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Prior knowledge check

1 Simplify these expressions

X3 JxX % 2x3
VX X

xP-x Vx + 4x3

c = d = =7
VX X

« Sections 1.1, 1.4

2 Flnd — when y equals
dx

B
=
= a 2x*+3x-5 b—rz—r
& x-x° :
€ x2(x+1) d « Section 12.5

IZ
3 Sketch the curves with the following
equations:
ay=x+1(x-3)

I b y=(x+1)2(x+5) « Chapter 4

N >
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13.1) Integrating x"
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Notes
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13.2) Indefinite integrals

The following notation could be used to differentiate an expression:

The dx here means differentiating “with respect _ 2 —
e P (5x<) = 10x

There is similarly notation for integrating an expression:

[10x dx =5x%+¢

e

“Integrate...” W o, “...with respect to x”
...this expression (the dx is needed just as it was needed in the
differentiation notation at the top of this slide)

This is known as indefinite integration, in contrast to definite integration, which we’ll see later in the chapter.

It is called ‘indefinite’ because the exact expression is unknown (due to the +c).
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When you are integrating a polynomial function, you can integrate the terms one at a time.

® [(f(x) + g(x))dx = [f(x)dx + [g(x)dx

Example

Find:

a [(xi+2x%)dx b [(x—+2)dx

a [(xi+ 2x3)dx= =24 . +c
J 3 a
2 P
—3.\- +2.\ +C -

b [xf+2dx="42x+c -

==2x"14+2x+cC
¢ [(pPx-2 + q)dx = P.}.\"‘ +qgx+c
==p?x'+gx +c

d fi4r + 6)dr = 43"

¢ [(pPx2+ g)dx

— | L

+Gl+('»ﬁ

d [(4 + 6)ds
First apply the rule term by term.
Simplify each term.

Remember —% +1= -% and the integral of the

constant 2 is 2x.

The dx tells you to integrate with respect to the
variable x, so any other letters must be treated as
constants.

The dr tells you that this time you must integrate
with respect to ¢.

Use the rule for integrating x” but replace x with #:

dy c
If;‘ =kt" then y = Ll"*‘ +c,nz-l.
dr n+1

e X2 - 3\' + (
-2

-X"% = 2X7 #+ ¢
- 1. -ax* +¢

f(4.\"‘ +x~
4.9, 1
|
;.\" - 2x~
4,_2
3 Vx

First write each term in the form x”.
Apply the rule term by term.

Simplify each term.

Sometimes it is helpful to write the answer in the
same form as the question.

First multiply out the bracket.

Then apply the rule to each term.

Simplify (2x)? and write /x as x:.
Write each term in the form x~.
Apply the rule term by term.

Finally simplify the answer.
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KS 521

Question 1
Find
f (4x7—x") dx

Question 2
Find

) (—5x6+4x5+2x2+x'2) dx

Question 3
Find

) (5x8+4x4 —4x+4) dx

Question 4
Find

) ( 5x°+3x*+2 + 4x7* ) dx

Question 5
Find

5 & 3.5 =%
f(—Sx +Hx 4+ +3x 4) dx

Question 6

Find

] (4x5+%+—23) dx
x¥

Question 7
Find

(43R4 JE+A4) dx

Question 8
Find

f(—x+4\/f+;1;) dx

Question 9

Find

"

f(. +i\ dx
IAVET H

Question 10
Find

/ (51r7+4x2 +32:+3VT) dx
VX
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KS 521

Question 11 Question 16
Find Find
J 5x* (—4x*+5x%) dx [ (L"f‘_z) dx
5x”
Question 12 Question 17
Find Find
3 4 5
J (2x° - 2x)(2x*+5x°) dx | ahadad)
I= +c e
Question 13 Question 18
Find Find
9 1
J (4x3 + 3x) (2x3+2x5) dx I (Zx';: 1’) dx
Question 14 -
Question 19
Find

" 3x
[ (5 +ax7%) (=52 +4x7) dx Find [ (23%) dx

Question 15 Question 20

1 6 1
Find Find [ (—sr.r+4x -m) dx

4x3

[5x* (3x_2+4x3) dx
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Worked Example

2x2

J(L+pq) dx=§+12+c

Find the value of p and the value of g

Page 19
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13.3) Finding functions

Need one co-ordinate to determine “+c”

Recall that when we integrate, we get a constant of integration, which could be
any real value. This means we don’t know what the exact original function was.

y y f(x) =x2+c
A f’(x) = 3x2 f A
- (1,3) flx) =x°
fx) =x3-1 ‘)

=x / \=x

But if we know one point
on the curve, it leaves
The curve with equationy = f(x) passes only one possibility.
through (1,3). Given that f'(x) = 3x?,

find the equation of the curve.

f'(x) = 3x*
Sf(x)=x3+c

Using the point (1,3): 3=134+¢ ~c=2
flx)=x3+2
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Notes

l o

x2 -2

The curve C with equation y = f(x) passes through the point (4, 5). Given that f'(x) = ——, find

the equation of C.

Remember 4: = 25,

(x) = = X3 = 2X"
vX
i X 2%
So f(.\',‘=\,_ = \ + ¢
2 y
:5_\ - 4x7 + ¢
But f(4)=5
ole 3=§x2-4x2+(
5
_ G4
5= 5—5+(

v
I
n
Vs
+
~
)

Solve for ¢.

vXx

First write f'(x) in a form suitable for integration.

Integrate as normal and don't forget the + c.

Use the fact that the curve passes through (4, 5).

B Finally write down the equation of the curve.

m Explore the solution using

GeoGebra.

€2

13 Integration, page 294, example 6 — GeoGebra

13 Integration, page 294, example 6

Author: Pearson Secondary Maths

Explore how the value of ¢ affects the curve.

2

f(w):sz;—dz;+c 8
c=02
i — 5

flz) = g;-i —4zi 4 0.2

B -4 -3 =2 =1 Ofy=1i)?

2
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Worked Example

522a: Determine a function by
: . dy

integrating ——

Find the equation of the curve given that

d :
e A — 523 + 922 + 5z and that the curve passes through

£
the point (3, 231)
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13.4) Definite integrals

So far we've seen integration as ‘the opposite of differentiation’,
allowing us to find y = f(x) when we know the gradient function

y = f'(x).

In practical settings however the most useful use of integration is that it
finds the area under a graph. Remember at GCSE for example when you
estimated the area under a speed-time graph, using trapeziums, to get 5
the distance? &
If you knew the equation of the curve, you could get the exact area! w

\ 4

Before we do this, we need to understand how to find a definite integral: time

These are known as limits, which give the

values of x we're finding the area between. \,

We integrate as normal, but put expression in
square brackets, meaning we still need to evaluate ¥ 3
: s : sk y =4x
5 the integrated expression using the limits. 4

4x3 dx = [x*]3 "

! (5H) — (1%
624 v

Write (...) — (...) and evaluate the expression for
each of the limits, top one first.
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Worked Example

525a Evaluate a definite integral
where the integrand is a collection of
terms in the form az’

Evaluate

‘ | v "U'\—\.‘f\'\’Ci)r‘c\“‘{J ]Q)/\(J"IU'\
/5 (—$3+6$2+4m)dm — _l )CV] —+ Z )L§+ ZDC—L Q—-——— TR 51\’04‘6 [3
1 - LT l L) r‘a(,kf}'ﬁ_ , |'MI'\'§ j
! ] i Fin 13"
. (1{(6) £ 25V +20) ) ok b ik )
= S Y w0 T
& + Sk ol Lk Chn for

(/\W-J\!?f CQS w\w\ Yo 4o
e~ cF 1C0(m M%éﬁaw/-

1.297: Ex 13D Qs 1-3, P106: Qs 1-5
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525

Question 1

Skill involved: 525a: Evaluate a definite integral where the integrand is a collection of terms in the
form ax®

Evaluate
£ (x3+9x2 + 4:) dx

Question 2

Skill involved: 525a: Evaluate a definite integral where the integrand is a collection of terms in the
form ax®

Evaluate
j’; (4.vc3+3.\:2 + 4) dx

Question 3

Skill involved: 525a: Evaluate a definite integral where the integrand is a collection of terms in the
form ax®

Evaluate

f; (3x*+9x% +5x) dx

Question 4

Skill involved: 525a: Evaluate a definite integral where the integrand is a collection of terms in the
form ax®

Evaluate

[y (3x2 - Bx) dx

R T T
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Question 5

Skill involved: 525a: Evaluate a definite integral where the integrand is a collection of terms in the
form ax®

Evaluate

f,° (4 +2x+5) dx

Question 6

Skill involved: 525a: Evaluate a definite integral where the integrand is a collection of terms in the
form ax®

Evaluate
Jy (95" +4x) dx

SEssssssssssssssnssasaRssnnaEs

Question 7

Skill involved: 525a: Evaluate a definite integral where the integrand is a collection of terms in the
form ax®

Evaluate

J; (2x°+9x% + 3x) dx

Question 8

Skill involved: 525a: Evaluate a definite integral where the integrand is a collection of terms in the
form ax®

Evaluate

1 (4x*+3x% + 5x) dx



Question 9

Skill involved: 525b: Evaluate a definite integral where the integrand is a collection of terms in the
form ax®, including roots, reciprocals and where splitting of fractions is required.

Use algebraic integration to find the exact value of

7 3IP+64F
f; ——= dx

4 4x

Question 10

Skill involved: 525b: Evaluate a definite integral where the integrand is a collection of terms in the
form ax®, including roots, reciprocals and where splitting of fractions is required.

Use algebraic integration to find the exact value of

9 2Vx+4
_|'8 = dx

SesssssssssssEssssssEsnnsnnans

Question 11

Skill involved: 525b: Evaluate a definite integral where the integrand is a collection of terms in the
form ax®, including roots, reciprocals and where splitting of fractions is required.

Use algebraic integration to find the exact value of

6 x*-2
| = dx

Question 12

Skill involved: 525b: Evaluate a definite integral where the integrand is a collection of terms in the
form ax®, including roots, reciprocals and where splitting of fractions is required.

Use algebraic integration to find the exact value of

9 2x%-6vx-1
."7 - dx
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Question 13

Skill involved: 525b: Evaluate a definite integral where the integrand is a collection of terms in the
form ax®, including roots, reciprocals and where splitting of fractions is required.

Use algebraic integration to find the exact value of

J.: 0::] dx

NX

Question 14

Skill involved: 525b: Evaluate a definite integral where the integrand is a collection of terms in the
form ax®, including roots, reciprocals and where splitting of fractions is required.

Use algebraic integration to find the exact value of

6 2x°+3%
[, —— dx

X

Question 15

Skill involved: 525b: Evaluate a definite integral where the integrand is a collection of terms in the
form ax®, including roots, reciprocals and where splitting of fractions is required.

Use algebraic integration to find the exact value of

7 4JxT+5x
=

Question 16

Skill involved: 525b: Evaluate a definite integral where the integrand is a collection of terms in the
form ax®, including roots, reciprocals and where splitting of fractions is required.

Use algebraic integration to find the exact value of

4 4 T+bx
I dx

2x

SEssssEEsEsERNEEssEsRRRRRRSRES



Worked Example

Given that P is a constant and
7
f (4Px +7)dx = 108P2
3

find the possible values of P
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Worked Example

Given thatf —dx = 23—8

calculate the value of k

)
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AS 2020

K
7. Given that £ is a positive constant and J [ + 3] dx=4
1

5
2\x

(a) show that 3k +5vVk —12=0
4)

(b) Hence, using algebra, find any values of & such that

[(g)e-s

(4)
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Your Turn

7 Given that £ is a positive constant and J‘(L + 2]0’.\‘ =21
' 24x

(a) show that 2k + 7vk -30=0

4)
(b) Hence, using algebra, find any values of & such that
k 7 )
—=+2 |dx =21
![2J?
4)

(Total for Question 7 is 8 marks)
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13.5) Areas under curves

WHAT YOU MUST KNOW:

The area between a positive curve, the x-axis »4
and the lines x = @ and x = b is given by

Area = j;by dx

where y = f(x) is the equation of the curve.

y = f(x)

0

Background:

Definite integration can be used to find the area under a curve.

For any curve with equation y = f(x), you can define the area
under the curve to the left of x as a function of x called A(x).
As x increases, this area A(x) also increases (since x moves

i
i
1
1
1
1
1

X

further to the right). 0| >
If you look at a small increase in x, say dx, then the area This vertical height
increases by an amount 44 = A(x + dx) — A(x). will be y = f(x).

This increase in the 4 is approximately rectangular
and of magnitude ydx. (As you make dx smaller any error

between the actual area and this will be negligible.) y=f(x)
Soyou have 404 = ydx
or ‘L" ~y
ox
; o o oA X dA4 i
and if you take the limit lim (== ) then you will see that =—— = y.
Sx=0\ dx dx

Now if you know that % = y, then to find A you have to integrate, giving 4 = [ydx.
X

a
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Worked Example

Find the area of the finite region between the curve with equation y = 20 — x — x? and the x-axis.

p=20=-x=-x2=(4 = x)(5 + x)- Factorise the expression.
_\'J\

20

Draw a sketch of the graph. x = 4 and x = -5 are

/_5 0 4\ - the points of intersection of the curve and the
X-axis.

Area = | (20 = x = x%)dx

— O-_'\'- _'\-. i
[2 *=2 "3 ]
" nE =
= 80 -8 - =) - (100 - 22 + 123
- 2 3
_ 243 You don't normally need to give units when you

are finding areas on graphs.

1.299: Ex 13E Qs 1,2, P107: Qs 1-3
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Worked Example

Find the area of the finite region bounded by the curve with equation y =

x%(x + 2) and the x-axis

Page 45
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Question 1

The diagram below shows the graph of
y=7-x(x-2)

Find the exact area of the shaded region.

]

Question 3

The diagram below shows the graph of
y=-x*+2x+3

Find the exact area of the shaded region.

i
-"

Question 2

The diagram below shows the graph of

y=x+3)x+1)(x-1)

Find the exact area of the shaded region.

Question 4
The diagram below shows the graph of
y=—-x*+10x-21

Find the exact area of the shaded region.

Question 5

The diagram below shows the graph of



y=-x2+3x+4

Find the exact area of the shaded region.

Question 6
The diagram below shows the graph of

y=0O-x)(x—4)

Find the exact area of the shaded region.

Page 49

Question 7

Find, in terms of a, the value of [

1
s ( 5x° — 2_1-5) dx where a is a constant greater than
4.

Question 8

1
Find, in terms of k, the value of _[; ( x4+ x77 ) dx where k is a constant greater than
3

Question 9

Find, in terms of k, the value of _[: 4_;»‘% dx where k is a constant greater than 2.

Question 10

Find, in terms of a, the value of [ (4x~2—2x*) dx where a is a constant greater than
7.

Question 11

3
Find, in terms of a, the value of [; ( 3xz-3x2 ) dx where a is a constant greater
than 2.

Question 12

Find, in terms of a, the value of | : 4x* dx where a is a constant greater than 4.




13.6) Areas under the x-axis

® When the area bounded by a curve and the x-axis is below the x-axis, f ydx gives a negative
answer.

Sketch the curve with equation y = x(x — 1)(x + 3) and find the area of the finite region bounded by
the curve and the x-axis.

When x=0,y=0 -

5 : Find out where the curve cuts the axes.
Wheny=0,x=0,10r -3
il Find out what happens to y when x is large and
X = =00, p'=+ =00

positive or large and negative.

¥
y=x(x-10x+3) Problem-solving
/ Always draw a sketch, and use the points of
1 X

31 0 intersection with the x-axis as the limits for your
integrals.

The area is given by Ll dx = ji;'d.\'
Since the area between x =0 and 1 is below the

Now [ydx = [(x* + 2x2 = 3x)dx axis the integral between these points will give a

¥ . 2y3  3ys negative answer.
T 14 3 2
P e e, 08 2 3 Multiply out the brackets.
So [Lydx =(0) (4 3x27—2x9)
45

=4 m If you try to calculate the area as a

1 1 H 2 2 e -
and [ ydx = ( +2_ 3) - © single d.eﬁmte integral, the positive and negative
4 3 2 areas will partly cancel each other out.
=il
- 45 7 7N
So the area required is 4'3 * 53¢
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Worked Example

Find the total area bound between the curve y = x(x — 2)(x — 4) and the x-axis.

.301: Ex13FQ 1, P108: Qs 1,2
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Worked Example

Find the total area bound between the curve y = x3 + 2x? — 15x and the x-axis.

1.301: Ex13F Qs 2,3, P109: Qs 3+
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525 pt 3

Question 1

The diagram shows the graph of y = f ( x ), which is made up of line segments and a
semicircle.

Find the exact value of

I° f(x)dx

Question 2

The diagram shows the graph of y = f ( x ), which is made up of line segments and a
semicircle.

Find the exact value of

L' f(x)dx

Page 58

Question 3
The diagram shows the graph of y = f ( x ), which is made up of line segments.

s

%

Find the exact value of

_[012 f(x) dx

Question 4

The diagram shows the graph of ¥ = f ( x ), which is made up of line segments and a
semicircle.

Find the exact value of

LY f(x)dx



Question 5
The diagram below shows the graph of
y=x2-6x+5

|
y

\

Find the exact value of the shaded area.

Question 6
The diagram below shows the graph of

y=3x*+6x-9

\

'

Find the exact value of the shaded area.
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Question 7
The diagram below shows the graph of

y=2x*+6x-8

A

Find the exact value of the shaded area.

Question 8

The diagram below shows the graph of

y=(x+ 1)1 —-x)(x—-4)

l
¥y

N4

Find the exact value of the shaded area.



13.7) Areas between curves and lines

Determine the area bounded by the curve with equation y = x(7 — x) and the
line with equation y = 2x

@ ke b /// ;

0 g‘,f 1. \
z - c\lﬁov—f M —J e > he
f@&im clonted

@ L = \(\\SS) =€ J> @
a/ L> ,ﬂ7 J‘O S, ) 3 5
D 5T =Y = O § 'L(\) —/(5) S
L (h-Y) =9 ) ) B féﬂ /é)t) = = ‘_;L/_
ystze s | -
i G T
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Areas under the axis between lines

Same method for these too, because:

Y

%

I f
[

Cr;Z)

\[# /

X

D I\C 0"\3 §LQJ{J ) . {‘mét M\Fﬁ UP US?«} )

e PMIAN UM [?o i (f,%)
\ ’\/3 PoyEG
;\ (f"") L, b rz

yF L
>

¢

/\)Ow (JQ sy NOMMa

b
J (3()() +ZJ «({()()-1-%) j)(
a = Same oo J S(N)HICMMK

en
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Worked Example

The diagram shows a sketch of the curve with equation y = x(x — 5) and the

line with equation y = 3x.
Find the area of the shaded region OAC.
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Worked Example

Determine the area bounded by the curve with equation y = 5x — x? — 3 and the

line with equationy =5 — x

Page 64

1.304: Ex 13G Qs 4+, P110: Qs 3+




Question 9

The shaded shape ABCD below is bounded by the x-axis, the curve y = x* — 10 x + 9 and

the line passing through points C and D.

The coordinates of point C are ( 7,—12).
The coordinates of point D are ( 4,—15).

Find the exact value of the shaded area.

SEssssEssEssEEEsRRSEERRR NSRS

Question 10

The shaded shape ABCD below is bounded by the x-axis, the curve y = x*> — 7 x and the

line passing through points C and D.

"
ll‘l -‘ » "I
\ /

o B/

o/

The coordinates of point C are (5,—10).

The coordinates of point D are (1,—6).

Find the exact value of the shaded area.

Page 67

Question 11

The shaded shape ABCD below is bounded by the x-axis, the curve y = —x* + 12 x — 20

and the line passing through points C and D.

The coordinates of point C are (8,12).
The coordinates of point D are ( 3,7 ).

Find the exact value of the shaded area.

SEssssEsAEssEEsEEEEERERREEERES

Question 12

The shaded shape ABCD below is bounded by the x-axis, the curve y = x> — 14 x + 24 and

theliney = —x —6.

[
-r

Find the exact value of the shaded area.

SEssssEssEsssEssRERERRRRERREES



Question 15
The shaded shape below is formed by removing the area enclosed by the x-axis and the
curve y = —x? + 13 x — 30 from triangle ABC.

Question 13
The shaded shape ABCD below is bounded by the x-axis, the curve y = x> — 9 x and the

line passing through points C and D.

1\\ ‘ "‘r ‘

v ¥
\
\|o B/ -
X
4 B
\ x
3 \
b \
|- el ,/
The coordinates of point C are ( 7,—14 ). The coordinates of point C are ( 7,28).
Find the exact value of the shaded area.

Question 16

The coordinates of point D are ( 3,—18).
The diagram shows the graphs of

Find the exact value of the shaded area.

Question 14
The shaded shape below is formed by removing the area enclosed by the x-axis and the
curve y = —x2 + 14 x — 33 from triangle ABC. y=x*-10x+19 and y=3
y ] (4 ¥
A B \ /
/ ' \/ o
/
.//
./‘
The coordinates of point C are ( 7,37). Use algebraic integration to find the exact value of the shaded area enclosed by the two
graphs.
Find the exact value of the shaded area.
Question 17
The diagram shows the graphs of
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y=x3-9x+23x-15 and y=-x+1

~ A

\(

Use algebraic integration to find the exact value of the shaded area enclosed by the two
graphs.

GG ssEssEsssEsEsRREREERREEREES

Question 18

The shaded shape below is formed by removing the area enclosed by the x-axis and the
curve ¥y = —x? + 13 x — 30 from triangle ABC.

| C

/X

The coordinates of point C are ( 7,33).

y

Find the exact value of the shaded area.

T T P )

Page 69

Question 19
The diagram shows the graphs of

y =x*-12x+13 and y=-x*+6x—-15

[
¥ \2 7

/|

The graphs intersect at the points where x = 2 and wherex = 7.

Use algebraic integration to find the exact value of the shaded area enclosed by the two
graphs.

Question 20
The diagram shows the graphs of

y =—=x3+21x*—-133x+240 and y=2x-3

The graphs intersect at the points where x = 3 and wherex = 9.

Use algebraic integration to find the exact value of the shaded area enclosed by the two
graphs.



Question 21
The diagram shows the graphs of

y=x*—7x+5 and y=-x*+3x-3

4

The graphs intersect at the points where x = 1 and wherex = 4.

Use algebraic integration to find the exact value of the shaded area enclosed by the two
graphs.

Question 22
The diagram shows the graphs of

y=x*-9x+9 and y=-x*+7x-5

¥

/

The graphs intersect at the points where x = 1 and wherex = 7.

Use algebraic integration to find the exact value of the shaded area enclosed by the two
graphs.

- D~ - -

Question 23
The diagram shows the graphs of

y=x2—6x+13 and y=-x2+10x—-11

Y

/ X
Find the exact value of the shaded area enclosed by the two graphs.

Question 24
The diagram shows the graphs of

y =3x2—27x+19 and y=-x3+9x*-18x+5

A\

X

Find the exact value of the shaded area enclosed by the two graphs.

T T Ty



Question 25 Question 27

The diagram shows the graphs of You are given that
=x- = - — k 2 -
y=x*-7x+15 and y=-x*+9x-9 [ (34-5) dx = 87
)
_\N where k is a positive constant.
Find the value of k.

7

Find the exact value of the shaded area enclosed by the two graphs.

k = cisecsessnsesnsnnsnssnsansnnee

Question 28

The diagram below shows the graph of
y=x-1)3-x)

and the line x = k.

Question 26
The diagram below shows the graph of
y=(x-3)(x-7)

and the line x = k.

4

¥

kX The total area of the shaded regions is 8.

Find the value of k.

The total area of the shaded regions is '—;3

k = ceicesasanncnnnnncscsnsannoncs

Find the value of k.

k = wissssssasasssnssannssssansans
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Question 29
You are given that
k (5
Il (T?+3) dx =19
where k is a positive constant.

Find the value of k.

k TE assesssssssssssssessssesssnnne

Question 30

The diagram below shows the graph of
y=(x-1)(x-3)

and the line x = k.

!
y

\

X

k

The total area of the shaded regions is %.

Find the value of k.

Kk = cisecscescssnssscscsnasascsase
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AS 2018

5N

Not to scale

Q

Figure 4

Figure 4 shows a sketch of part of the curve C with equation

The point P (4. 6) lies on C.
The line / is the normal to C at the point P.

The region R. shown shaded in Figure 4. is bounded by the line /, the curve C. the line
with equation x = 2 and the ~-axis.

Show that the area of R is 46
(Solutions based entirely on graphical or numerical methods are not acceptable.)
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Your Turn

Not to scale

Figure 4

Figure 4 shows a sketch of part of the curve C with equation

y=—=+4x-9._ x>0

32
X

The point P (4, 9) lies on C. The line / is the normal to C at the point P.

The region R, shown shaded i Figure 4, is bounded by the line /, the curve C, the line with
equation x = 2 and the x-axis.

27
Show that the area of R is "’1 .

(Solutions based entirely on graphical or mumerical methods are not acceptable.)
10
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AS 2021

14. A curve C has equation y = f(x) where
f(x)=-3x"+ 12x +8
(a) Write f(x) in the form
alx + by +¢

where a, b and ¢ are constants to be found

The curve € has a maximum turning point at M

(b) Find the coordinates of M.

=¥

Figure 3

Figure 3 shows a sketch of the curve C
The line [ passes through M and is parallel to the x-axis.
The region R, shown shaded in Figure 3, is bounded by C, / and the y-axis.

(c) Using algebraic integration, find the arca of R
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Your Turn

14.

A curve C has equation y = f(x) where
flx) =5 +30x+6
(a) Write f(x) in the form
a(x+ b)Y +¢

where a, b and ¢ are constants to be found.

(3
The curve C has a maximum turning point at M.
(b) Find the coordinates of M.
(2)
VA
J M 1
R
c
/ ) \ —:
Figure 3
Figure 3 shows a sketch of the curve C.
The line / passes through M and is parallel to the x-axis.
The region R, shown shaded in Figure 3, is bounded by C, / and the y-axis.
(c) Using algebraic integration, find the area of R.
(3)

(Total for Question 14 is 10 marks)
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10.

Figure 2

In this question you must show all stages of your working.
Solutions relying on calculator technology are not acceptable.
“igure 2 shows a sketch of part of the curve C with equation
Fig 2 st ketch of part of tl C with equat

¥ 3\ 24x +3 x=0
The point P lies on € and has x coordinate 4
The line / 1s the tangent to C at P.
(a) Show that [ has equation

13x-6y-26=0

(5
The region R, shown shaded in Figure 2, is bounded by the y-axis, the curve C, the line /
and the x-axis.
(b) Find the exact area of R.

ey
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Your Turn

10.

Figure 2
In this question you must show all stages of your working.

Solutions relying on calculator technology are not acceptable.
Figure 2 shows a sketch of part of the curve C with equation
|
_1'=Zx‘—\/.;+l x=0

The point P lies on C and has x coordinate 4
The line / is the tangent to C at P.

(@) Show that / has equation

Tx-4y-16=0
(5)
The region R, shown shaded in Figure 2, is bounded by the y-axis, the curve C, the line /
and the x-axis.
(b) Find the exact area of R.
(5)

(Total for Question 10 is 10 marks)
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In this question you must show all stages of your working.

Solutions relying on calculator technology are not acceptable.

Ve y=4x+3

Figure 2

The finite region R, shown shaded in Figure 2, is bounded by the curve with equation
»y = 4x? + 3,the y-axis and the line with equation y = 23

Show that the exact area of R is k\/g where k is a rational constant to be found.
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Your Turn

In this question you must show all stages of your working.

Solutions relying on calculator technology are not acceptable.

-

VA y=5"—43

Figure 2

The finite region R, shown shaded in Figure 2, is bounded by the curve with equation
y = 5x* — 43, the y-axis and the line with equation y = —8

Show that the exact area of R is kﬁwhcrc k is a rational constant to be found.
(5)

(Total for Ouestion 5 is § marks)
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Past Paper Questions

3.

AS 2019

(a) Given that & is a constant, find

J.( 4} + k.\‘]dx
X

simplifying your answer.

(b) Hence find the value of & such that

8

(60

3)

3)

g Exams
ﬁT = Formula Booklet
 Past Papers
s Practice Papers

« past paper Qs by topic

Past paper practice by
topic. Both new and old
specification can be
found via this link on
hgsmaths.com
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Summary of Key Points

Summary of key points

dy 1
— = xn, )= xn+1 nE -1,
1 If—d x", then y e ran 1

Using function notation, if f'(x) = x*, then f(x) = ﬁ.\'"” +en®-L

dy k .
2 If—=kx" theny= X" penz -1
dx T on+1

k
X+l 4 e, p+-1.
n+1

When integrating polynomials, apply the rule of integration separately to each term.

Using function notation, if f'(x) = kx”, then f(x) =

3 [f'(x)dx=f(x)+¢
4 [(f(x) + g(x))dx = [f(x)dx + [g(x)dx

5 To find the constant of integration, ¢
+ Integrate the function

+ Substitute the values (x, y) of a point on the curve, or the value of the function at a given
point f(x) = k into the integrated function

+ Solve the equation to find ¢
6 |If f'(x) is the derivative of f(x) for all values of x in the interval [a, b], then the definite integral

is defined as [*f'(x)dx = [f(x)]; = f(b) - f(a)

7 The area between a positive curve, the x-axis and the lines x = @ and x = b is given by
Area = j; ",1-' dx
where y = f(x) is the equation of the curve.

8 When the area bounded by a curve and the x-axis is below the x-axis, [y dx gives a negative
answer.

9 You can use definite integration together with areas of trapeziums and triangles to find more
complicated areas on graphs.

1.306: Mixed Ex , P.011 : BSG Qs
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