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3.1 Graphs of Exponential Functions (including gradient) 
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Notes
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Your Turn
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On the same axes, sketch 𝑦 = 4𝑥, 𝑦 = 5𝑥  and 𝑦 = 3.5𝑥



Your Turn
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On the same axes, sketch 𝑦 = 3𝑥  and  𝑦 =
1

3

𝑥



Worked Example
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Sketch 𝑦 = 3𝑥−2

T.313: 14A  Qs4-5, P.113: 14.1 Q4-6



Worked Example
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The graph of 𝑦 = 𝑘𝑎𝑥 passes through the points (4,
16

3
) and (0,

1

3
)

Find the values of the constants 𝑘 and 𝑎

T.313: 14A  Qs6-7, P.113: 14.1 Q7



𝒚 = 𝒆𝒙

Page 13

14 Exponentials and 
logarithms, page 314 – 
GeoGebra 

https://www.geogebra.org/m/zQtDFF9P
https://www.geogebra.org/m/zQtDFF9P
https://www.geogebra.org/m/zQtDFF9P
https://www.geogebra.org/m/zQtDFF9P


Worked Example
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Differentiate with respect to 𝑥:
a) 𝑒2𝑥

b) 𝑒−3𝑥 
c)  4𝑒5𝑥 

d)  6𝑒
1

3
𝑥

T.316: 14B  Qs3-5,7 ,P.114: 14.2 Qs 2, 3, 5,6,8



Worked Example
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Sketch: 

𝑦 = 3 + 4𝑒
1
2

𝑥



Worked Example

Page 19

Sketch: 
𝑦 = 𝑒−3𝑥 − 2

T.316: 14B  Qs3-5, P.114: 14.3 Qs 1, 4,7



3.2) Exponential modelling
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Worked Example
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Suppose the population 𝑃 of a village is modelled by 𝑃 = 500𝑒2𝑡 where 𝑡 is the numbers of 
years since February 2009. Find:
a) The initial population
b) The initial rate of growth
c) The population in February 2014

T.318: 14C  Qs1-3



Worked Example
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The density of a pesticide in a given section of field, 𝑃 mg/m2, can be modelled by the equation 𝑃 = 80𝑒−0.003𝑡

where 𝑡 is the time in days since the pesticide was first applied.
a. Use this model to estimate the density of pesticide after 30 days.
b. Interpret the meaning of the value 80 in this model.

c. Show that 
𝑑𝑃

𝑑𝑡
= 𝑘𝑃, where 𝑘 is a constant, and state the value of 𝑘.

d. Interpret the significance of the sign of your answer in part (c).
e. Sketch the graph of 𝑃 against 𝑡.

T.318: 14B  Qs3+, P.115: 14.3 all Qs



2023 P2
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Your Turn
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3.3 Logarithms

Logarithms are the inverse of exponentials, i.e.

4  81

𝑙𝑜𝑔𝑎 𝑛 = 𝑥 is equivalent to 𝑎𝑥 = 𝑛

The output of a 𝑙𝑜𝑔 can be a negative, but you cannot 𝑙𝑜𝑔 a negative, i.e.
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𝑓(𝑥) = 3𝑥

𝑓−1 𝑥 = log3(𝑥)

Example Non-Example

32 = 9 ֞ log3 9 = 2
3𝑥 ≠ 𝑥3 

Example Non-Example

log4 −
1

16
= −4

log4 −4 = −1



Notes
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Your Turn
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Without using a calculator, find the value of:
a)  log4 16
b)  log5 125
c)  log4 1
d)  log5 5
e)  log4 4

f)  log5
1

625

g)  log4
1

64

h)  log5 1
i)  log4(−3)
j)  log5(−2)



3.4 Laws of Logarithms

From indices facts:   𝑥0 = 1 𝑥1 = 𝑥 :             logx 1 = 0 logx 𝑥 = 1

By default log(𝑥) ≡ log10 𝑥    and   ln x ≡  log𝑒 𝑥

LAWS: Opposite of indices

𝐥𝐨𝐠𝐱 𝐚 + 𝐥𝐨𝐠𝐱 𝐛 ≡  𝐥𝐨𝐠𝐱(𝐚𝐛)

𝐥𝐨𝐠𝒙 𝒂 − 𝐥𝐨𝐠𝐱 𝐛 ≡  𝐥𝐨𝐠𝐱

𝐚

𝐛

𝐥𝐨𝐠𝐚 𝐱𝒏 ≡ 𝒏𝐥𝐨𝐠𝐚 𝐱

ANTI LAWS:

logx a ± b ≠ logx a ± logx b
log𝑥 𝑎 2 ≠ 2logx a
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Notes
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Worked Example (DFM 527f)
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Write as a single logarithm.
a)  log3 6 + log3 7
b)  log2 15 − log2 3
c)  2 log5 3 + 3 log5 2

d)  log10 3 − 4 log10
1

2

T.323 4E: Qs 1-2, P.11. 4.5: Qs 1-2



Worked Example
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Write in terms of log𝑎 𝑥, log𝑎 𝑦 and log𝑎 𝑧.
a)  log𝑎(𝑥2𝑦𝑧3)

b)  log𝑎
𝑥

𝑦3

c)  log𝑎
𝑥 𝑦

𝑧

d)  log𝑎
𝑥

𝑎4

T.323 4E: Qs 3, P.11. 4.5: Qs 3



Worked Example
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Solve the equation log3 𝑥 + 11 − log3 𝑥 − 5 = 2

T.323 4E: Qs 4+, P.11. 4.5: Qs 4+



Past Paper Q P2 2021  Q3
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Your Turn
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Past Paper Q AS 2023  Q9
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Your Turn
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Past Paper Q P1 2023  Q6
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Your Turn
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3.5 Solving Equations using Logarithms

Just as you would with undoing a ‘trapped’ root, you must isolate 𝑒𝑥 terms and any log𝑎 𝑏 terms, 
BEFORE using the inverse operation.

Example:

3 + log2 𝑥 = 5
log2 𝑥 = 2
𝑥 = 22 = 4

Non-Example:
2𝑥 − 3 = 5

log2(2𝑥) − 3 = log2 5
𝑥 = 3 + log2 5
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Worked Example
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Solve the equation 52𝑥 − 12 5𝑥 + 20 = 0, giving your answer to 3 significant figures.

T.325 4F: Qs 2, P.118 4.6: Qs 3-4



Worked Example
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Solve the equation 3𝑥+1 = 4𝑥−1. Round your answer to 3 decimal places.



Worked Example
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Solve the equation 2𝑥3𝑥+1 = 5. Give your answer in exact form.

T.325 4F: Qs 3+, P.118 4.6: Qs 5+



Past Paper Q AS 2021  Q2
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Your Turn
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Past Paper Q 2020 P2
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Your Turn
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Past Paper Q 2020 P2
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Your Turn
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Working with natural logarithms
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Worked Example
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Solve the equation:
𝑒𝑥 − 12𝑒−𝑥 = −1



Worked Example
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Worked Example
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Find the exact coordinates of the points where the graph with equation 
𝑦 = 6 + ln(5 − 𝑥) intersects the axes

T.327: 14G  Qs 3,4, P.119: 14.7 Qs 3-6



Worked Example
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Solve the equation:
3𝑥𝑒𝑥+4 = 2

Give your answer as an exact value

T.327: 14G  Qs 5+ P.119: 14.7 Qs 7+



3.6 Logarithmic Graphs
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Notes
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Worked Example
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The graph represents the growth of a population of bacteria, 𝑃, over 𝑡 hours. 
The graph has a gradient of 0.3 and meets the vertical axis at 0,4 .
A scientist suggest that this growth can be modelled by the equation 𝑃 = 𝑎𝑏𝑡, where 𝑎 and 𝑏 are constants to be found.
a. Write down an equation for the line.
b. Find the values of 𝑎 and 𝑏, giving them to 3 sf where necessary.
c. Interpret the meaning of the constant 𝑎 in this model.



Worked Example
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The table below gives the rank (by size) and population of a country’s largest cities and districts (the capital city is number 1 but has been excluded 
as an outlier).

The relationship between the rank and population can be modelled by the formula:
𝑃 = 𝑎𝑅𝑛   where 𝑎 and 𝑛 are constants.
a) Draw a table giving values of log 𝑅 and log 𝑃 to 2dp.
b) Plot a graph of log 𝑅 against log 𝑃 using the values from your table and draw the line of best fit.
c) Use your graph to estimate the values of 𝑎 and 𝑛 to two significant figures.

City A B C D E

Rank, 𝑹 2 3 4 5 6

Population 2 000 000 1 400 
000

1 200 000 1 000 
000

900 000



Worked Example
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A population is increasing exponentially according to the model 𝑃 = 𝑎𝑏𝑡, where 𝑎, 𝑏 are constants to be found.

The population is recorded as follows:

a) Draw a table giving values of 𝑡 and log 𝑃 (to 3dp).
b) A line of best fit is drawn for the data in your new table, and it happens to go through the first data point above (where 𝑡 = 1.4) and 

last (where 𝑡 = 4.4).
Determine the equation of this line of best fit.

c) Hence, determine the values of 𝑎 and 𝑏 in the model.
d) Estimate the population in 2020

Years 𝒕 after 𝟐𝟎𝟏𝟔 1.4 2.6 4.4

Population 𝑷 4706 7346 14324

T.331: 14H  Qs 3+ P.120: 14.8 Qs 3+



AS 2020
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Your Turn
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AS 2020
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Your Turn
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AS 2022
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Your Turn
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AS 2022
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Your Turn
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Extract from Formulae book
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Past Paper Questions
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Past paper practice by 
topic.  Both new and old 
specification can be 
found via this link on 
hgsmaths.com 



Summary of Key Points
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T.336 mixed ex.   P.122: BSG


