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2.1) The modulus function

Page 4

The modulus of a number , written , is its non-negative numerical value.
e.g. and 

1 2 3 4 5 6 7 8

The modulus function is particularly useful in expressing a difference. We generally like 
to quote differences as positive values, but may be negative if is smaller than . 
By using , we get round this problem!

More fundamentally, the modulus of a value gives us its ‘magnitude’, i.e. size; from 
Mechanics, you should also be used to the notion the distances and speeds are quoted 
as positive values.
And in Pure Year 1 we saw the same notation used for vectors: gives us the 
magnitude/length of the vector . It’s the same function!
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Worked example Your turn

If , find:
a)

b)

c)

If , find:
a)

b)

c)

T.26 : 2A Qs 1-3, P.6: 2.1 Qs 1,2



Worked Example
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Worked Example
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Solve:



Your Turn
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Solve:



Your Turn
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Solve:
ଵ

ଷ

:  ଵ

ଷ

T.26 : 2A Qs 11-13, P.6: 2.1 Qs 5-6



Worked Example
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Solve:

T.26 : 2A Qs 5+, P.6: 2.1 Qs 4,7+



2.2) Functions and mappings
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Notes
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A function is: a mapping such that every element of the domain is mapped to 
exactly one element of the range. 

Notation:

𝑓 𝑥 refers to the output of the function.



One-to-one vs Many-to-one
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Summary of Domain/Range
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Exercise
State whether:
• the mapping is one-to-one, many-to-one, or one-to-many
• the mapping is a function

Page 20

ଶ

ଷ

T.30 : 2B Qs 1-2, P.7: 2.2 Qs 1
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Worked example Your turn
Write down the largest possible domain for:

ଶ

ଶ

Write down the largest possible domain for:

ଶ

ଶ
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Worked example Your turn
Write down the largest possible domain for: Write down the largest possible domain for:
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Worked example Your turn
Write down the largest possible domain for:

ଶ

ଷ ଶ

ଶ

Write down the largest possible domain for:

ସ ଶ
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Worked example Your turn
Find the range of the following functions:

𝑓 𝑥 = 2𝑥 − 3, 𝑥 = {1, 2, 3, 4}

𝑔 𝑥 = 3 − 2𝑥, 𝑥 ∈ ℝ, 𝑥 ≤ 0

ℎ 𝑥 = 3 − 2𝑥, 𝑥 ∈ ℝ, 2 < 𝑥 < 5

Find the range of the following functions:
𝑝 𝑥 = 3𝑥 − 2, 𝑥 = {1, 2, 3, 4}

𝑞 𝑥 = 2 − 3𝑥, 𝑥 ∈ ℝ, 𝑥 > 0

𝑟 𝑥 = 2 − 3𝑥, 𝑥 ∈ ℝ, −3 < 𝑥 ≤ 4
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Worked example Your turn
Find the range of the following functions:

𝑓 𝑥 = 𝑥ସ, 𝑥 = {1, 2, 3, 4}

𝑔 𝑥 = 𝑥ସ, 𝑥 ∈ ℝ, 𝑥 ≤ 0

ℎ 𝑥 = 𝑥ସ, 𝑥 ∈ ℝ, −2 ≤ 𝑥 < 5

Find the range of the following functions:
𝑝 𝑥 = 𝑥ଶ, 𝑥 = {1, 2, 3, 4}

𝑞 𝑥 = 𝑥ଶ, 𝑥 ∈ ℝ, 𝑥 > 0

𝑟 𝑥 = 𝑥ଶ, 𝑥 ∈ ℝ, −3 < 𝑥 ≤ 4
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Worked example Your turn
Find the range of the following functions:

𝑓 𝑥 =
1

𝑥
, 𝑥 = {−1, −2, −3, −4}

𝑔 𝑥 =
1

𝑥 − 2
, 𝑥 ∈ ℝ, 𝑥 ≤ 1

ℎ 𝑥 =
1

𝑥 + 3
, 𝑥 ∈ ℝ, −2 ≤ 𝑥 < 5

Find the range of the following functions:

𝑝 𝑥 =
1

𝑥
, 𝑥 = {1, 2, 3, 4}

𝑞 𝑥 =
1

𝑥 + 2
, 𝑥 ∈ ℝ, 𝑥 > −1

𝑟 𝑥 =
1

𝑥 − 5
, 𝑥 ∈ ℝ, −3 < 𝑥 ≤ 4
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Worked example Your turn
Find the range of the following functions:

𝑓 𝑥 =
1

𝑥
, 𝑥 ∈ ℝ, 𝑥 ≠ 0

𝑔 𝑥 =
1

𝑥
+ 2, 𝑥 ∈ ℝ, 𝑥 ≠ 0

Find the range of the following functions:

ℎ 𝑥 =
1

𝑥
− 3, 𝑥 ∈ ℝ, 𝑥 ≠ 0

T.30 : 2B Qs 3-5, P.7: 2.2 Qs 2-3
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Worked Example
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Find the range of the following functions:

𝑔 𝑥 = 𝑒௫ − 4, 𝑥 ∈ ℝ, 𝑥 > 0

ℎ 𝑥 = −𝑒௫ − 3, 𝑥 ∈ ℝ, 𝑥 ≤ 0

𝑓 𝑥 = ln 𝑥 + 5, 𝑥 ∈ ℝ, 𝑥 > 0

𝑔 𝑥 = ln 𝑥 − 4, 𝑥 ∈ ℝ, 𝑥 > 0



Worked Example
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Worked Example
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The function 𝑓 is defined by 𝑓 𝑥 = 𝑥ଶ − 8𝑥 + 27 and has domain 𝑥 ≥ 𝑎. Given that 𝑓(𝑥) is a one-to-one 
function, find the smallest possible value of the constant 𝑎



Worked Example
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The function 𝑓(𝑥) is defined by

𝑓: 𝑥 → ቊ
2 − 5𝑥,  𝑥 < 1

𝑥ଶ − 3, 𝑥 ≥ 1

a) Sketch 𝑦 = 𝑓 𝑥 , and state the range of 𝑓 𝑥 .
b) Solve 𝑓 𝑥 = 22

T.30 : 2B Qs 6+, P.7: 2.2 Qs 4+



2.3) Composite functions
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means , i.e. is applied first, then .

Sometimes we may apply multiple functions in succession to an input.
These combined functions are known as a composite function.



Notes
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Worked example Your turn
𝑓 𝑥 = 3𝑥 − 2, and 𝑔 𝑥 = 𝑥ଶ − 4

Find:
𝑓𝑔 𝑥

𝑔𝑓 𝑥

𝑓ଶ 𝑥

𝑔ଶ 𝑥

𝑓 𝑥 = 3𝑥 + 2, and 𝑔 𝑥 = 𝑥ଶ + 4
Find:

𝑓𝑔 𝑥

𝑔𝑓 𝑥

𝑓ଶ 𝑥

𝑔ଶ 𝑥
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Worked example Your turn
𝑓 𝑥 = 3𝑥 − 2, and 𝑔 𝑥 = 𝑥ଶ − 4

Find:
𝑓𝑔 1

𝑔𝑓 −2

𝑓ଶ 3

𝑔ଶ −4

𝑓 𝑥 = 3𝑥 + 2, and 𝑔 𝑥 = 𝑥ଶ + 4
Find:

𝑓𝑔 4

𝑔𝑓 −3

𝑓ଶ 2

𝑔ଶ −1

T.34 : 2C Qs 1,2, P.8: 2.3 Qs 1-2
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Worked example Your turn
𝑓 𝑥 = 3𝑥 − 2, and 𝑔 𝑥 = 𝑥ଶ − 4

Solve:
𝑓𝑔 𝑎 = 13

𝑔𝑓 𝑏 = 12

𝑓 𝑥 = 3𝑥 + 2, and 𝑔 𝑥 = 𝑥ଶ + 4
Find:

𝑓𝑔 𝑎 = 62

𝑔𝑓 𝑏 = 293



Worked Example
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The functions 𝑓 and 𝑔 are defined by
𝑓: 𝑥 → 3𝑥 − 12

𝑔: 𝑥 →
𝑥 + 2

3
a) Find 𝑓𝑔 2
b) Solve 𝑓𝑔 𝑥 = 𝑥

T.34 : 2C Qs 3-5, P.8: 2.3 Qs 3-4



Worked Example
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The function 𝑔 is defined by
𝑔: 𝑥 → 4 − 3𝑥,  𝑥 ∈ ℝ

Solve the equation
𝑔ଶ 𝑥 + 𝑔 𝑥 ଶ = 0



Worked Example
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The functions 𝑓 and 𝑔 are defined by
𝑓: 𝑥 → 𝑒ଷ௫ − 2,              𝑥 ∈ ℝ
𝑔: 𝑥 → 4ln(𝑥 + 1) ,       𝑥 > −1

Find 𝑓𝑔 𝑥 , giving your answer in its simplest form.



Worked Example
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The functions 𝑓 and 𝑔 are defined by
𝑓: 𝑥 → 3ଶ௫ − 1,              𝑥 ∈ ℝ
𝑔: 𝑥 → 4 logଷ(𝑥 + 5) ,  𝑥 > −5

Find 𝑓𝑔 𝑥 , giving your answer in its simplest form.



Worked Example
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𝑓 𝑥 =
1

𝑥 − 1
, 𝑥 ≠ 1

Find an expression for 𝑓ଶ(𝑥) and 𝑓ଷ(𝑥)



Worked Example
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A function 𝑓 has domain −3 ≤ 𝑥 ≤ 12 and is linear from 
(−3, 9) to (0, 6) and from (0, 6) to (12,10).
Find the value of 𝑓ଶ(0)

T.34 : 2C Qs 6+, P.8: 2.3 Qs 5+



2.4) Inverse functions
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Graphing an Inverse Function
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Notes
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Worked Example
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Find the inverse functions:
𝑓 𝑥 = 3𝑥ଶ − 5, 𝑥 ≥ 0                                                                𝑔 𝑥 = 4𝑥ଶ + 6, 𝑥 ≥ 0

T.38: 2D Qs 1-4, P.9 2.4 Qs 1



Worked Example
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Find the inverse functions:

𝑓 𝑥 = 𝑥ଶ + 4𝑥 + 3, 𝑥 ≥ −2                                                      𝑔 𝑥 = 𝑥ଶ − 8𝑥 − 5, 𝑥 ≥ 5



Worked Example

Page 62

Find the inverse functions:

𝑓 𝑥 =
2

𝑥 − 5
,  𝑥 ∈ ℝ, 𝑥 ≠ 5                                                    𝑔 𝑥 =

7

𝑥 + 2
,  𝑥 ∈ ℝ, 𝑥 ≠ −2



Worked Example
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Worked Example
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Find the inverse functions:

𝑓 𝑥 =
𝑥 − 2

2𝑥 + 1
,         𝑥 ≠

1

2
                                                      𝑔 𝑥 =

2𝑥 + 3

4𝑥 − 5
, 𝑥 ≠

5

4



Worked Example
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𝑓 𝑥 = 𝑥 − 3 𝑥 ∈ ℝ, 𝑥 ≥ 3
a) State the range of 𝑓(𝑥)
b) Find the function 𝑓ିଵ(𝑥) and state its domain and 

range
c) Sketch 𝑦 = 𝑓 𝑥 , 𝑦 = 𝑓ିଵ(𝑥) and 𝑦 = 𝑥

T.38: 2D Qs 5+ P.9 2.4 Qs 2+
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Notes
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Worked Example
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A sketch of 𝑦 = 𝑓(𝑥) is shown.
Sketch 𝑦 = |𝑓 𝑥 | and 𝑦 = 𝑓( 𝑥 )
on separate axes.



Your Turn
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A sketch of 𝑦 = 𝑓(𝑥) is shown.
Sketch 𝑦 = |𝑓 𝑥 | and 𝑦 = 𝑓( 𝑥 )
on separate axes.

T.42: 2E Qs 1,3-10 P.10 2.5 Qs 3-7



Worked Example
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𝑦 = cos 𝑥 , −2𝜋 ≤ 𝑥 ≤ 2𝜋
Sketch: 
a) 𝑦 = | cos 𝑥 | b) 𝑦 = cos |𝑥|



Your Turn
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𝑦 = 𝑡𝑎𝑛 𝑥 , −2𝜋 ≤ 𝑥 ≤ 2𝜋
Sketch: 
a) 𝑦 = |𝑡𝑎𝑛𝑥| b) 𝑦 = tan |𝑥|

T.42: 2E Qs 2 P.10 2.5 Qs 1-2



2.6) Combining transformations
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What if two changes or two changes?



Notes
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Worked Example
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A sketch of the graph 𝑦 = 𝑓(𝑥) is shown:

Sketch the graph of 𝑦 = −𝑓 𝑥 + 3



Worked Example
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A sketch of the graph 𝑦 = 𝑓(𝑥) is shown:

Sketch the graph of 𝑦 = 𝑓 −𝑥 − 3



Worked Example
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A sketch of the graph 𝑦 = 𝑓(𝑥) is shown:

Sketch the graph of 𝑦 = −5𝑓 𝑥 + 2 + 3



Worked Example
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A sketch of the graph 𝑦 = 𝑓(𝑥) is shown:

Sketch the graph of 𝑦 = −𝑓 |𝑥|

T.47: 2F Qs all, P.12 2.6 Qs all



2.7) Solving modulus problems
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Notes
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Worked Example
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𝑓 𝑥 = 2 𝑥 + 1 − 3, 𝑥 ∈ ℝ
(a) Sketch the graph of 𝑦 = 𝑓 𝑥
(b) State the range of 𝑓.
(c) Solve the equation 𝑓 𝑥 =

ଵ

ଷ
𝑥 + 2



Worked Example
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𝑓 𝑥 = 6 − 2|𝑥 + 3|, 𝑥 ∈ ℝ
(a) Sketch the graph of 𝑦 = 𝑓 𝑥
(b) State the range of 𝑓.
(c) Solve the inequality 𝑓 𝑥 > 5



Worked Example
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𝑓 𝑥 = 6 + 3|𝑥 − 2|, 𝑥 ∈ ℝ
State the range of values of 𝑘 for which 𝑓 𝑥 = 𝑘 has: 
a) no solutions
b) exactly one solution
c) two distinct solutions

T.51: 2G Qs all, P.14 2.7 Qs all



Past Paper Questions
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Past paper practice by 
topic.  Both new and old 
specification can be 
found via this link on 
hgsmaths.com 



Summary of Key Points

Page 98 T.53: mixed, P.15: BSG


