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Answer all questions and ensure that your answers to parts of questions are clearly
labelled.

You should show sufficient working to make your methods clear. Answers without working
may not gain full credit.

Answers should be given to three significant figures unless otherwise stated.

Information

A booklet ‘Mathematical Formulae and Statistical Tables’ is provided.
The total mark for this part of the examination is 77. There are 8 questions.
The marks for each question are shown in brackets

— use this as a guide as to how much time to spend on each question.

Advice

Read each question carefully before you start to answer it.
Try to answer every question.
Check your answers if you have time at the end.



Answer ALL questions.
A complex number z is represented by the point P in the Argand diagram. Given that
|z-3i| = 3,

(a) sketch the locus of P.
(2)

(b) Find the complex number z which satisfies both | z—3i] =3 and arg (z—3i)=3rx.

@

The transformation 7 from the z-plane to the w-plane is given by

(¢) Show that Tmaps|z—3i| =3 to a line in the w-plane, and give the cartesian equation of

this line.
(6))
(Total for Question 1 is 11 marks)
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2
(a) Verify that | —2 | is an eigenvector of A and find the corresponding eigenvalue.
1
3
(b) Show that 9 is another eigenvalue of A and find the corresponding eigenvector.
(6))
2
(¢) Given that the third eigenvector of A is 1|, write down a matrix P and a diagonal
-2
matrix D such that
PTAP =D.
(6))

(Total for Question 2 is 13 marks)

Prove, by induction, that 32" + 7 is divisible by 8 for all positive integers n.

(Total for Question 3 is 8 marks)




Consider the set M = {1, 3, 9, 11} under multiplication modulo 16. For the purposes of this
question, denote this multiplication by x.

(a) Show that3 x (9 x 11)=(3 x 9) x 11.

2
(b) Show that (M, x) is a group.

(€))
(c) Show that this group is cyclic and write down all possible generators of this group.

3

(Total for Question 4 is 10 marks)

1 1
I, = J x"e*dx and J,= J x"e " dx, n>0.

0 0

(a) Show that, for n>1,

I, =e—nl, .
2
(b) Find a similar reduction formula for J, .
3
5
(¢) Show that J, =2 —~—.
e
3
1
(d) Show that J x"coshxdx = $(lu+J).
0
1)
1
(e) Hence, or otherwise, evaluate J x” coshxdx, giving your answer in terms of e.
0
(C))

(Total for Question 5 is 13 marks)




The curve C has parametric equations
x=cosht—1, y=cosht+¢t
Find the exact value of the radius of curvature of C at the point where ¢ = In 3.

(Total for Question 6 is 9 marks)

A sequence u1, ui, u1, ui, ..., is defined by u, + 1 =5 u,— 3(2"), with u; = 7.

(a) Find the first four terms of the sequence.

1)

(b) Prove, by induction for n € Z*, that u, = 5" + 2".

(M

(Total for Question 7 is 8 marks)

A set S contains # distinct elements.

(a) Write an expression for the number of different subsets of S containing three elements.

1)
(b) Write an expression for the total number of different subsets of S.
1)
(c) By considering subsets, or otherwise, show that Z(n] =2",
r=0 r
3)

(Total for Question 8 is 5 marks)
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