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Exam-style Practice

1a

A general point on line /; is

-3 5 -3+54
0 |+A|-1|=| -4

5 1 5+4
A general point on line /, is
10 6 10+6u
=1 | +u| 2 |=|-1-2u
15 4 15+4u

If /, and [, intersect, then there are
unique values of 4 and x such that
-3+54=10+6u a
—A=-1-2u ?2)
5+A=15+4u 3)
Substituting (2) into (3) gives
5+(1+2u)=15+4u

9=2u
_ 2
=79

Substituting u = —% back into (2) gives

/1=1+2(—2J=g
9) 9

Determine if u = —% and A =§ are

consistent with (1):

LHS=—3+5(EJ=—g

9 9

RHS=10+6(—2J=§
9) 3

—% # ? so the system of equations is not

consistent, and hence /, and /, do not

meet.
2 k 3
-3 1 1 1
det|l -3 1({=2 -k +3
-1 2 3 2 3
3 -1 2

=2(-6+1)—k(2-3)+3(-1+9)
=—10+k+24=k+14

1 3
-1

b The three planes do not meet at a single

point, so
2 k3
det|]l -3 1/=0
3 -1 2
k+14=0

k=-14
The three equations then become:
2x-14y+3z=1 1
x=3y+z=-2 (2)
3x-y+2z=3 3)
Determine whether this system has any
solutions:

B)-2x(2): x+5y=7 ()
3x(2)-1:  x+5y=-7 (5)
Equations (4) and (5) are inconsistent so

the system is inconsistent and has no
solutions. The planes form a prism.

Letw=2x-1 :>x=WT+1

o w4+l . ) )
Substituting x = in the cubic equation:

2
3 2
S WHLY (wrl)y fwHl)
2 2 2

2(w3 +3w? +3W+1J_3(W2 +2w+1}
8 4

_7(“’_“}_1:0
2
w —17w—=20=0

p=14=0,r=-17, s=-20
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1 n n
4a n=1: LHS=)r=I-=1 ¢ D 2r(r+)=4> 7
r=1 r=1 r=1
RHS = 1(1)2 ((1) + 1)2 = i =1 = %n(n +1)(n+2)=n"(n+1)* for positive integers n,
4 4
As LHS = RHS, the summation formula by parts a and b

=3n' +4n’ -3n* —4n=0
= n(n-1)(nr+1)3n+4)=0

is true forn = 1.

Assume that the summation formula is true

forn = k: Son=0,1,-1or _4

k
Z ” =i( k)2 ( k + 1)2 However, the result only holds for positive
r=1

integers, son =1
Withn = k + 1 terms the summation

formula becomes: 5a (3+2i) and (3-2i) are

kiirs N P+ (k +1)3 complex conjugate roots of f(z) =0

r=l r‘ So (z—(3+21))(z—(3—21)) is a factor of f (z)
— Zkz (k+1)" +(k+1)’ (z—(3+2i))(z—(3-2i))

2 . . . .
1 2, =z —(3+21+3-21)z+(3+21)(3-21)
= (k+1) (#* +4Ck-+1) = 22— 62437 + 61— 6i — (2i)>
=l(k+1)2(k2+4k+4) =27 =62+9-(-4)
‘1‘ =22 —62+13

=z("f+1)2 (k+2) So (2% ~62+13) is a factor of f(2).
=%(k+1)2 [(k+1)+1)2}

Therefore, the summation formula
is true when n = k +1. If the summation formula
is true for n = k then it is shown to be true

forn = k + 1. As the result is true forn = 1,

it is now also true for all n € Z*

by mathematical induction.
b in(r+ )= 2zn:r2 +2ir
r=1 r=1 r=1
= 2x%n(n+l)(2n+1)+2x%n(n+l)
=2n(n+ l)[l(2n + 1) +l)
- 6 2

=2n(n+l)[n;2)

=§n(n+1)(n+2)
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5b (zz—6z+13)(azz+bz+c) 6 a

=z ~142° + 782" + kz + 221
Equate coefficients of z*:
a=1
Equate coefficients of z* :
The z* terms on the LHS are z> xbz and —6zxaz’, so

bz’ —6az’ =—147°

b—6a=-14
h—6x(1)=—14 b
b=-8
Equate constant terms:
13¢ =221
c=17

To find £, equate coefficients of z :
The z terms on the LHS are —6zxc and 13xbz,

SO —6cz+13bz = kz
—6c+13b=k
—6x(17)+13x(-8) =k
k=-206

c (22 —6z+13)(z2 —82+17)
=z'—14z° +782z> -206z+221
Solving (z* -82z+17)=0

(2—4)2+1=O
(2—4)2 =-1
z—4=4j
z=4%i

So the roots of f(z)=0 are
3+21, 3—-2i, 4+1and 4—1

b

1111 4

>

2
[

1
1

1
L

Y
[¢]

/7U\\

L3 )
(=)

JE+(=1)*+22 =6

_&-

=>
Il

(o)}

2
J6
0 2
r=| 3 [+4] 4
-1 -3

The cartesian coordinates of any point

on this line are

x=21

y=3+44

z=-1-34

Sub these coordiantes into the equation of IT:

1(22)-1(3+42)+2(-1-32)=3

-81-8=0
—81l=8=>1=-1
Now use A =—1 to find coordiantes of P:
x=2(—1):>x=—2

y=3+4(-1)=y=-1
Z=—1—3(—1):>Z=1

Coordinates of P: (2,1, 2)

Now let 8 be the angle between the line /
and the normal to the plane.

1Y (2
“11-1 4
cost = 2 =
V21242222 142 4 3
:w=0606
Je29
6=0.92

Then the angle between / and 77 is

T _9="_092=065
2 2
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7a 4x—x"=0
x(4-x)=0

x=0orx=4
2

V=7r:4[(4x—x2) dx
0

4
=7r.[x4 —8x* +16x* dx
0

X 8x* 16x3}
=g ———
5 4 3
5 374
=7 x__2x4+16x
5 3,
([ (4) 16(4)
| [ 4L 2(4)" + @ |,
5 3
5127 3
== mm
15
Cost of silver for 500 beads:
£0.05%500x 2127 = £2680.83

b The model does not account for
a hole through the middle of the bead.

I
§adetM=| Y2 V2
S 3
2 2
5 5 [ 5} 5
=——F=X——F=—| ——= |X—F/=
2 2 2 2
=2+2=25
2 2

Area scale factor =25

Linear scale factor of enlargement =~/25 =5

5 5
b N =(cosé’ —sinﬁJ(S OJ
5 5 sinf cos@ J\O 5
NN
_(5cos@ —5sinf
_(SSinﬁ 5C059J
) 5
551n0—$

sin@ = EEE
52 2
0 =45 =180"-45 =135
Check using the lower-right element:

5cos135° = —i so 0=135°

NG

So M is a rotation

anticlockwise throught 135",

¢ Let the coordinates of P be (x, y). Then

I I
P WEH
NN
L)
I I
-5 5 )
2 2
| s |
N NS
—a+b
- 22 )
52

The coordinates of P are (—a +h , 4 _bj
52 7 52

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free. 4



Core Pure Mathematics Book 1/AS SolutionBank

9 10a The stolen car is travelling along the line
Ima i 5 2
argz -2+ 1) < 37 §arg(z_2+i)>% AB=| 3 |+t| -8

-1 9

So a general point on the line AB has

3 lz-2i| <3
S5+2t
21 position vector | 3 —8¢
: -1+9¢
% . The stinger can intercept the car if the
VX fre perpendicular distance from the origin
B to AB is less than 6 m.
|z 2i| = 3 represents a circle The perpendicular distance occurs when
centred (0, 2) with radius 3. 549 b
|z - 2i| <3 is the area inside this circle 3-8 |-|-8|=0
arg(z—2+1) = 3 is the half-line —1+90) 1 9
4 10+ 4t —24+641—9+81r =0
from the point 2 —i which makes an angle %t 149t -23=0
with the positive real axis. 1491 = 2233
arg(z—2+1) = g is is the half-line t= 149

. 23 . .
from the point 2 —i which makes an angle % Substitute = — into the expression for a

with the positive real axis. general point on the line 4B

{ze(C:|z—2i|<3}r\ 542 23 _m
; 149 ) 149
{zeC:%<arg(z—2+i)<Tn} 3-8 23 :2_63
i ) 149 ) 149
is the area inside the circle |z —21| < 3which 3 58
. 1 _1 - | = —
lies between the7t two half-lines . (1 4 9J 149
arg(z—2+i1)=—and arg(z—2+1)=— - 2 2 2
2 4 43 :\/791 +1246932 +58
The half line arg(z—2+1) = T is not
2 =5.6<6
included in the region, so is shown dotted on The stolen car passes 5.6 m from the origin.

the Argand di .
© ATgand dlagram The police can stop the car.

b Limitation of the model — the car is
unlikely to drive exactly in a straight line,
as roads are not straight.
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