec kx + tan kx|, E In|tan (5 kx + 17|
dv du
Ju —dx=uv- |v—dx
dx dx
Numerical Methods
, b g , . b-a
The trapezium rule: J ydx=sh{(y,+y)+ 2y, +ty,*...+y )}, where h=
i . ' “ n
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Past Paper Questions

4. Given that a is a positive constant and

j_ %dz:hﬂ

show that @ = Ink, where £ is a constant to be found.

Exams

&
= Formula Booklet
 Past Papers
s Practice Papers

s past paper Qs by topic

\

Past paper practice by
topic. Both new and old
specification can be
found via this link on

hgsmaths.com
(1 wyLye)
| ©
=¥>-39 Viy e
) a6’ ¥ +3;+2;>0 N1 3359
(3
ceuns (3°-2) . V1 . Iip
2(9) viewbre (1—3): +(n+ 2); = NI Iip
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Summary of Key Points

How to deal with it f(x) dx (+constant) | Formulabooklet?

sinx Standard result — COS X
coS X Standard result sin x No
tan x In formula booklet, but use In|sec x| Yes

I SINX Jx which is of the form
COS x

S
sin® x For both sin® x and cos® x use il 1 . No
identities for cos 2x X T zsm 2x
cos2x =1 —2sin’x
Singi= 1 lcost
2 2
cos® x cos2x = 2cos?x —1 iy No
c052x=l+lc052x E’H‘ZS'“ZX
2002
tan®x 1+ tan?x =sec’x tanx — x No
tan’x =sec?x — 1
cosecx Would use substitution u = —In|cosec x + cotx| Yes
cosec x + cotx, but too hard for
exam.
secx Would use substitution u = In|sec x + tan x| Yes
sec x + tan x, but too hard for
exam.
cotx f :: dx which is of the form In|sin x| Yes
f'(x)
J”f(x) &
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Summary of Key Points

f(x) How to deal with it [ f(x)dx Formula
+constant booklet?

COSBC X

sec’x

cot’x

sin 2x cos 2x

SR

=

x+1

x(x+1)

By observation.

By observation.
1 + cot? x = cosec?x

For any product of sin and cos with
same coefficient of x, use double
angle.

sin 2x cos 2x = E sin 4x

Use IBP, where u = lnx,dx in'x

P X i
Use algebraic division.—=1 — —
x+1 x+1

Use partialfractions.

—cotx

tan x

cotx — x

— —cos4x

In x

xlnx —x

x —In|x + 1|

In|x| —

In|]x + 1|

Yes

(but memorise)
No

No

No

No
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Summary of Key Points

’ 2
= Reverse chainrule. Offormfkf & Zini el
x2 +1 i
x Power around denominator so NOT of 1l (2% + 1)1
2 2 / o
Ll form | k;(g) . Rewrite as product. 2
x(x? +1)72
Reverse chainrule (i.e. “Considery =
(x? + 1)~1" and differentiate)
e2xtl For any function where ‘inner function’ |
1 Is linear expression, divide by Ee
_ iCi 1
1—3x coefficientof x —§ln|1 — 3|

xvV2x+1 IBP or use sensible substitution. u =
2x + 1 oreven better, u? = 2x + 1.
x cos x Reversechainrule. 1

. 6
—sin® x
6

i 3
1—5(2x +1)2(3x—1)

sin®
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