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Prior knowledge check

Triangle AB BC AC ABC ACB BAC
9.1 cm 12.5 cm 92°
9cm 15cm 13cm
25 mm 49° 88°
6 cm 85° 28°
23 m 3.5 m 37°

Page 4




Prior knowledge check

Triangle Area AB BC AC ABC ACB BAC
5.1 cm 7.3 cm 98°
1.1 m 83° 37°
C
@ 46 mm
‘ 1489 mm? 46 mm 85°
B
A
B
C 33.9 cm? 38°
A
A
9.67 cm? 49° 31°
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4.1 Sine Rule, Cosine Rule and Area of Triangles

These are not in formulae booklet:

= This version of the cosine rule is used to find a missing side if you know two sides and the
angle between them:

a?2=h*+ 2 —2bc cos A
A
. M You can exchange the letters depending
b on which side you want to find, as long as each side
B has the same letter as the opposite angle.
4 a

The sine rule can be used to work out missing sides or angles in triangles.
® This version of the sine rule is used to find a missing angle:

® This version of the sine rule is used to find the length A . . .
of a missing side: , ¢ sind _sinB_sinC
a b c B a b c
sind sinB sinC é a

You can use the standard trigonometric ratios for right-angled triangles to prove the sine rule:

® Area =%ab sin C

A
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Notes
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Worked Example

The diagram shows the locations of four mobile phone masts in a field.

BC = 75m, CD = 80m, angle BCD = 55° and angle ADC = 140°.

In order that the masts do not interfere with each other, they must be at least 70m apart.
Given that 4 is the minimum distance from D, find:

a) The distance A is from B

b) Theangle BAD

c) The area enclosed by the four masts.

T.189 9E: Qs 6+, P.72 9.4: Qs 3+
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4.2 Trigonometric Graphs

= The graphs of sine, cosine and tangent are periodic. They repeat themselves after a certain
interval.

You need to be able to draw the graphs for a given range of angles.

® The graph of y = sin 6:
+ repeats every 360° and crosses the x-axis at ..., —~180°, 0, 180°, 360°, ...
+ has a maximum value of 1 and a minimum value of -1.

sin # = 1 when ) = 90°, 450°, etc.

y
14 : 1
y=sinf sin # = 0 when
HR f=-180°0°,
[ 180°, 360°,
R 90° 18 2700 o 4500 sage 0 S40%etc

sin @ = -1 when # = -90°, 270°, etc.

® The graph of y = cos 6:
« repeats every 360° and crosses the x-axis at ..., —-90°, 90°, 270°, 450°, ...
+ has a maximum value of 1 and a minimum value of -1.

cos#=1when ¢ = 0°, 360°, etc.

=

cos =0 when
17 #=-90° 90°,
270°, 450, etc.

45% 540° 6

(=

360°

=]

-180° 0° 30 180° 0°

=

cosfl = —1 when i = —180°. 180°. 540°. etc

sin(55°) = 0.819

cos(55°) = 0.574

® The graph of y =tan 6:
= repeats every 180° and crosses the x-axis at ... —180°, 0°, 180°, 360°, ...
» has no maximum or minimum value
= has vertical asymptotes at x = -90°, x =90°, x =270°, ...

tan # does not have maximum and minimum points but approaches negative or positive
infinity as the curve approaches the asymptotes at —90°, 90°, 270°, etc. tan ¢ is undefined
for these values of 6.

y=tanf

T T T ¥ T T
-180°-150°-120°-90° -60° —-30°

tan 6 = 0 when & = 0°, 180°, 360°, etc.
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Worked Example

a)
b)

Sketch the graph of y = cos 8 in the interval —360° < 6 < 360°
i) Sketch the graph of y = sinx in the interval —180° < x < 270°

ii) sin(—30°) = —0.5. Use your graph to determine two further values of x for which sinx = —0.5
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4.3 Trigonometric Identities

Prerequisite Knowledge
sin/cos/tan of 30°,45°, 60°

You will frequently encounter angles of 30°, 60°,45° in geometric problems. Why?
We see these angles in equilateral triangles and half squares:

459 1 sin(30°) =%
sin(45°) = —
1 \/i \/15 cos(30°) = \/—5
cos(45°) = — 30°\ 2 2
) V2 tan(30°) = i
- 45 tan(45°) = 1 V3 V3
1 o sin(60°) = \/_§
60 = 2
1 cos(60°) = >
tan(60°) = /3
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Activity

Sort I+ Out

Exact Trigovomertric Values

Sort the trigonometric values into the correct group below.

1 sin 45 2 cos 30 3 tan 45
4 cos0 5 sin 60 6 tan 360
1
A | Equalto = Equal to oi Equal to V2 Equal to —1
7 sin 90 8 cos 45 9 sin 30 2 2
10 cos 60 11 tan 0 12 sin0
13 sin 360 14 tan 60 15 sin270
16 tan 180 17 cos 90 18 tan 30 E| Equalto1 Equal to 0 Equal to ? Equal to V3
19 sin135 20 cos 360 21 tan 225
22 cos 180 23 tan210 24 cos 300
25 tan 240 26 cos 330 27 sin120
28 sin150 29 cos315 30 tan 135
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Notes

The Unit Circle and Trigonometry

For values of 8 in the range

0 < 6 <90° you know

that sin 8 and cos @ are
lengths on a right-angled

triangle:

0

cos @

sin @

And what would be the
gradient of the bold line?

Ay sin@
m = =
Ax cosf 0
But also: tan @ = 222 = =1
adj cos B
~m=tan@

But how do we get the rest of the graph for
sin, cos and tan when 90° < 6 < 360°?

The point P on a unit circle, such that OP

makes an angle 8 with the positive x-axis, has

coordinates (cos 8, sin ).

OP has gradient tané.

!
P(cos@,sin @)

L P7

’/9\ > X

Angles are always measured anticlockwise.
(Further Mathematicians will encounter the same when they get to
Complex Numbers)

We can consider the coordinate (cos @, sin 8)
as B increases from 0 to 360°...
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Notes

A Few Trigonometric Angle Laws

4 y = sin(x)
. . We saw this in the previous chapter
—_— (0}
Sln(x) —_ Sln(180 - X) when covering the ‘ambiguous
. . > "wh ing the si le.
e.g. Sln(150°) — sm(30°) - 150 150 case’ when using the sine rule
A y =cos(x)

cos(x) = cos(360° — x) L /330 .,

e.g. cos(330°) = cos(30°)

y = sin(x)

sin and cos repeat every 360°

but tan every 180° 30 \/%égom\jo

e.g. sin(390°) = sin(30°)

»
»

Remember from the previous chapter that “cosine” by

Sin (X) = COS (9 Oo — X) definition is the sine of the “complementary” angle.
This was/is never covered in the textbook but caught
e.g. sin(50°) = cos(40°) everyone by surprise when it came up in a C3 exam.
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Examples

tan repeats every 180°
so can subtract 180°

tan(225°) = tan(45°) =1

Use the ‘laws’ where you can,
but otherwise just draw out a

tan(210°) = tan(30°) = i quick sketch of the graph.
\/§ For sin we can subtract
sin(150°) = sin(30°) = . ;S0 = sin(159 )
B ) cos(x) = cos(360 — x)
1 For cos we can subtract * Sin, cos repeat every 360
cos(300°) = cos(60°) = 5 T from 360°, but tan every 180°
1
Sin(—45°) = — sin(45°) = — — ¥——__ We have to resort to a sketch for this one.

\/_ 2 1% sin(x)
3 cosrepeats V2
c05(750°) = c05(30°) = —*every 260

2
1 7
cos(120°) = —cos(60°) = — =

every 360°. _415
1

45

2
\ Again, let’s just use a graph.

A
1

2

vy = cos(x)

9\% 180

reflections: It’s not hard to see from the
graph that in general, sin(—x) = — sin(x).
Even more generally, a function f is known as
an ‘odd function’ if f(—x) = —f(x).

tan is similarly ‘odd’ as tan(—x) = — tan(x).

A function is even if f(—x) = f(x). Examples
are f(x) = cos(x) and f(x) = x? as
cos(—x) = cos(x) and (—x)% = (x)?. You do
not need to know this for the exam.

The graph is rotationally
symmetric about 90°. Since 120°
is 30° above 90°, we get the same
y value for 90° — 30° = 60°,
except negative.
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Test Your Understanding

Without a calculator, work out the value of each below.

cos(315°) =

sin(420°) =

tan(—120°) =

tan(—45°) =

sin(135°) =

Page 29




Prerequisite Knowledge

o081 > 8 = .081—
10}
S =081 %
aA|0S

o09E > 8 > o0
10}
b = B,5009T
anjoS

o081 > 8 > .081—
10}
0=Z+@uisg
anjoS

o081 > 8 > .081—
10}
0=9—g0uUe]
anjos

o09E = 8 > .0
104
g—=pgUrlg
aA|0S

o09E = 8 = .0
10}
I =gs02g
anjoS

.¢

- = guis

o09E > 8 > .0
10}
c=gusy
an|o0S

suonnjos

22410 HuUn

a|6uy aynoy

uonenbs
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10.3 Trigonometric Identities

Returning to our point on the P
unit circle...

sin 6

v/
cos 6

0,

sin @
Then tan 6 =
cos 0
Pythagoras gives sin’0 + cos*0 =1
in? @ is a shorthand for (sin 8)?. It does NOT mean the
yo u... - ::: is being squared — thisscjges not make sense as sin is

a function, and not a quantity that we can square!
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Worked Example

Simplify:
sin? 3x + cos? 3x
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Worked Example

Prove that 1 — tan @ sin 6 cos 8 = cos? 0
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Worked Example

1

Prove that tan 6 + 1 =
tan 6

sin 6 cos 0
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Worked Example

Simplify 5 — 5 sin? 0
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Worked Example

Simplify:
sin 260

V1 — sin? 26
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Worked Example

Prove that
cos* 9 — sin* 0

cos2 0

=1—tan%é
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Worked Example

Prove that
tan x cos x

v1—cos?x

1
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Worked Example

Prove that

tan? 6 = 1

cos2 0
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Worked Example K502a

2

Given that sinf = s and that @ is obtuse, find the exact value of cos 8
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Worked Example

502b: Determine exact values of sin,
cos and tan using another known
trigonometric ratio, for obtuse or
reflex angles.

It is given that B is reflex and that sin B = _%

Find the exact value of cos B.
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Worked Example

502c: Determine exact values of sin,
cos and tan using another known
trigonometric ratio in terms of an
algebraic expression.

Given that

k-1

sinfl = ——

where k is a positive constant and @ is acute.

Find an expression for cos @ in terms of k.

cosf =7
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502f: Write an expression given in the

form asin® z + bcos? z in terms of
just sin or cos

Given that:
2sin” 3ar + 8cos® 3a = A + Bsin® 3a
where 4 and B are integers.

wark out the values of A and B.

Worked Example
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Worked Example

502i: Simplify a trigonometric
expression by using the identity
sin’z +cos’z =1andtanz = o

Simplify
1 — sin v cos oy tan o

giving your answer as a single trigonometric function.
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Worked Example

502j: Simplify a trigonometric
expression involving tan? z or tan® =

Simplify
1 — cos2@tan> 0

giving your answer as a single trigonometric function.
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Worked Example

502k: Simplify an algebraic fraction in
terms of sin and cos using quadratic
factorisation.

Simplify
12 +3sinx
2cos?z — 5sinz + 10

Givin ur answer in the form —
sye b4 csinx
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Worked Example

Given that p = 3 cosf and g = 2sin 8, show that 4p? + 9¢* = 36
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AS 2022

13. In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.
(a) Show that

cosf
+tanf =

cosfd - 1 —siné

02n+1)90° nelZ
3)

Given that cos2x # 0
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Your Turn

13. In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

(a) Show that
| 1 sinf
+ =
smf tanf 1-cosd

@=180n° ned

(3)
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AS 2023

12. In this question you must show detailed reasoning.

Solutions relying entirely on calculator technology are not acceptable.

(a) Show that the equation
4tanx = Scosx

can be written as

Ssin’ x + 4sinx—5=10

(3)
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Your Turn

12. In this question you must show detailed reasoning.

Solutions relying entirely on calculator technology are not acceptable.

(a) Show that the equation

) 5 sinx+cos x
tanxcosx—sinxcos x=———— "~
tan x
can be written as
tan” x —tanx—1=0
(3)
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10.4 Simple Trigonometric Equations

You need to be able to solve simple trigonometric equations of the form sin =k and cos 0=k
(where -1 < k < 1) and tan 0 = p (where p € R) for given intervals of 6.

m Solutions to sin 6= k and cos 0 = k only exist
when-1<k=<1.

m Solutions to tan 0 = p exist for all values of p.
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Worked Example

503a: Solve a trigonometric equation
given in the form sinx = k where z is
in degrees.

Solve sin x = —0.8 in the interval 0° < ¢ < 7207

Give your solution(s) correct to 1 decimal place where
appropriate.

4 I =

Jr=

503f: Solve trigonometric equations
given in the form sin? z = a where z
is in degrees.

Solve sin® £ = 0.49 in the interval 0° < x < 360°

Give your solution(s) correct to 1 decimal place where
appropriate.
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10.5 Harder Trigonometric Equations

You need to be able to solve equations of the form sinnf =k, cosnf =k and tannf = p.
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Fill in the Blanks

Solving Trigonometric Eduations with Multiple Angles

. Substitute | Rearrange Acute .y g Solutions | Solutions
Question = .. Equation Angle Range for x |Unit Circle S for 0
Solve : 5 f,/ al H\\
7 20) =5 = 260 = 1= \
CDS(fﬂr) 7 cxcsx =5 osx =7 Y (?) 07=x<360" 17
0° < 6 < 180° x = 44.415 AN
Solve B all BN
85in(30) ~7 =0 |, x=36 “’
for sinx—7=10
=90° <6 <90° \_H y
Solve P
¢, / \
tan(@ + 25) i '
for I"‘\\
—180° < 8 < 180° ~
9cos(20 — 15) = 4 £ A
for :- i
0° < 6 < 360°
tan(36 + 70 N
( L i3=0 [
2 { le
for
—90° < # < 90°
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Worked Example

503e: Solve a trigonometric equation
given in the form sin(az + b) = k
where x is in degrees and k is
negative.

Solve sin (2z + 90) = —0.4 in the interval 0% < z < 360°

Give your solution(s) correct to 1 decimal place where
appropriate.
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Worked Example

5031: Solve a trigonometric equation
given in the form
psin(az + b) = gcos(azx + b)

Solve 4sin(38 + 60) = V3 cos(18 + 60) in the interval
07 < 8 < 7207

Give your solutions correct to 2 decimal places where
appropriate.

5 H — [+]
A= o
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Worked Example

503n: Solve a trigonometric equation
from a modelled scenario.

The depth of water, H meters, in a harbour on a particular
day is modelled by the formula

H=10+2sin(36), 0< 6<1440
where # is the number of minutes after midnight.

Freddie needs to leave the harbour by 1 pm at the latest.
Find the last time the water is at a depth of the water is
11.96 meters before Freddie needs to leave.

Give your answer to the nearest minute in 24 hour clock.

Fe)
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10.6 Equations and Identities

Know your trig identities!

For all values of 6, sin? 0+ cos? =1

sin @
cos 6

For all values of #such that cos 8= 0, tan =

Also worth knowing:  sin(90° — 6) = cos(6)
cos(90” — @) = sin(#)
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Fill in the Blanks

Solving Quadratic Trigovometric Equations

Question Factorise and Solve Solve 1 Trig Equation Solve 2" Trig Equation
Solve (tanf — 3)(tanf +2) =0 6 = tan™'(3) 6 = tan™'(2)
tan‘f —tanf —6 =0 tanf = 3 . g =716° 634 68 = 63.4°
for or 716 ] -
0° <8 < 360° tanf = —2 0 =71.6°251.6° f =116.6° 296.6°
Solve ol BN N
6sin2@ —sinf —1 =10 \,
for f
—180° < 6 < 180° % |
Solve | N el N
2 cos?f+7cos8+3=0 \,
for
0° < 6 < 360° o |
Solve | N al BN
3 tan?6 — 8tanf + 4 = 0
for \
—~180° < 6 < 180° | |
Solve o BN 2 N
9sin20 —1=10 -'
for
0°< 6 <360° |/ A




Worked Example

Solve in the interval 0 < x < 360°:
5sin’x +3sinx—2=0
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Worked Example

Solve in the interval 0 < x < 360°:

1
sin?(x — 30°) = 5
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AS 2022

13. In this question you must show all stages of your working.

Solutions relying entirely on calculator technology are not acceptable.

0=£2n+1)90° neZ

3)
Given that cos2x =0
(b) solve for 0 < x < 90°
|
+ tan2x = 3 cos 2x
cos 2x
giving your answers to one decimal place.
B))
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Your Turn

In this question you must show all stages of your working.
ions relying entirely on calculator technology are not acceptable.

(@) Show that

L1 50 5 \%on
sméf tanfd l-cosd
Given that sin 2x, tan 2x 20
(b) solve for 0 =x = 180°
! = =4sin2x

sin2x  fan2x

5)
(Total for Question 13 is 8 marks)
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AS 2023

12. In this question you must show detailed reasoning.

Solutions relying entirely on calculator technology are not acceptable.

w that the equation
4tanx = Scosx

can be written as

5sin’x + 4sinx —5=0

(b) Hence solve, for 0 < x < 360°

4tanx = Scosx

giving your answers to one decimal place.

(4)
(c) Hence find the number of solutions of the equation
4tan3x = 5cos3x
in the interval 0 < x < 1800°, explaining briefly the reason for your answer.
(2)
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Your Turn

12.

In this question you must show detailed reasoning.

Solutions relying entirely on calculator technology are not acceptable.

af the equation
2 sinx +cos’ x

08 X = ——m8——

tan x
can be written as
tan’ x—tanx—1=0

(b) Hence solve, for —90° < x < 90°

L3 3
. 3 SINX+cos X
tanxcosx—sinxcos x=———
tan x

giving your answers to one decimal place.

)
(c) Hence find the number of solutions of the equation
-1 5 1
1 ) sin—-x +cos Ex
tan —xcos—x—sin—xcos’ —x = —=——<—
2 2 2 2 1
tan —x
2
in the interval —900° < x <900, explaining briefly the reason for your answer.
2)

(Total for Question 12 is 9 marks)
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2023 P1

13. On a roller coaster ride, passengers travel in carriages around a track.
On the ride, carriages complete multiple circuits of the track such that
* the maximum vertical height of a carriage above the ground 1s 60 m
* a carriage starts a circuit at a vertical height of 2m above the ground
+ the ground is horizontal

The vertical height, H m, of a carriage above the ground, r seconds afier the carriage
starts the first circuit, 1s modelled by the equation

H=a - b(t-20)’
where a and b are positive constants.

{a) Find a complete equation for the model.

3
(b) Use the model to determine the height of the cammage above the ground when ¢ = 40
(r
In an alternative model, the vertical height, /{m, of a carriage above the ground,
t seconds after the carnage starts the first circuit, is given by
H=29cos(9% + a)° + § 0 < a< 360°
where a and f are constants.
{c) Find a complete equation for the alternative model.
2
Given that the carriage moves continuously for 2 minutes,
(d) give a reason why the altenative model would be more appropriate.
(r
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Your Turn

On a roller coaster ride, passengers travel in carriages around a track.
On the ride, carriages complete multiple circuits of the track such that
* the maximum vertical height of a carriage above the ground is 42 m
* acarriage starts a circuit at a vertical height of 1.5m above the ground
+ the ground is horizontal
The vertical height, Hm, of a carriage above the ground, ¢ seconds after the carriage
starts the first circuit, is modelled by the equation
H=a—b(t—15)
where a and b are positive constants.

(a) Find a complete equation for the model.

(b) Use the model to determine the height of the carriage above the ground when ¢ =25

In an alternative model, the vertical height, Hm, of a carriage above the ground,
t seconds after the carriage starts the first circuit, 1s given by

H=2025cos(Tt+a)° +f 0 <a<360°

where & and f are constants.

(¢) Find a complete equation for the alternative model.

Given that the carriage moves continuously for 2 minutes,

(d) give a reason why the alternative model would be more appropriate.

3)

(1

)

(1

(Total for Question 13 is 7 marks)
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Past Paper Questions

12. (a) Solve, for —180°< x < 180°, the equation Exams
» Formula Booklet

3 sinx + sinx + 8 = 9 cos’x
» Past Papers

gving your answers to 2 decimal places. * Practice Papers
« past paper Qs by topic

(b) Hence find the smallest positive solution of the equation

3sin?(26 — 30°) + sin(26 — 30°) + 8 = 9 cos*(26 — 30°)

giving your answer to 2 decimal places.

Past paper practice by
topic. Both new and old
specification can be
found via this link on
hgsmaths.com

LE IM (1:nia—I)G:8+1nia+1‘mzicxEniz—l:xs-.m:; 20el) (&)<I
I.1 1A O=I-wmie+r nell<
11 M 0= (I+xnizf)(l-raoizb) =
LA £ = wniz =
I.1 IM zoulsy 1osm00 owl nisido of nizo1s esal)
I.1 TA “Ez0al - Thel- 2 2al "8k bl =1 To wol 1A
(@)
L& IM SThRI-="0£-8L aigmotiA (d)
I.1 fllA “ale=8c
(8]
uligm 8)
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Summary of Key Points

This version of the cosine rule is used to find a missing A
side if you know two sides and the angle between them: 5 &
@ =b%+ ¢* - 2bccos 4 = B
é

This version of the cosine rule is used to find an angle if
you know all three sides:
b? + % — a?

COs A=
2be

This version of the sine rule is used to find the length of a missing side:
@ LB e
sind”~ sinB~ sinC

This version of the sine rule is used to find a missing angle:
sind _sinB _sinC
a b ¢

The sine rule sometimes produces two possible solutions for a
missing angle:
sinf) =sin (180° - #)

Area of a triangle = -;:ab sin C.

The graphs of sine, cosine and tangent are periodic. They repeat themselves after a certain

interval.

+ The graph of y = sin #: repeats every 360° and crosses the x-axis at ..., —180°, 0, 180°, 360°, ...
has a maximum value of 1 and a minimum value of 1.

+ The graph of y = cos #: repeats every 360° and crosses the x-axis at ..., —90°, 90°, 270°, 450°, ...
has a maximum value of 1 and @ minimum value of -1

+ The graph of y = tan 6: repeats every 180° and crosses the x-axis at ... —180°, 0°, 180°, 360°, ...
has no maximum or minimum value
has vertical asymptotes at x = -90°, x = 90°, x = 270°, ...
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Summary of Key Points

For all values of @, sin? @+ cos? = 1

For all values of 6 such that cos 6= 0, tan = >~ 0
cos ¢

« Solutions to sin @ =k and cos f# = k only exist when -1 =k =1
» Solutions to tan @ = p exist for all values of p.

When you use the inverse trigonometric functions on your calculator, the angle you get is
called the principal value.

Your calculator will give principal values in the following ranges:
» cos!intherange 0 < 0= 180°

« sin~!in the range -90° = A =< 90°

« tan~!in the range —-90° =< 0 < 90°
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