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CHAPTER 1 - UNIT P1

Algebra and Functions 1

40 questions

1.1 TMUA Specimen - Paper 1 - Q1

The sum of the two values of x that satisfy the simultaneous equations

x—3y+1=0and3x? —7xy =5is

A -85

B —-7.5

C —1.5

D 3.5

E 45

F 5

1.2 TMUA 2019 - Paper 1 - Q1

f(x) is a quadratic function in z.

The graph of y = () passes through the point (1, —1) and has a turning point at
(—1,3).

Find an expression for f(z).

—x? — 27 + 2

—2? 4+ 22+ 3

x? — 2z

22+ 22 —4

207 + 4w+ 1

—22% —4x +5

HEHEOgOQO® B>

1.3 TMUA 2020 - Paper 2 - Q1

Find the complete set of values of k for which the line y = x — 2 crosses or touches
the curve v = a2 + ka + 2

A —-1<k<3
—3<k<5h
—4< k<4
k<-1or k>3
k<-3 or E>5
k<-4 or k>4

mTEOoOOQW

hgsmaths.com Chapter 1 - Algebra and Functions 1 3



1.4 TMUA 2023 - Paper 2 - Q1

Given that

what is the value of x ?

A 2J15
B 4.5

C 5V2

D .58

E 50

F 58

G 60

H 80

1.5 TMUA 2016 - Paper 1 - Q2

The expression 3x3 + 13x? + 8x + a, where a is a constant, has (x + 2) as a factor.

Which one of the following is a complete factorisation of the expression?

A (x+2)x—1)Bx-2)
B (x+2)(x+1)(3x—2)
C (x+2)(x+1)(Bx+2)
D (x+2)(x—3)(3x+2)
E (x+2)(x+3)3x—-2)
F (x+2)(x+3)(3x+2)
1.6 TMUA 2019 - Paper 1 - Q2

Find the complete set of values of the real constant k for which the expression

>+ kr+2r+1—2k

is positive for all real values of x.

—12< k<0

k< —-12 or k>0
~V6-3<k<Vv6-3

k< —V6—3 or k>+v6-3
—2<k<]

k< -2 or k>%

0< k<4
k<0 or k>4

T " =20k

hgsmaths.com Chapter 1 - Algebra and Functions 1 4



1.7 TMUA 2023 - Paper 1 - Q2

The graphs of y=x”+5x+6 and y=mx—3, where m is a constant, are plotted on the same
set of axes.

Given that the graphs do not meet, what is the complete range of possible values of m?

A 1<m<n

B m<-1, m>11

c JVMl<m<J11

D m<-J11, m>J11
E 11<m<1

F m<-11, m>1

1.8 TMUA 2019 - Paper 2 - Q2 (also 2020 - Paper 1 - Q2)

(22 4+ 1) and (x — 2) are factors of 22° + px? + q.
What is the value of 2p + ¢7

A -10
B ¥
c -2
D 2
F 10
1.9 TMUA 2017 - Paper 1 - Q4

When (3x% + 8x — 3) is multiplied by (px — 1) and the resulting product is divided by
(x + 1), the remainder is 24.

What is the value of p?
A —4
B 2
CcC 4
o 8
7
e U
4

hgsmaths.com Chapter 1 - Algebra and Functions 1 5



1.10 TMUA 2018 - Paper 1 - Q4

Consider the simultaneous equations
3% + 220y =4
rt+y=a
where a is a real constant.

Find the complete set of values of a for which the equations have two distinct real
solutions for x.

A There are no values of a.

B 2<a<?2

C —-l<a<l

D a=0

E a<—-1 or a>1

F a< -2 or a>?2

G All real values of a

1.11 TMUA 2017 - Paper 1 - Q5

S is the complete set of values of x which satisfy both the inequalities

x?—8x+12<0and2x+1>9
The set S can also be represented as a single inequality.

Which one of the following single inequalities represents the set S ?

A (x?-8x+12)2x+1)<0
B (x%—8x+12)(2x+1) >0
C x?—10x+24<0

D x*—10x+24>0

E x*—6x+8<0

F x>—6x+8>0

G x<2

H x>6

hgsmaths.com Chapter 1 - Algebra and Functions 1 6



1.12 TMUA 2018 - Paper 1 - Q5

The function f is defined by f(z) = 2* + az® + bx + c.

a, b and ¢ take the values 1, 2 and 3 with no two of them being equal and not
necessarily in this order.

The remainder when f(z) is divided by (z + 2) is R.
The remainder when f(z) is divided by (x + 3) is S.
What is the largest possible value of R — S7

A —-26
B 5
Cc 7
D 17
E 29
1.13 TMUA 2020 - Paper 1 - Q5

The curve S has equation
y = pa’+ 6z —q
where p and ¢ are constants.

S has a line of symmetry at x = —i and touches the x-axis at exactly one point.

What is the value of p + 8¢ 7

A 6

18
21
25
38

e @R

1.14 TMUA 2021 - Paper 1 - Q5

The function f is such that

f(m)f(n) if mn is a multiple of 3
f(mn) = e .
mn if mn is not a multiple of 3
for all positive integers m and n.
Given that f(9) + £(16) — £(24) = 0, what is the value of £(3)7
A S
3
2V/2
3

16

3v2
4

m|E O QU

hgsmaths.com Chapter 1 - Algebra and Functions 1 7



1.15 TMUA 2023 - Paper 1 - Q5

The following shape has two lines of reflectional symmetry.
N S O

M U P
[diagram not to scale]

MNORP is a square of perimeter 40cm.
The vertices of rectangle RSTU lie on the edge of square MNOP.
MR has length xcm.

What is the largest possible value of x such that RSTU has area 20cm??

V2
J10
2J15
102
5+v5
5+J15

Mmoo W >

1.16 TMUA Specimen - Paper 1 - Q6

Itis given that x + 2 is a factor of x> + 4cx? + x(c + 1)? — 6.

The sum of the possible values of ¢ is

A -10
B -6
C 0

D 6

E 10

hgsmaths.com Chapter 1 - Algebra and Functions 1 8



1.17 TMUA 2016 - Paper 1 - Q6

P, Q, and R are each mixtures of red and white paint.

The percentage by volume of red paintin P is 30%.

The percentage by volume of red paintin Q is 20%.

The mixtures P, Q, and R are combined in the proportion 12 : 5 : 3 respectively.

If the resulting mixture contains 25% by volume of red paint, what percentage by volume
of mixture R is red paint?

A 25%
B 23%
C 13:%
D 19:%
39
E 9;%
F Itisimpossible to achieve this result.

1.18 TMUA Specimen - Paper 2 - Q6

The area of a rectangle is measured to be 5600 cm? correct to 2 significant figures.
The width of the rectangle is measured to be 80 cm correct to the nearest centimetre.

Which one of the following expressions gives the greatest possible height of the
rectangle?

A 70.5cm
B 75cm
5650
C ——cm
85
5650
D ——cm
80.5
5650
E ——cm
75
5650
——cm
79.5

hgsmaths.com Chapter 1 - Algebra and Functions 1 9



1.19 TMUA 2020 - Paper 1 - Q8

The function f is defined for all real x as

fle) = (p - 2)(x +2)
Find the complete set of values of p for which the maximum value of f(x) is
less than 4.

A —2-4/2<p<—2+4V2
B —2-2V2<p<—-2+2V2

C -2V5<p<2v5h

D 6<p<?2

E —4<p<0

F —2<p<?2

1.20 TMUA 2021 - Paper 1 - Q8

The line y = 2z + 3 meets the curve y = 22 + bx + ¢ at exactly one point.
The line y = 4z — 2 also meets the curve y = 2% + bx + ¢ at exactly one point.

What is the value of b — ¢?

A -9
B 5.5
Cc -1
D 5
E 6
F 14
1.21 TMUA Specimen - Paper 1 - Q9

The roots of the equation 2x? — 11x + ¢ = 0 differ by 2. The value of ¢ is

105

A -
8

113

B —_—
8

117

C -
8

119

D —
8

hgsmaths.com Chapter 1 - Algebra and Functions 1 10



1.22 TMUA 2020 - Paper 1 - Q9
The quadratic expression z* — 14z + 9 factorises as (x — a)(x — 3), where o and 3
are positive real numbers.

Which quadratic expression can be factorised as (x — /o )(x — /3)?
A 2?—V10z +3

B 22— 14z +3
C 22—20x+3
D 22— 178z + 81
E 2% - 176z + 81
F 2?4 196z + 81
1.23 TMUA Specimen - Paper 1 - Q12

The cross-section of a triangular prism is an equilateral triangle with side 2x cm.
The length of the prism is d cm.

Let the total surface area of the prism be T cm2. Given that the volume of the prismis T
cm3, which one of the following is an expression for d in terms of x?

X
A
2x—3
3x
B
3x-2v3
C 2x
x—4\/?_,
2x
D
x—2+3
E 2x
x—3
1.24 TMUA 2021 - Paper 1 - Q12

The minimum value of the function z? —p?z? is —9

p is a real number.

Find the minimum value of the function 22 — pz + 6

A =3
B . 3V2
2
c 2
2
3
9
B3
2
Fogo V2

hgsmaths.com Chapter 1 - Algebra and Functions 1 1



1.25 TMUA 2022 - Paper 1 - Q12

A family of quadratic curves is given by
kY K
=2lx——|+—+4k+3
Vi [ 2] >

where £ is any real number and y; is a function of x.

All these curves are sketched, and the point with the lowest y-coordinate among all the
curves y; is (a, b).

Find the value of a + b

A -1
B -3
C -5
D -7
E -9
1.26 TMUA Specimen - Paper 2 - Q12

A polynomial p(x) has the property that p(1) = 2.

Which one of the following can be deduced from this?

A p(x) = (x — 1)q(x) + 2 for some polynomial g(x).
B p(x) = (x + 1)q(x) + 2 for some polynomial g(x).
C p(x) = (x — 1)q(x) — 2 for some polynomial g(x).
D p(x) = (x + 1)q(x) — 2 for some polynomial g(x).
E p(x) = (x — 2)q(x) + 1 for some polynomial g(x).
F p(x) = (x + 2)q(x) + 1 for some polynomial g(x).
G p(x) = (x — 2)q(x) — 1 for some polynomial g(x).
H p(x) = (x + 2)q(x) — 1 for some polynomial g(x).
1.27 TMUA Specimen - Paper 1 - Q13

How many real roots does the equation x* — 4x3 + 4x? — 10 = 0 have?

A 0
B 1
C 2
D 3
E 4

hgsmaths.com Chapter 1 - Algebra and Functions 1 12



1.28

Given that

2
3
[“ s

v

where @ and b are real numbers, what is the least value of ab?

A 2
V2

B
c 22
p 22
g V2
2
p V2
2
1
G -2¢
1
H 26

hgsmaths.com
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1.29 TMUA 2017 - Paper 2 - Q14

The diagram below shows the graph of y = 2 — 2bx + ¢. The vertex of this graph is
at the point P.

Y

r
0 : T
Which one of the following could be the graph of y = 22 — 2Bx + ¢, where B > b?

hgsmaths.com Chapter 1 - Algebra and Functions 1 14



1.30 TMUA 2016 - Paper 2 - Q15

Consider the quadratic f(x) = x% — 2px + q and the statement:
(™) f (x) = 0 has two real roots whose difference is greater than 2 and less than 4.

Which one of the following statements is true if and only if (*) is true?
A g<p*<qg+4

B Jgt+t1l<p<,q+4

C q—3<p*-4<gq

D g<p’—-1<qg+3

E ¢g—-2<p?*-3<q+2

1.31 TMUA Specimen - Paper 1 - Q16

10C—2d 0% 2026+d

Given that ¢ and d are non-zero integers, the expression is an integer if

8¢ x 125¢+d
c<0

d<0

c<0andd <0

c<0andd >0

c>0andd <0

c>0andd >0

d>0

c>0

T o mm g 0O W o

hgsmaths.com Chapter 1 - Algebra and Functions 1 15



1.32 TMUA 2019 - Paper 2 - Q16
The graph of the quadratic
y = pr’ + qr +p
where p > 0, intersects the z-axis at two distinct points.

In which one of the following graphs does the shaded region show the complete set
of possible values that p and ¢ could take?

A B C

q q q

4l 4 4 :
3 — 31—t 3 .
2 21— 2
1/ 11/ 11+
_(1) | 2.3 45 6P _(1) 1 2345¢6P _(1) | 2345 6P
—2 —2 —2
-3 -3 -3
—4 —4 —4
D E F

q q q

At T 4 4

3 - 31— 3+t

21 211 21

1+ 47 14/ 11/
_(1) 1 2345 P_(l)\\]L)J:LE(p _?;\L)sztp
—2 —2 1k —2
_3 —3 \\\ —3 \\
—4 —4 —4
G H

q q

4‘ ra 4 7/

3 - 3 o

2+ 2

1+ 1t
_(1) 2345 p _(1) N2 34t G P
—2 —2
_3 \\ _3 : Y
—4 =t —4 -

hgsmaths.com Chapter 1 - Algebra and Functions 1 16



1.33 TMUA Specimen - Paper 1 - Q17

For what values of the non-zero real number a does the quadratic equation
ax? + (a — 2)x = 2 have real distinct roots?

A All values of a

B a=-2
C a>-—2
D a+*—2
E No values of a
1.34 TMUA 2020 - Paper 1 - Q17

Find the complete set of values of m in terms of ¢ such that the graphs of
y =mx + ¢ and y = y/x have two points of intersection.

A 0<m<+
C

0<m < 4c?

1
m > i

1
m < i

m > 4c?

|E O QW

m < 4¢?

1.35 TMUA 2023 - Paper 2 - Q18

The equation x* + bx*+ ¢ =0 has four distinct real roots if and only if which of the following
conditions is satisfied?

h?>4c

h? < 4c

c>0 and b>2Jc
¢>0 and b<-2J¢
c<0 and H<0
c<0 and 5>0

mTm oo W >

hgsmaths.com Chapter 1 - Algebra and Functions 1 17



1.36 TMUA 2017 - Paper 1 - Q19

The set of solutions to the inequality x% + bx + ¢ < 0 is the interval p < x < q
where b, ¢, p and g are real constants with ¢ < 0.
In terms of p, q and ¢, what is the set of solutions to the inequality x* + bcx + ¢ < 07?

A B<x<g
C c
g<x<E
c c
pc<x <qc

gc < x < pc
pc? < x < gc?

m m OO W

gc? < x < pc?

1.37 TMUA 2020 - Paper 1 - Q19

Find the lowest positive integer for which 22 — 522 — 52 is positive.

26
27
51
22
23
o4

HEOOQ®E >

1.38 TMUA 2019 - Paper 2 - Q19

Find the value of the expression

\/8—4\/§+1+\/9—12\/§+8

A V26 —16V2
B 4v2 -4

C -

D 4—4v2

E 2

F V26 —4y2
G 1

hgsmaths.com Chapter 1 - Algebra and Functions 1 18



1.39 TMUA 2020 - Paper 1 - Q20

For how many values of a is the equation
(z—a)(2® —x+a)=0
satisfied by exactly two distinct values of x7

0

mEHgOQWmE =
I N

more than 4

1.40 TMUA 2018 - Paper 2 - Q20

It is given that the equation \/z + p + /= = p has at least one real solution for x,
where p is a real constant.

What is the complete set of possible values for p?
p=0orp=1

p=0orp=>1

p=—x

Ve

p=0

p=1

HEH QO OQT

hgsmaths.com Chapter 1 - Algebra and Functions 1 19



CHAPTER 2 - UNIT P2

Coordinate Geometry 1

21 questions

2.1 TMUA 2021 - Paper 1 - Q1

Two circles have the same radius.
The centre of one circle is (-2, 1).

The centre of the other circle is (3, —2).
The circles intersect at two distinct points.

What is the equation of the straight line through the two points at which the circles
intersect?

A 3x—-bHy=4

B 3z+5y=-1

C br—3y=—-4

D bx—3y=-1

E br—3y=1

F bx—-3y=4

G fr+3y=1
2.2 TMUA Specimen - Paper 2 - Q1

The radius of the circle 2x? + 2y? —8x + 12y + 15 =0 s

A

(@]
ERNERNERE

hgsmaths.com Chapter 2 - Coordinate Geometry 1 20



23

Find the complete set of values of p for which the equation
x2—2px+y2—6y—p2+8p+9= 0
describes a circle in the xy-plane.
p=- 2
4
0<p<4
-1< p< 9
p<0or p>4
p<-1orp>9

MRS AW

all real values of p

24

PQRS is a rectangle.

The coordinates of P and @ are (0,6) and (1, 8) respectively.
The perpendicular to PQ at () meets the z-axis at R.

What is the area of PQRS?

E

A B

2

44/10
20

810
40

=50 aw

25

A(0,2) and C'(4,0) are opposite vertices of the square ABC'D.

What is the equation of the straight line through B and D7

A y=-2x+5
B y:—%x—S
C y:—%x—t—Q
D y==x

E y=2xr-3

F y=2x+2

hgsmaths.com Chapter 2 - Coordinate Geometry 1

TMUA 2022 - Paper 1 - Q2

TMUA 2017 - Paper 2 - Q2

TMUA 2021 - Paper 2 - Q2
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2.6 TMUA Specimen - Paper 1 - Q3

The perpendicular bisector of the line segment joining the points (2, —6) and (5, 4) cuts
the x-axis at the point with x-coordinate

1
A J—
20
1
B —
6
1
C —_
3
19
D —
5
41
E J—
6
2.7 TMUA 2017 - Paper 1 - Q3

Aline [ has equationy = 6 — 2x
A second line is perpendicular to [ and passes through the point (-6, 0).

Find the area of the region enclosed by the two lines and the x-axis.

1
16=
A 5
B 18
3
Cc 21-
5
D 27
E 4-0l
2
2.8 TMUA 2018 - Paper 1 - Q3

Find the shortest distance between the two circles with equations:
(x+2)2+(y—3) =18
(x =7+ (y+6)*=2

A0
B 4
C 16
D 22
E 52

hgsmaths.com Chapter 2 - Coordinate Geometry 1 22



29

The point P has coordinates ( p, q), and the equation of a circle is

X2+ +2gy+h=0

where f, g, h, p and g are all real constants.

Let L be the distance between the centre of the circle and the point P.
Which one of the following is sufficient on its own to be able to calculate L ?

A

ol R @ I -~

2.10

the values of f, g and &

the values of f, g, p and ¢
the values of f, h, p and ¢
the values of g, 4, p and ¢

none of the options A-D is sufficient on its own

TMUA 2022 - Paper 2 - Q4

TMUA 2017 - Paper 1 - Q6

A tangent to the circle x? + y? = 144 passes through the point (20, 0) and crosses the

positive y-axis.

What is the value of y at the point where the tangent meets the y-axis?

A
B

c

2.11

The circles with equations
(r+4)°+(y+1)*=64 and
(x—8)*+(y—4)* =r* where r >0

have exactly one point in common.

12
15
49

3
20
64

3
80

3

Find the difference between the two possible values of r.

A 4

@R

hgsmaths.com

10
16
26
20
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2.12 TMUA 2021 - Paper 2 - Q7

A circle has equation (z —9)? + (y + 2)* = 4

A square has vertices at (1,0), (1,2), (—1,2) and (—1,0).

A straight line bisects both the area of the circle and the area of the square.
What is the z-coordinate of the point where this straight line meets the x-axis?

2

= e W
Ut

QEEgQW =
o ot

The straight line is not uniquely determined by the information given, so there is
more than one possible point of intersection.

H There is no straight line that bisects both the area of the circle and the area of
the square.

213 TMUA 2023 - Paper 2 - Q7

The graph of the line ax + by =c¢ is drawn, where a, b and ¢ are real non-zero constants.
Which one of the following is a necessary but not sufficient condition for the line to have a
positive gradient and a positive y-intercept?

a

C
A —>0and — <0
b b

¢ <0 and

a
b b
a>b>c
a<bh<c

a and ¢ have opposite signs

>0

mTmOoOO W

a and ¢ have the same sign

2.14 TMUA 2016 - Paper 1 - Q9

The line segment joining the points (3, 3) and (7, 5) is a diameter of a circle.

This circle is translated by 3 units in the negative x-direction, then reflected in the x-axis,
and then enlarged by a scale factor of 4 about the centre of the resulting circle.

The equation of the final circle is
(x—2)+ (y —4)*> =320
(x—=2)2+ (y+4)* =320
(x—2)+(y—4)>=80
(x—2)"+(y+4)*=80
(x—2+(@y—-4)?=20
(x—2)2+(y+4)>=20

m m g 0O W

hgsmaths.com Chapter 2 - Coordinate Geometry 1 24



2.15

A circle has equation x% + y? — 18x — 22y + 178 = 0

A regular hexagon is drawn inside this circle so that the vertices of the hexagon touch the

circle.

What is the area of the hexagon?

A 6

B 6V3

Cc 18

D 18V3

E 36

F 36V3

G 48

H 483
2.16

Point P lies on the circle with equation (x —2)*+ (v — 1)>=16
Point Q lies on the circle with equation (x —4)*+ (v + 5)° = 16

What is the maximum possible length of PQ?

10
14
16

234
102
8 + 210
16 + 26

O Mmoo w>

hgsmaths.com
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217 TMUA 2023 - Paper 2 - Q14
Three lines are given by the equations:
ax+by+c=0
bx+cy+a=0

ex+tay+b=0
where «, b and ¢ are non-zero real numbers.
Which one of the following is correct?

A If two of the lines are parallel, then all three are parallel.
B If two of the lines are parallel, then the third is perpendicular to the other two.
C If two of the lines are parallel, then the third is parallel to y = x.
D If two of the lines are parallel, then the third is perpendicular to y = x.
E If two of the lines are perpendicular, then all three meet at a point.
F If two of the lines are perpendicular, then the third is parallel to y = x.
G If two of the lines are perpendicular, then the third is perpendicular to y = x.
2.18 TMUA 2021 - Paper 2 - Q15

A circle has equation
v rar+yf+by+c=0
where a, b and ¢ are non-zero real constants.

Which one of the following is a necessary and sufficient condition for the circle to
be tangent to the y-axis?

A (12—4(‘

B b =4c

C o _ 02+62
2
b Ja

D -
5~

B a 02+62

2

P _é: la? + b? .
2 4
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2.19

The circle '} has equation (z +2)* + (y — 1)* =3

The circle Cy has equation (z —4)? + (y — 1) =3

The straight line [ is a tangent to both C'; and C; and has positive gradient.
The acute angle between [ and the x-axis is ¢

Find the value of tan @

AL
B 2
c ¥
D 2
E %
F %
G
H 3
2.20

A right-angled triangle has vertices at (2, 3), (9, -1) and (5, k).
Find the sum of all the possible values of £.

OMMmMoOO m>»
N

hgsmaths.com Chapter 2 - Coordinate Geometry 1

TMUA 2020 - Paper 1 - Q16

TMUA 2023 - Paper 1 - Q16
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2.21 TMUA 2022 - Paper 1 - Q19

Circle C is defined as x* +y* = 25
A second circle C; has radius 4 and centre (a, b) where
-2<a<2 and -3<bH<3

If the centre of C; is equally likely to be located anywhere within the given range, what is the
probability that C; intersects C, ?

1
A R
25
B 2
25
16
C -
25
6 _
D T
6
16—
E T
24
24—
F T
24
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CHAPTER 3 - UNIT P3

Exponentials and Logarithms

29 questions

3.1 TMUA 2021 - Paper 1 - Q4

Find the minimum value of the function

22x - 2x+3 4+ 4
A —-16
B 12
C -8
D 0
E 4
F 20
3.2 TMUA Specimen - Paper 1 - Q5

Given that y = —log;,(1 — x) for x < 1, find x in terms of y.
1

A T ey
B x=1+logy
C x=1-log,,y
D x=1-107Y
E x=107Y -1
F x =10t
3.3 TMUA Specimen - Paper 2 - Q5

Using the observation that 2° ~ 33, it is possible to deduce that log; 2 is approximately

3
A —
5
2
B —
3
3
C —
2
5
D —
3
1
E —
2
F 2

hgsmaths.com Chapter 3 - Exponentials and Logarithms 29



34 TMUA 2020 - Paper 2 - Q5

Which one of the following shows the graph of
QZB
1427

y:

(Dotted lines indicate asymptotes.)

A B C

3.5 TMUA 2020 - Paper 1 - Q6

Find the maximum value of the function

1
f =
@)= S 4 7
A ;
B
C 3
D 3
E 4
F 7

hgsmaths.com Chapter 3 - Exponentials and Logarithms 30



3.6
Given that
93r _ 8(y+3)
and
glo+1) 164+
&(y+3)
what is the value of x + 9y 7
A 23
B -22
C —-15
D —-14
E -11
F —10
3.7

P(x) and Q(x) are defined as follows:
Px)=2"+4
Q(x) =22 _2*2) 4 16
Find the largest value of x such that P(x) and Q(x) are in the ratio 4 : 1, respectively.
5
12
32
log>3
log,5
log,12
log, 20

O T Mmoo w>»

hgsmaths.com Chapter 3 - Exponentials and Logarithms

TMUA 2020 - Paper 1 - Q7

TMUA 2023 - Paper 1 - Q7
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3.8 TMUA 2016 - Paper 2 - Q7

The four real numbers a, b, ¢, and d are all greater than 1.
Suppose that they satisfy the equation log. d = (log, b)2.
Use some of the lines given to construct a proof that, in this case, it follows that

(*) log, d = (logg b)(log, c).
(1) Letx =log, band y = log, c

(2) d = (c¥)?
(3) d=c&%)
(4) d=b"

) d=(a))

(6) d=((a")*)?

(M) d = (@)™

(8) d=al™)

9) d=al*)
A (1).Then (2),s0 (6),so (8),so (7), and therefore (4), hence (*) as required.
B (1).Then (2),so (7),so (8),so (6), and therefore (4), hence (*) as required.
C (1).Then (3),s0 (5),s0(9),so (7), and therefore (4), hence (*) as required.
D (1).Then (3),so (7),so(9),so (5), and therefore (4), hence (*) as required.
E (1).Then (4),so (5),s0(9),so (7), and therefore (3), hence (*) as required.
F (1).Then (4), so (6),so (8), so (7), and therefore (2), hence (*) as required.
G (1).Then (4),so (7),so(8),so (6), and therefore (2), hence (*) as required.
H (1).Then (4),so (7),so(9),so (5), and therefore (3), hence (*) as required.
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3.9

The graphs of two functions are shown here:

e y = a” is shown with a solid line, where a is a positive real number

e y = f(z) is shown with a dashed line

)

y =

Which of the following statements (1, 2, 3, 4) could be true?

1 f(x)=10" for some b > a

2 f(x)=10" for some b < a
3  f(x) = a* for some k >
4 f(x) = a* for some k <
1 only
2 only
3 only
4 only

1 and 3 only
1 and 4 only
2 and 3 only

T Q9 Eo0aQweE

2 and 4 only

hgsmaths.com

1
1

Chapter 3 - Exponentials and Logarithms

TMUA 2017 - Paper 2 - Q7
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3.10 TMUA Specimen - Paper 1 - Q8

Given that a*b?*¢3* = 2, where a, b, and c are positive real numbers, then x =

A logi (5m0)

B logip 2
logio(a+2b+3c)
2
C -
logio(a+2b+3c)
2
D - =
a+2b+3c
2
E 10g10 (abzcs)
F logm 2
logip(ab?c?)
2
G logqg(ab?c3)
2
H -
ab2¢3
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3.1

TMUA Specimen - Paper 2 - Q10

Which one of the following is a sketch of the graph of y = log, 2 for x > 1?

5 31
4- f
3- 0 I I I I I I I l I I
21 1012345678910
N _a
0 —2
1_01'2'3456'7891’0 _3
—4-
_2-
_5-
A B
51 Y
4 31
3 2]
2 !
0 T T T T T T T T T
14 0NZ2 34 5 6 7 8 9 10
o] A 1
1012345678910 _o]
_2] —31
—3 4
C D
5 3
44 2
3 1
21 «_
1012345678Q1fl
N _1]
0 e — — —2
1_012345678910 _a
—1 4
—3 -5
E F

hgsmaths.com

Chapter 3 - Exponentials and Logarithms
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3.12 TMUA Specimen - Paper 1 - Q11

The sum of the roots of the equation 22* —8 x 2¥ + 15 =10 is

A 3
B 8
C 2logqp 2
15

D 10g10 (T)
E log,o 15

logqo 2

3.13 TMUA 2016 - Paper 1 - Q11

The real roots of the equation 4%* + 12 = 22**3 are p and q, where p > g.

The value of p — g can be expressed as

3
A -
4
B 1
C 4
1 3
E logyo 3
log,, 4
log,, 3
F 810
logio 2
3.14 TMUA 2019 - Paper 1 - Q11

Find the sum of the real values of x that satisfy the simultaneous equations:
log,(zy?) = 1
(logs z)(logz y) = —3

T Q3 8 0gaw e
LW W = wi=
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3.15 TMUA 2018 - Paper 2 - Q11

Consider the equation 2* = ma + ¢, where m and ¢ are real constants.
Which of the following statements is/are true?

I The equation has a negative real solution only if ¢ > 1.
II  The equation has two distinct real solutions if ¢ > 1.

IIT  The equation has two distinct positive real solutions if and only if ¢ < 1.

none of them
[ only

IT only

[T only

I and II only

[ and III only
IT and III only
[, II and III

T Q"M HOQ®RE

3.16 TMUA Specimen - Paper 1 - Q14

a, b, x, and y are real and positive.

a and b are constants.
x and y are related.

A graph of log y against log x is drawn.

For which one of the following relationships will this graph be a straight line?

A yb = g*
B y = ab*
C y?=a+xP
D y = ax?
E y* = qb

hgsmaths.com Chapter 3 - Exponentials and Logarithms
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3.17 TMUA 2017 - Paper 1 - Q14

The solution of the simultaneous equations
2*4+3x2Y=3
22 —9x 2% =6

isx=p, y=q.
Find the value of p — g
A >
12
B
3
5
C log,—
08275
7
D log,=
082 3
log, 9
F log, 15
3.18 TMUA 2018 - Paper 1 - Q14

The line y = max + 4 passes through the points (3, log, p) and (log, p, 4).
What are the possible values of p?

p=1 and p=4

p=1 and p=16

p= i and p=4

p:% and p= 64

p=g and p=4

B E O QW

p=g and p=16
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3.19 TMUA 2021 - Paper 2 - Q14

Consider the following simultancous equations, where p is a real number:
p2" +log,y = 2
2" +log,y =1
What is the complete range of p for which these simultaneous equations have a real
solution (z,y)?
A p<l1
p#1
p>1
p<lorp>2
p#1and p <2
p>1andp<?2
p>2
All real values of p

T Q0O w

3.20 TMUA 2018 - Paper 1 - Q15

Find the sum of the real solutions of the equation:

A1l

B 4

C 9

D log,;20

E 2log,20

F 4log; 20
3.21 TMUA 2019 - Paper 1 - Q15

Find the real non-zero solution to the equation
2009 1
86 T 4

log, 2

2log, 2

1

2

log, 3

2log, 3

HEHTOQ R B
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3.22 TMUA 2020 - Paper 1 - Q15

Find the positive difference between the two real values of x for which

1\ 2
(logy z)* + 12 (log2 (E)) —2°=0

S > B w B el ve b

3.23 TMUA 2019 - Paper 2 - Q15

The numbers a, b and ¢ are each greater than 1.
The following logarithms are all to the same base:
log(ab®c) =7
log(a®bc?) = 11
log(a®b*c?®) = 15
What is this base?

a

A

B b

C ¢

D [t is possible to determine the base, but the base is not a, b or c.
E

There is insufficient information given to determine the base.
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3.24 TMUA 2022 - Paper 2 - Q15

The real numbers x, y and z are all greater than 1, and satisfy the equations
log,y =z and log,z=x

Which one of the following equations for log. x must be true?

A log.x=y
_ 1
B log.x=—
y
C log.x=xy
1
D log.x=—
0g. X o
E log.x=xz
F log.x=—
0g:x =
G log.x=yz
H log.x= 1
vz
3.25 TMUA 2016 - Paper 1 - Q16

Given the simultaneous equations
logyp 2 +1log;o(y — 1) = 2logy x
logio(y +3—3x) =0

the values of y are

a 5,38
27 2

B 3+V3

C 7+3V3

D 3,9

E 1,13
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3.26

Consider the following functions defined for z > 1:

f() = log, (logs vz )
g(x) = log, (y/log, )

Which one of the following is true for all values of z > 17

0 < f(z) < g(x)
0 < glz) < f(z
1< f(x) <g(=

1 <f(x) <glx
1 <g(z) <flz

mE g QW e

)
)
3 <er) <f(x)
)
) o

hgsmaths.com

or g(z )<<fCE)<<0
or f(z) <glx) <
or g(r) < f(x)
or f(z)<g(z)
)
)

VAN
B[

IA

or g(z) < I(x

f(
r f(z) < gz

IA A
— Ll T

Chapter 3 - Exponentials and Logarithms

TMUA 2021 - Paper 2 - Q17
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3.27

Consider the following problem:

1 n 1 10
Solve the inequality () < ( ) , where n is a positive integer.

32

A student produces the following argument:

1 n 1 10
() <(®)
1 n 1 10
log% (Z) < log% (3—2)

4

) M
)

) (111)

10log1 (35)
n < 2
log1(})
2
) av)
< 10 x 5 _ 95
2
) V)
1<n<24

Which step (if any) in the argument is invalid?

There are no invalid steps; the argument is correct
Only step (I) is invalid; the rest are correct

Only step (II) is invalid; the rest are correct

Only step (III) is invalid; the rest are correct

Only step (IV) is invalid; the rest are correct

HEH QO OQo >

Only step (V) is invalid; the rest are correct

hgsmaths.com Chapter 3 - Exponentials and Logarithms

TMUA 2017 - Paper 2 - Q18
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3.28 TMUA 2018 - Paper 2 - Q19

Three real numbers =, y and z satisfy x >y > 2z > 1.
Which one of the following statements must be true?
2z+1 - X +22
2% 2¥
3+ 3
3y
2 % b* - 5" + 5*
57 5Y
T+ TF
Ty

A

B 2>

D 2<

3.29 TMUA 2021 - Paper 1 - Q20

Find the length of the curve with equation
21log,, (x — y) =log, (2 — 2x) + log,, (v + 5)

HEOgQW®
&

127
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CHAPTER 4 - UNIT P4

Trigonometry 1

39 questions

4.1 TMUA 2022 - Paper 1 - Q1

How many real solutions are there to the equation

2c0s'0—5cos°@+3=0
in the interval 0 < 9 < 2w ?

A 1
B 2
C 3
D 4
E 5
F o6
G 7
H 8
4.2 TMUA Specimen - Paper 1 - Q2

The number of solutions in the interval 0 < 8 < 4m of the equation

sin?6 + 3cosf =3 is

A 0
B 1
C 2
D 3
E 4
F 5
G 6

hgsmaths.com Chapter 4 - Trigonometry 1 45



4.3 TMUA 2020 - Paper 2 - Q2

Given that tanf =2 and 180° < # < 360°, find the value of cos®

A V3
B -3
V3
C vy
2
p V3
2
A
)
PV
)
G —2\/5
5
g 2V
5)
4.4 TMUA 2016 - Paper 2 - Q3

What is the value, in radians, of the largest angle x in the range 0 < x < 2m that satisfies
the equation 8sin®x + 4 cos?x =77

2
AT
3
B 5
6
4
c
3
D5T[
3
7
g
4
11
F "
6

hgsmaths.com Chapter 4 - Trigonometry 1 46



4.5 TMUA 2017 - Paper 2 - Q4

The following question appeared in an examination:

Given that tanz = /3, find the possible values of sin 2z.

A student gave the following answer:

tanx = v/3 so & = 60° and 2z = 120°,
V3

therefore sin 2x = -

Which one of the following statements is correct?

3
A g is the only possible value, and this is fully supported by the reasoning given

in the student’s answer.

B 23 is the only possible value, but the reasoning given should consider other
possible values of z for which tanx = /3.

C 73 is the only possible value, but the reasoning given should consider other

V3

possible values of 2 for which sin 2z = 5

3
D — is not the only possible value because the reasoning given should have

considered other possible values of x for which tanx = V3.

3
E — is not the only possible value because the reasoning given should have
considered other possible values of x for which sin 2x = B
4.6 TMUA 2018 - Paper 2 - Q4

The non-zero real number ¢ is such that the equation cosx = ¢ has two solutions for
D<o < %w.

2

How many solutions of the equation cos? 2z = ¢? are there in the range 0 < 2 < gw?

Sl o llwileRvel=
GO =1 O = W N

hgsmaths.com Chapter 4 - Trigonometry 1

47



4.7 TMUA 2021 - Paper 2 - Q5

On which line is the first error in the following argument?

A sin?x + cos?x = 1 for all values of z.
B Therefore cosz = v/1 — sin? z for all values of z.

C Hence 1+ cosx =1+ v/1 —sin® z for all values of z.

2
D Thus (1 + cosx)? = (1 +4/1 — sin? 9:) for all values of x.
E

Substituting x = 7 gives 0 = 4.

4.8 TMUA 2021 - Paper 1 - Q6

The function f is given by

cosx + 3

(@)
Find the positive difference between the maximum and the minimum values of f(z).

A 0

7+ 5cosx —sin®z

1
B 3
1
C 3
2
3
E 1
F 2

hgsmaths.com Chapter 4 - Trigonometry 1 48



4.9 TMUA 2019 - Paper 2 - Q6

A student attempts to solve the equation

cosx +sinxtanx = 2sinx — 1
in the range 0 < x < 27.
The student’s attempt is as follows:

cosx +sinxrtany = 2sinz — 1

S0 cosx —sina +sinxtany —sine = —1 (I

So (sinx —cosx)(tanz — 1) = —1 (I1)
So sinz —coszx=—1 or tanx — 1= —1 (I11)
So (sinz —cosz)’=1 or tanz =0 (Iv)
So  2sinzcosz =0 or tanx =0 (V)
So x=0,%I. 7 2% (VI)

Which of the following best describes this attempt?

A It is completely correct

It is incorrect, and the first error occurs on line (I)
It is incorrect, and the first error occurs on line (IT)

It is incorrect, and the first error occurs on line (I1I)

00 Q@

It is incorrect, and the first error is that extra solutions were introduced on
line (IV)
It is incorrect, and the first error is that extra solutions were introduced on

line (V)

5|

4.10 TMUA 2016 - Paper 1 - Q8

Find the maximum angle x in the range 0° < x < 360° which satisfies the equation
7
cos?(2x) + V3 sin(2x) — i 0

30°
60°
120°
150°
210°
240°

mED oW >
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4.11

Find the complete set of values of x, with 0 < x < =, for which

412

-

o
IA
=
INA

=]

-

o
IA
=
IA

Y]

-

IA

=

IA
N[R

ols old
IA
=
IA

g

Ty
2 6
5t

— < x<

6 SXsSTT
5m

— < x<

6 SXSTT

(1=2sinx)cosx =0

A triangle XYZ is called fun if it has the following properties:
angle YXZ = 30°

XY=+3a

YZ=a

where « is a constant.

For a given value of a, there are two distinct fun triangles S and T, where the area of S is

greater than the area of T.
Find the ratio

moo w>»

413

ﬁNI\J—‘
-
. — —
ol

w
-

areaof S:areaof T

Which one of the following numbers is smallest in value?

A

B
C
D

=

log, 7
(273 4 2°2)
2(7/3)

1
4(\/5_ 1)3

4 sin? (E)
4

hgsmaths.com

1

Chapter 4 - Trigonometry 1

TMUA 2017 - Paper 1 - Q8

TMUA 2023 - Paper 1 - Q8

TMUA 2017 - Paper 2 - Q8
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414 TMUA 2022 - Paper 1 - Q9

This question is about pairs of functions f and g that satisfy
f(x) — g(x) = 2sinx
f(x)g(x) = cos*x

for all real numbers x.
Across all solutions for f(x), what is the minimum value that f(x) attains for any x?

A 1-\2

B -1-2

C 0

D -1

E -2

F -3

G 4

415 TMUA 2023 - Paper 1 - Q9

How many solutions are there to
(1+3cos30)y =4

in the interval 0° <8< 180°?
1

TMOOm>»
oG WN

4.16 TMUA Specimen - Paper 2 - Q11

Which one of the following numbers is largest in value?
(All angles are given in radians.)

A tan (i—n)

B log;, 100
C sin!® (g)

D log, 10

E (vZ-1)"

hgsmaths.com Chapter 4 - Trigonometry 1 51



417

How many solutions are there to the equation

intherange 0 <x<2rn7?

OTMMmMoOO m >

418

The diagram shows the graphs of y = sin2x and y = cos 2z for -3 <z < §

2

o ~NO O b Ww

2tanzx

sinzx - 1
4

Yy
1.5
0.5 -
™ 0
4
0.5
-1
15

Which one of the following is not true?

A cos2x < sin2x < tanx for some real number x with —5 <z <

B

C
D
E
F

hgsmaths.com

cos 2z < tanx < sin 2x for some real number x with —3 <2 <
sin 2z < cos 2z < tan x for some real number x with —g <<
sin 2z < tanx < cos 2x for some real number x with —3 <2 <
tanx < sin 2r < cos 2z for some real number r with —F < <

tanx < cos 2z < sin 22 for some real number x with —5 <<

Chapter 4 - Trigonometry 1

e KE E E E e

TMUA 2023 - Paper 1 - Q12

TMUA 2017 - Paper 2 - Q12
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419 TMUA 2023 - Paper 2 - Q12

In this question, p is a real constant.
The equation sinx cos’x = p°sinx has # distinct solutions in the range 0 <x <27
Which of the following statements is/are true?

I  n=3is sufficient for p > 1

II n=7onlyif 1<p<1

A none of them
B TIonly
C Ilonly
D IandIl
4.20 TMUA 2019 - Paper 1 - Q13

Find the maximum value of
451113: _ 4 % 23111;)3 + %
for real x.

A

W =

ro Ut

wle

65
1

0 E O aQ ®W
[

There is no maximum value.
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4.21

The following is an attempted proof of the conjecture:
if tand > (0, then sin @ + cosf > 1.
Suppose tan @ > 0, so in particular cos# # 0.
sin 6

Since tan = ——, then sinf cos @ = tanf cos? 0 > 0.
cos

It follows that 1+ 2sinfcosf > 1.
Therefore sin @ + 2sinf cos 8 + cos? @ > 1,
which factorises to give (sinf + cos6)? > 1.
Therefore sin @ + cos @ > 1.
Which one of the following is the case?
The proof is correct.
The proof is incorrect, and the first error occurs in line (I).

The proof is incorrect, and the first error occurs in line (II).

The proof is incorrect, and the first error occurs in line (IV).

HE g QW e

(

(
The proof is incorrect, and the first error occurs in line (III)

(

(

The proof is incorrect, and the first error occurs in line (V).

4.22

x satisfies the simultaneous equations

sin 2x + \@COSQ:E = —1

and

\/§51n2:c — cos2x = \/5

where 0° < x < 360°.
Find the sum of the possible values of x.

210°
330°
390°
660°
780°
930°

HEOgOQXE >
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4.23 TMUA 2022 - Paper 1 - Q14

A circle has centre O and radius 6.

P, O and R are points on the circumference with angle POQ > g

The area of the triangle POQ is o3
What is the greatest possible area of triangle PRQ?

A 18+9V3
B 18V3
C 27+9V3
D 27V3
E 36+9V3
F 3643
4.24 TMUA 2018 - Paper 2 - Q14

In the triangle PQR, PR =2, QR = p and ZRPQ = 30°.

What is the set of all the values of p for which this information uniquely determines
the length of P(Q)7

A p=1

p=+3
1<p<?2
V3<p<2
p=1or p>2
p=+V3 or p>2
p <2

p=2

T QH HUO QW

4.25 TMUA 2023 - Paper 1 - Q15

COsXx

The difference between the maximum and minimum values of the function f(x)=a""",
where a >0 and x is real, is 3.

Find the sum of the possible values of a.

A 0
3
B _
2
5
c —_
2
D 3
E J10
F J13

hgsmaths.com Chapter 4 - Trigonometry 1 55



4.26 TMUA 2022 - Paper 1 - Q16

The solutions to 7x* — 6x*+ 1 =0 are +cosf and +cosp.

Which one of the following equations has solutions +sinf and +sinf?

A Tx-8x*-5=0
B 7x'-8x*+2=0
C 7Tx'-6x*-2=0
D 7x*—6x*+1=0
E 7x*+6x>-1=0
F 7x*+6x*+5=0
4.27 TMUA 2016 - Paper 1 - Q17

[tis given that
y=(14+2cosx)cos2x for0<x<m

The complete set of values of x for which y is negative is
A 0<x<Zf Loy

4 3 4

3

B 0<x<- Z<x<m

4 4

2n

3
C 0<x<?,f<x<n

2 3
D Z<cx<Z Zex<n
4 3 4
¥ 21
E Z<x<?
4 4
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4.28 TMUA 2019 - Paper 1 - Q17

Find the fraction of the interval 0 < # < 7 for which the inequality
(sin(260) — 1) (sinf — cos @) >0
is satisfied.

1
AIQ

== ;=

|en

Sl

W=

T QO 42 #H O aQ W
[=2]1e)

4.29 TMUA 2022 - Paper 1 - Q17

Find the complete set of values of x for which there are two non-congruent triangles with the
side lengths and angle as shown in the diagram.

I <x<3

1<x<4

I<x<5

3I<x<4

3<x<5

4<x<5

mE A ®E B
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4.30 TMUA 2018 - Paper 1 - Q18

What is the smallest positive value of a for which the line z = a is a line of
symmetry of the graph of y = sin (22 — %ﬂ) ?

A $
B %
C 3
D
4.31 TMUA 2021 - Paper 2 - Q18

A student chooses two distinct real numbers z and y with 0 < x <y < 1.

The student then attempts to draw a triangle ABC' with:

AB =1
sin A ==z
sin B =y

Which of the following statements is/are correct?

I For some choice of x and y, there is exactly one triangle the student
could draw.

II  For some choice of  and y, there are exactly two different triangles
the student could draw.

IIT  For some choice of z and y, there are exactly three different
triangles the student could draw.

(Note that congruent triangles are considered to be the same.)
none of them

I only

IT only

III only

I and IT only

[ and IIT only

IT and III only

[, IT and III

T Q" E00QF

hgsmaths.com Chapter 4 - Trigonometry 1 58



4.32

P, Q, R and S show the graphs of

sinx sinx

TMUA 2022 - Paper 2 - Q18

y = (cosx)*™, y = (sinx)™", y=(cosx)™" and y = (sinx)**"
for 0<x< g in some order.
P
1 — Q 1 —
~
0.5 \\‘ 0.5
™
/
AN /
0 il il i 0 i
6 3 2 3
R S
1 —~ 1 — =
— / \ r
T~ L \\
0.5 0.5
0 i i i 0 i
6 3 2 3
Which row in the following table correctly identifies the graphs?
vy = (cosx)“*" y = (sinx)™ y = (cosx) vy = (sinx)
A p Q R S
B P Q S R
C Q P R S
D Q P S R
E R S P Q
F R S Q P
G S R P Q
H S R Q P

hgsmaths.com

Chapter 4 - Trigonometry 1
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4.33 TMUA 2018 - Paper 1 - Q19

A triangle ABC is to be drawn with AB = 10cm, BC' = 7em and the angle at A
equal to 6, where 6 is a certain specified angle.

Of the two possible triangles that could be drawn, the larger triangle has three times
the area of the smaller one.
What is the value of cos67?
A

=1l

—
[
—

mE O QW
o ol ol <K 2

4.34 TMUA 2021 - Paper 1 - Q19

The equation
3
sin? (4“’56 X 600) =1

has exactly three solutions in the range 0° < 8 < z°
What is the range of all possible values of =7

90 < x < 120

90 < x < 270

120 < 2 < 240

270 <z < 300

300 <z < 360

450 < x < 630

HEQOOQE B

4.35 TMUA 2021 - Paper 2 - Q19

The angle ¢ can take any of the values 1°, 2°, 3°, ..., 359°, 360°.

For how many of these values of # is it true that

sinf@v1+sinfv1—sinf + cosfvV1+ cosfvV1—cosf =0

T N =)

182
271
360

TR EgOR >
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4.36 TMUA 2022 - Paper 2 - Q19

A polygon has n vertices, where n > 3. It has the following properties:
e Every vertex of the polygon lies on the circumference of a circle C.
e The centre of the circle C is inside the polygon.

e The radii from the centre of the circle C to the vertices of the polygon cut the polygon
into n triangles of equal area.

For which values of n are these properties sufficient to deduce that the polygon is regular?

A no values of n
B n=3only
C n=3andn=4only
D n=3andn=5only
E all values of n
4.37 TMUA 2016 - Paper 1 - Q20

The diagram shows a square-based pyramid with base PQRS and vertex 0. All the edges
of the pyramid are of length 20 metres.

[diagram not to scale]

Find the shortest distance, in metres, along the outer surface of the pyramid from P to the
midpoint of OR.

A 10V5-2V3
B 103
C 105
D 10V7
E 10V5+2V3

hgsmaths.com Chapter 4 - Trigonometry 1 61



4.38 TMUA 2017 - Paper 1 - Q20

The lengths of the sides QR, RP and PQ in triangle PQR are a, a + d and a + 2d
respectively, where a and d are positive and such that 3d > 2a.

What is the full range, in degrees, of possible values for angle PRQ?
A 0 < angle PRQ < 60

B 0 < angle PRQ < 120

C 60 < angle PRQ < 120

D 60 < angle PRQ < 180

E 120 < angle PRQ < 180

4.39 TMUA 2018 - Paper 1 - Q20

Find the value of
sin? 0° + sin® 1° + sin? 2° + sin% 3° + - - - 4 sin? 87° + sin® 88° + sin® 89° + sin” 90°
0.5
1
1.5
45
45.5
46

TEHOQE B
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5.1

CHAPTER 5 - UNIT P5

Algebra and Functions 2

25 questions

Find the complete set of values of x for which

QEREoQE»

5.2

(x+4)(x+3)(1—2)>0 and (x+2)(x—2)<0

l<z<?2

—2<x<l

—2<z<?2

r<—=2 or z>1
r<—4 or v>2
r<—4 or —3<z<l
—4d<r<—-2 or r>1

The complete set of values of x for which (x? — 1)(x — 2) > 0 is

A

m Qo 60 W

5.3

x<—1 1<x<?2
x< -1, x>2
-1l<x<?2
x<1, x>2
—-1<x<1 x>2

Consider the following equation where a is a real number and a > 1:

(*) a'=x

TMUA 2020 - Paper 1 - Q3

TMUA Specimen - Paper 1 - Q4

TMUA 2023 - Paper 2 - Q6

Which of the following equations must have the same number of real solutions as (*)?

I O Mmoo wP

I log,x=x

I a*=x?

I a* =2x
none of them
T only
IT only
T only
[ and II only

I and III only
IT and III only
[, T and III

hgsmaths.com Chapter 5 - Algebra and Functions 2
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5.4

TMUA Specimen - Paper 2 - Q7

Which one of the following is a sketch of the graph

5.5

x+y&*—xy+y) =17

4 4
3 3
2 2
1 (1-
0 0 .
—4—3—2—&0123456 01 2 3 4 5 6
= -1
) -2
-3 -3
-4 -4
A B
4 4
3
2 2
1
o ) 0
4 3 21 |o 23 45 6| 4324 o2 3456
-1
) -2
_3 -3
4 -4
C D

TMUA 2020 - Paper 2 - Q8

A student is asked to prove whether the following statement (k) is true or false:

(%) For all real numbers a and b, |a + b| < |a| + |b]

The student’s proof is as follows:

Statement () is false. A counterexampleisa=3,b=4,as [3+4| =7
and |3| + 4] =7, but 7 < 7 is false.

Which of the following best describes the student’s proof?

A
B

The statement (x) is true, and the student’s proof is not correct.

The statement (x) is false, but the student’s proof is not correct: the
counterexample is not valid.

The statement () is false, but the student’s proof is not correct: the student
needs to give all the values of a and b where |a + b| < |a| + |b| is false.

The statement (x) is false, but the student’s proof is not correct: the student

should have instead stated that for all real numbers a and b, |a + b| < |a| + |b].

The statement (x) is false, and the student’s proof is fully correct.

hgsmaths.com Chapter 5 - Algebra and Functions 2
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5.6 TMUA 2021 - Paper 1 - Q9

Find the area enclosed by the graph of

2| + [yl =1

al

2
B 1
C 2
D 4

1
E -2

2
F 2
G 2V2
5.7 TMUA Specimen - Paper 1 - Q10

The curve y = cos x is reflected in the line y = 1 and the resulting curve is then

Vs
translated by 2 units in the positive x-direction. The equation of this new curve is

A y=2+cos(x+f)

B = 2+ cos (x :)
C =2 —cos (x + %)
D =2 —cos (x %)
5.8 TMUA 2018 - Paper 1 - Q10

x and y satisty |2 — 2| <6 and |y + 2| < 4.
What is the greatest possible value of |xy|?

16
24
32
40
48
There is no greatest possible value.

HTEOQWE
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5.9 TMUA 2020 - Paper 1 - Q10

The following sequence of transformations is applied to the curve y = 4a?

1. Translation by (_35)

2. Reflection in the x-axis
3. Stretch parallel to the z-axis with scale factor 2

What is the equation of the resulting curve?

A y=—2?+12r-31

B y=—a2+12x—41

C y= 22+120x+31

D y= a?+12x+41

E y=—162% + 48z — 31

F y=—162 + 48z — 41

G y= 162% —48z + 31

H y= 162% — 48z +41

5.10 TMUA 2022 - Paper 1 - Q10

A sequence of translations is applied to the graph of y = x’
Which of the following graphs could be the result of this sequence of translations?

I y=x"—3x"+9x-27
I y=x-9x"+27x-3
I y=27x"-9x"+x-3

none of them

[ only

IT only

[ only

[ and II only

[ and III only

IT and III only

I, IT and III

T QT E S AW
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5.11 TMUA 2018 - Paper 2 - Q10

The function f(x) is defined for all real numbers.

Consider the following three conditions, where a is a real constant:
I fla—x)="f(a+ x) for all real .
I f(2a — z) = f(z) for all real z.

I f(a — x) = f(x) for all real .

Which of these conditions is/are necessary and sufficient for the graph of y = f(x)
to have reflection symmetry in the line z = a?

Condition I is Condition IIT is Condition III is
necessary and necessary and necessary and
sufficient sufficient sufficient

A yes yes yes

B ves ves no

C yes no yes

D yes no no

E no yes ves

F no yes no

G no no yes

H no no no

5.12 TMUA 2023 - Paper 1 - Q11

It is given that f(x) = x* - 6x
The curves y = f(kx) and y = f(x —¢) have the same minimum point, where £ >0 and ¢ >0
Which of the following is a correct expression for £ in terms of ¢?

A k=3=¢
3
B k=_°
c+3
~6
c k=¢
6
D k=2
6-c
E k=c+9
9
F k=2
c—-9

hgsmaths.com Chapter 5 - Algebra and Functions 2 67



5.13 TMUA 2016 - Paper 2 - Q14

f(x) = ax* + bx® + cx? + dx + e, where a, b, ¢, d, and e are real numbers.

Suppose f(x) = 1 has p distinct real solutions, f(x) = 2 has q distinct real solutions,
f(x) = 3 has r distinct real solutions, and f (x) = 4 has s distinct real solutions.

Which one of the following is not possible?
A p=1lg=2r=4ands=3

B p=1g=3,r=2ands=4
C p=1lg=4r=3ands=2
D p=2,g=4r=3ands=1
E p=4g=3,r=2ands=1
5.14 TMUA 2022 - Paper 2 - Q14

Consider the two inequalities:
|x+5] < |x+11|
|x+11] < [x+1]

Which one of the following is correct?

A There is no real number for which both inequalities are true.

B There is exactly one real number for which both inequalities are true.

C The real numbers for which both inequalities are true form an interval of length 1.
D The real numbers for which both inequalities are true form an interval of length 2.
E The real numbers for which both inequalities are true form an interval of length 3.
F  The real numbers for which both inequalities are true form an interval of length 4.
G The real numbers for which both inequalities are true form an interval of length 5.

5.15 TMUA 2021 - Paper 2 - Q16

p and ¢ are real numbers, and the equation
z|z| =pr+gq
has exactly k distinct real solutions for x.

Which one of the following is the complete list of possible values for k7

A 01,2

B 0,1,23
C 0,1,2 3,4
D 0,2, 4

E 1,2, 3

F 1,234

hgsmaths.com Chapter 5 - Algebra and Functions 2 68



5.16

The graph of y = log,(x is translated in the positive y-direction by 2 units.

This translation is equivalent to a stretch of factor k parallel to the x-axis.

What is the value of k?
0.01

logyo 2

0.5

2

log, 10

100

mTmoOO W >

5.17

Find the number of solutions and the sum of the solutions of the equation

where 0 < z < 180°

A Number of solutions = 2

B Number of solutions = 2

C Number of solutions = 3

D Number of solutions = 3

E Number of solutions = 4

F  Number of solutions = 4
5.18

The curve with equation

is rotated 90° clockwise about the point P to give the curve C.

1 —2cos’x =|cosz |

Sum of solutions = 180°
Sum of solutions = 240°
Sum of solutions = 180°
Sum of solutions = 360°
Sum of solutions = 240°

Sum of solutions = 360°

z=y*—6y+ 11

P has z-coordinate —2 and y-coordinate 3.

What is the equation of C' 7
y=—ax2—4x — 3
y=—x>—4x —5H
y=—a2—6x—7
y=—x?—6z—11
y= x>—4dx+5
y= a>+4r+3
y= a°—6x+11

o Q"9 H O OQ®EPF

y= a*+6x+7

hgsmaths.com

Chapter 5 - Algebra and Functions 2

TMUA 2017 - Paper 1 - Q18

TMUA 2020 - Paper 1 - Q18

TMUA 2021 - Paper 1 - Q18

69



5.19 TMUA 2022 - Paper 1 - Q18

It is given that
f(x) =x"(x = 1)*(x = 2)
g) =—px—gq)'(x—r)’
where p, g and r are positive and g <r

Find the set of values of ¢ and r that guarantees the greatest number of distinct real solutions of
the equation f(x) = g(x) for all p.

A ¢<1and r<1

B ¢<I1and 1<r<2

C ¢g<1 and r>2

D 1<g<2and 1<r<2

E 1<g<2 and r>2

F ¢g>2and r>2

5.20 TMUA 2019 - Paper 2 - Q18

Consider the following inequality:
(x):  alz|+1<|z—2|
where a is a real constant.

Which one of the following describes the complete set of values of a such that () is
true for all real z7

A agg
B a<1
C agé
D a<0
E ag—%
F a<-1
G ag—%
H There are no such values of a.

hgsmaths.com Chapter 5 - Algebra and Functions 2 70



5.21 TMUA Specimen - Paper 2 - Q19

The positive real numbers a, b, and ¢ are such that the equation

x> +ax?=bx+c
has three real roots, one positive and two negative.

Which one of the following correctly describes the real roots of the equation

x3+c=ax®+bx?

A It has three real roots, one positive and two negative.
B It has three real roots, two positive and one negative.
C It has three real roots, but their signs differ depending on a, b, and c.
D It has exactly one real root, which is positive.
E It has exactly one real root, which is negative.
F It has exactly one real root, whose sign differs depending on a, b, and c.
G The number of real roots can be one or three, but the number of roots differs
depending on a, b, and c.
5.22 TMUA 2022 - Paper 1 - Q20

n is the number of points of intersection of the graphs

y= |x27a2| and y=a2|x71|

where a is a real number.
What is the smallest value of » that is not possible?

A n=1
B n=2
C n=3
D n=4
E n=5

hgsmaths.com Chapter 5 - Algebra and Functions 2 71



5.23 TMUA 2023 - Paper 1 - Q20

The diagram shows the graph of y = f(x)
The function f attains its maximum value of 2 at x = 1, and its minimum value of -2 at x = -1

y (1,2)

X
(-1,-2)
Find the difference between the maximum and minimum values of ( f(x))* - f(x)
A 2
B 2
4
C 4
17
D -
4
E 6
F 25
4
G 8
33
H -
4
5.24 TMUA 2019 - Paper 2 - Q20

When the graph of the function y = f(x), defined on the real numbers, is reflected in
the y-axis and then translated by 2 units in the negative z-direction, the result is the
graph of the function y = g(x).

When the graph of the same function y = f(x) is translated by 2 units in the
negative z-direction and then reflected in the y-axis, the result is the graph of the
function y = h(z).

Which one of the following conditions on y = f(x) is necessary and sufficient for
the functions g(x) and h(z) to be identical?

A f(x) =f(z +2) for all x
x +4) for all z
x + 8) for all ©

(x) = f(
() = £(
() = f(—x) for all x
f(x) = (2 — z) for all »
() = f(
(@) = £(

4 —x) for all

Q= =H0OQW

8 —x) for all «

hgsmaths.com Chapter 5 - Algebra and Functions 2
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5.25

The functions f; to fs5 are defined on the real numbers by
fi(x) = cosx
f5(x) = sin(cosx)
f3(x) = cos(sin(cosx))
f4(x) = sin(cos(sin(cosx)))
f5(x) = cos(sin(cos(sin(cosx))))

where all numbers are taken to be in radians.

These functions have maximum values m, m», ms, m4 and ms, respectively.

Which one of the following statements is true?

mi, mo, ms, my and ms are all equal to 1
O<ms<ma<mz<ma<m =1
my=my=ms=1 and 0<mr,=my <1
m=mz=ms=1and 0 <mg<my<l
mi=ms=1and 0<my=my<1 and 0 <ms<1

ol o Bl = B o W -~ 2

m=my=1and 0<my<m><1 and 0<ms;<1

hgsmaths.com Chapter 5 - Algebra and Functions 2

TMUA 2022 - Paper 2 - Q20

73



CHAPTER 6 - UNIT S1

Probability

4 questions

6.1 TMUA 2021 - Paper 2 - Q3

A student is chosen at random from a class. Each student is equally likely to be
chosen.

Which of the following conditions is/are necessary for the probability that the

student wears glasses to equal 5 ?
5

I Exactly 11 students in the class do not wear glasses.
II' " The number of students in the class is divisible by 3.

IIT  The class contains 30 students, and 8 of them wear glasses.

none of them
I only

IT only

[IT only

[ and IT only

I and III only
IT and III only
[, IT and 111

T ™" E0QweE

6.2 TMUA Specimen - Paper 1 - Q7

A bag contains n red balls, n yellow balls, and n blue balls.
One ball is selected at random and not replaced.

A second ball is then selected at random and not replaced.
Each ball is equally likely to be chosen.

The probability that the two balls are not the same colour is

A n-1
3n—-1
B 2n—-2
in—-1
C 2n
3n—-1
(n-1)3
D 27(3n—1)3
E 3(n—-1)
3n-1
n3
¥ 27(3n—-1)3
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6.3 TMUA 2016 - Paper 1 - Q7

60% of a sports club’s members are women and the remainder are men.

This sports club offers the opportunity to play tennis or cricket. Every member plays
exactly one of the two sports.

2
- of the male members of the club play cricket;

2
3 of the cricketing members of the club are women.

What is the probability that a member of the club, chosen at random, is a woman who
plays tennis?

1
A s
7
B 35
1
¢ 3
11
P 3
3
E 35
6.4 TMUA 2019 - Paper 2 - Q12

Most students in a large college study Mathematics. A teacher chooses three
different students at random, one after the other.

Consider these three probabilities:
R = P(At least one of the students chosen studies Mathematics)
S = P(The second student chosen studies Mathematics)
T = P(All three of the students chosen study Mathematics)

Which of the following is true?

R<S<T
R<T<S
S<R<T
S<T <R
T<R<S
T<S<R

mEHOOQ® &
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CHAPTER 7 - UNIT P6

Calculus 1

68 questions

71
Given that
dy _ 2 2-3x
o 3x = X #0
and y = 5when x = 1, find y in terms of x.

A y:%x3+x‘2—3x_1+6§

B y=x3+%x‘2—3x‘1+6%
C y=x>+x2%-3x"1+6
D y=x3+x2—-x1+4

E y=x>+2x"2—-x"1+3

F y=3x>+x2—x1+42
7.2

Find the value of

4
3 —2x
de

O B2 0 W »
|

hgsmaths.com Chapter 7 - Calculus 1

TMUA 2017 - Paper 1 - Q1

TMUA 2018 - Paper 1 - Q1
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7.3

TMUA 2020 - Paper 1 - Q1

Which of the following is an expression for the first derivative with respect to z of

&xr
A =
p Ve
4
3r—>5
C
4w
D 3vr —5
dy/x
3v/x — 10
E -y
3V
r 322 — 10x
3V
7.4
Given that
and

find the value of a + b.
-1

OMMmMOoOOWm>»
g WN a2 O

hgsmaths.com

23 — 5

2x\/x

TMUA 2023 - Paper 1 - Q1
1
jo(ax+b)dx=1

I;x(ax+b)dx=1

Chapter 7 - Calculus 1 77



7.5

Find the value of

A B
15
3
97
¢ 5
103
LTS
163
E 15
F 18
7.6

Given that y =

A %1:

B %CC

C %;z:

D —%x_

E —%;z:

F —%az
1.7

The function f is given, for x > 0, by

Find the value of f'(4).

3

9
9.5
12
39.5
88

HEOOQWE >

hgsmaths.com

[N]
=
1l

|
+
|
|

[S](eY]

5]
|
]
5] [s3]

|
[

|
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_|_

8
=
(S5

|
polm

(S]]

rajen

&=
5

h|—=
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8
|
e
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&
|
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|
ST
|

(114

]
]
][]

b=

b

8
8
roje

f(x) =

d
which one of the following is a correct expression for d—y?

3 — 4dx

2Vx

Chapter 7 - Calculus 1

TMUA 2016 - Paper 2 - Q1

TMUA 2017 - Paper 2 - Q1

i

TMUA 2018 - Paper 2 - Q1
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7.8

Find the value of

/14(3\/E+$42) dz

—0.75
7.125
11

17

18
21.875
34.5

QEE0aQEeE

7.9

Determine the number of stationary points on the curve with equation

y=3x4+4x3+6x2—5

mo AW >
B WK = O

710

The function f is given by
1

2
f =(-3) «#0
What is the value of f"'(1)?
-3
-1
5
17

29
80

Mmoo w >

hgsmaths.com Chapter 7 - Calculus 1

TMUA 2021 - Paper 2 - Q1

TMUA 2022 - Paper 2 - Q1

TMUA 2017 - Paper 1 - Q2
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711 TMUA 2021 - Paper 1 - Q2

The curve y = 2* — 62 + 3 has turning points at * = o and x = 3, where 8 > a.

Find 5
/ ' — 6x + 3de
A —8/2
B -10
C —10+6v2
D 0
E 12-8/2
F 6v2
G 12
712 TMUA Specimen - Paper 2 - Q2
: (3x-2)? : .
The gradient of the curve y = at the point where x = 2 is
xx
A V2
B 3v2
C W2
D 22
2
E 6v2
713 TMUA 2016 - Paper 2 - Q2
(x? 4+ 5)(2x)
f(x) =———, x>0
Ve
Which one of the following is equal to f'(x) ?
9 40 1
8x4 + —ux4
3
9 5 § 3
B —xz2+-x"3
> x4 + > X
9 40 _1
C 8xi+—x 2
3
8 13 5
D Exﬁc + Bx4

hgsmaths.com Chapter 7 - Calculus 1 80



714

Evaluate
A 0

B 2

CcC 4

D 7

E 14
F 28
G 75
H 175

7.15

TMUA 2023 - Paper 2 - Q2

TMUA 2016 - Paper 1 - Q3

o 2 .
Aline is drawn normal to the curve y = — at the point on the curve where x = 1.

This line cuts the x-axis at P and the y-axis at Q.

The length of PQ is

3
AL
2
3
B\/ﬁ
4
717
C_
4
p 33
4
35v5
E—\/_
2
F?n/ﬁ
2

hgsmaths.com
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7.16 TMUA 2022 - Paper 1 - Q3

Given the following statements about a function f
o {"(x)=a forall x

o f(0)=1, f(1)=2

. I;f(x)dle

find the value of a.

TEYA® >
.

717 TMUA 2023 - Paper 1 - Q3

For any integern =0,
n+1
[ f@dx=n+1

Evaluate

[reade + [ods + [wac + [+ [
0 1 2 4 5

TMOO m >

7.18 TMUA 2016 - Paper 1 - Q5

What is the total area enclosed between the curve y = x? — 1, the x-axis and
thelinesx = —2andx =27

4
A —
3
g 8
3
C 4
D16
3
E 12
F 16

hgsmaths.com Chapter 7 - Calculus 1 82



7.19 TMUA 2022 - Paper 1 - Q6

Given that

log, 20
I “Txdv = log, M

log, 5

what is the value of M?

A 4

B 15

C 16

D 20

E 25

F 100

G 10000

7.20 TMUA 2018 - Paper 2 - Q6

Which one of the following functions provides a counterexample to the statement:

if f'(x) > 0 for all real 2, then f(x) > 0 for all real .

To oW p
EEEEE
u
a\.ﬁ
+
=
+

7.21 TMUA 2020 - Paper 2 - Q6

The function f(x) is defined for all real values of z.

Which of the following conditions on f(x) is/are necessary to ensure that

/_ 05 f(z) dz — fﬁ o) d

Condition I. ~ f(z) =f(—z) for -5 < <5
Condition II: ~ f(z) = ¢ for =5 <2 <5, where ¢ is a constant
Condition III:  f(x) = —f(—x) for =5 <z <5
none of them

I only

IT only

[1I only

I and II only

I and III only

IT and TIT only

I, IT and III

T O HE 0 0WkE

hgsmaths.com Chapter 7 - Calculus 1 83



7.22

Consider the following two statements about the polynomial f(x):

P: f(x) = 0 for exactly three real values of x

Q: f'(x) =0 for exactly two real values of
Which one of the following is correct?
A P is necessary but not sufficient for ().
B P is sufficient but not necessary for ().
C P is necessary and sufficient for ().

D P is not necessary and not sufficient for Q).

7.23

A curve has equation

y = (29— 2*)(2qx + 3)

The gradient of the curve at * = —1 is a function of g.
Find the value of ¢ which minimises the gradient of the curve at x = —1.
A -1
3
B -3
1
C -3
D 0
1
E 3
3
Fod
G 1

hgsmaths.com Chapter 7 - Calculus 1

TMUA 2021 - Paper 2 - Q6

TMUA 2019 - Paper 1 - Q7
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7.24 TMUA 2021 - Paper 1 - Q7

The function f is such that £(0) = 0, and zf(z) > 0 for all non-zero values of .

/_Zf(:c)d:z:—ll

It is given that

and
2
/|f($)|d:1:8
—2
Evaluate
0
[ el da
—2
A -8
B -6
C 4
D -2
E 2
F 4
G 6
H 8
7.25

Find the finite area enclosed between the line y = 0 and the curve y = x> — 4|x| — 12

128
3

176
3

256
3
108
144
288

A

=]

mET 0

hgsmaths.com Chapter 7 - Calculus 1

TMUA 2022 - Paper 1 - Q7
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7.26

TMUA 2021 - Paper 2 - Q8

Consider the following statement about the polynomial p(z), where a and b are real

numbers with a < b:

() There exists a number ¢ with a < ¢ < b such that p’(¢) = 0.

Which one of the following is true?

A The condition p(a) = p(b) is necessary and sufficient for (x)

B The condition p(a) = p(b) is necessary but not sufficient for ()

(
C The condition p(a
D The condition p(a

7.27

Find the complete set of values of the constant ¢ for which the cubic equation

23 — 302 —12r +¢c=0

)
)
)

p
p

(b
(b

)
)

is sufficient but not necessary for (x)

is not necessary and not sufficient for (x)

has three distinct real solutions.

A 20<ce<?
B —-7T<e<?20
C ¢>7

D c¢>-7

E ¢<20

F c< =20
7.28

p is a positive constant.

Find the area enclosed between the curves y = py/xr and = = p/y

A Zpi - 1p?
B ip: —p?
by
E 50—
F %pfi_pzl
G 2p*

hgsmaths.com

Chapter 7 - Calculus 1

TMUA 2018 - Paper 1 - Q9

TMUA 2019 - Paper 1 - Q9
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7.29

Consider the following statements about a polynomial f(x):

f(x) = pa® + q2* + ra + s, where p # 0.

I
II

There is a real number ¢ for which f'(¢) = 0.

IIT  There are real numbers u and v for which f(u) f(v) < 0.

TMUA 2021 - Paper 2 - Q9

Which of these statements is/are sufficient for the equation f(z) = 0 to have a real

solution?
Statement I is Statement II is Statement III is
sufficient sufficient sufficient
A Yes Yes Yes
B Yes Yes No
C Yes No Yes
D Yes No No
E No Yes Yes
F No Yes No
G No No Yes
H No No No
7.30
A curve C has equation y = f(x) where
f(x) =p>®—6p?x + 3px? — x3
and p is real.
The gradient of the normal to the curve C at the point where x = —1 is M.

What is the greatest possible value of M as p varies?

A _3

2

B _2

3

c _1

2
p 1
4
E 2
3
F 3
2

hgsmaths.com

Chapter 7 - Calculus 1

TMUA 2017 - Paper 1 - Q10
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7.31 TMUA 2019 - Paper 1 - Q10

Evaluate
3
f 2|1 — 2) da
-1
17
A3
17
B -3
16
c 3
16
D -3
11
E 3
11
F -3
7.32 TMUA 2017 - Paper 2 - Q10

f(x) is a function defined for all real values of x.

Which one of the following is a sufficient condition for ff f(z)de =07

A f(2)=0

B f(1)=f@3)=0

C f(—z)=—f(z) for all x

D f(z+2)=—f(2—2x) forall z
E f(x—2)=—f(2—2) for all x

7.33 TMUA 2018 - Paper 1 - Q11

The line y = ma + 5, where m > 0, is normal to the curve y = 10 — 22 at the
point (p, ).
What is the value of p?

A g
B -
c 3
D -1
E V5
F -5

hgsmaths.com Chapter 7 - Calculus 1 88



7.34 TMUA 2020 - Paper 1 - Q11

The quadratic function shown passes through (2,0) and (¢,0), where ¢ > 2.
Y

2 q
S

What is the value of ¢ such that the area of region R equals the area of region S7

A V6
B 3
18
C 3
D 4
E 6
33
F 3
7.35 TMUA 2021 - Paper 1 - Q11

The function f is given by
f(z) = 27 (2> — 2 + 1)
Find the fraction of the interval 0 < 2 < 1 for which f(x) is decreasing.

A 2
15
1
B_
5
1
C 3
1
D 3
2
E,
3
rp 2
5
13
G

hgsmaths.com Chapter 7 - Calculus 1 89



7.36

f(x) is a polynomial with real coefficients.

TMUA 2016 - Paper 2 - Q11

The equation f(x) = 0 has exactly two real roots, x = —p and x = p, wherep > 0.

Consider the following three statements:

1  f'(x) = 0 for exactly one value of x between —p and p

2 The area between the curve y = f(x), the x-axis and the lines x = —p and

x = pis given by 2 fopf(x) dx

3 The graph of y = —f(—x) intersects the x-axis at the points x = —p and

x = ponly

Which of the above statements must be true?

™ oM Mmoo W

7.37

none
1 only

2 only

3 only

1 and 2 only
1 and 3 only
2 and 3 only
1,2and 3

The function f(x) is increasing and f(0) = 0.

The positive constants a and b are such that a < b.

TMUA 2017 - Paper 2 - Q11

The area of the region enclosed by the curve y = f(x), the z-axis and the lines x = a
and x = b is denoted by R.

The function g(x) is defined by g(z) = f(x) + 2f(b).

Which of the following is an expression for the area enclosed by the curve y = g(x),
the z-axis and the lines x = a and x = b7

A

QA 8000w

R+ (b—a)f(b)
R+2(b—a)f(b)
R+2f(b) — f(a)
R+ 2f(b)
(f(b))?

(f(0))? = (f(a))?
R+2(f(b) — f(a))f(b)

R+
R+

hgsmaths.com

Chapter 7 - Calculus 1
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7.38 TMUA 2016 - Paper 1 - Q12

A right circular cylinder is contained within a sphere of radius 5 cm in such a way that the
whole of the circumferences of both ends of the cylinder are in contact with the sphere.

The diagram shows a planar cross section through the centre of the sphere and cylinder.

[diagram not to scale]

Find, in cubic centimetres, the maximum possible volume of the cylinder.

A 250w
B 5007
C 10007
2503
D \/_T[
3
E 500+/3
9 T
10003
F —g T

hgsmaths.com Chapter 7 - Calculus 1 91



7.39 TMUA 2017 - Paper 1 - Q12

The polynomial function f(x) is such that f(x) > 0 for all values of x.

Given f: f(x) dx = A, which one of the following statements must be correct?

A f[f(x+2)+1]dx=A+1

B f[f(x+2)+1]dx=A+2
4

Cc f[f(x+2)+1]dx=A+1
2

4
D f [f(x+2)+1]dx=A4+2
2

6
E f[f(x+2)+1]dx=A+1
4
6
F f[f(x+2)+1]dx=A+2
4
7.40 TMUA 2018 - Paper 1 - Q12

A curve has equation y = f(x), where
f(z) = x(x —p)(x — @) (r — )
with O <p<qg<r.

You are given that:

What is the total area enclosed by the curve and the z-axis for 0 <z <r?
0

HEHQgOQE E
D U
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7.41

It is given that
4V = 24n(t — 1) D for t > 1
At~ (1+1)

and V =7 when t = 1.

Find the value of VV when t = 9.

208 + 7

2160+ 7

224w + 7

416w+ 7

608m + 7

T44m 4+ 7

HEQOQW

7.42

Which of the following statements about polynomials f and g is/are true?
I If f(x) > g(x) for all 2 >0, then [ f(t)dt > [ g(t)dt for all z > 0.
I If f(x) > g(x) for all > 0, then {'(x) > ¢'(z) for all x > 0.

I If f'(z) > ¢'(x) for all x > 0, then f(z) > g(z) for all x > 0.
none of them

I only

IT only

III only

I and IT only

[ and IIT only

[T and III only

[, IT and 111

T Q" E00QF

hgsmaths.com Chapter 7 - Calculus 1

TMUA 2019 - Paper 1 - Q12

TMUA 2021 - Paper 2 - Q12
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7.43

Place the following integrals in order of size, starting with the smallest.

A P<Q<R
B P<R<Q
C QO<P<R
D QO<R<P
E R<P<Q
F R<Q<P
7.44

How many real roots does the equation 3x°> — 10x3® — 120x + 30 = 0 have?

Mmoo w>
Ul W N e

hgsmaths.com
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7.45

The function f(x) has derivative {’(x).
The diagram below shows the graph of y = f'(xz).

Which point corresponds to a local minimum of f(x)?

y

TMUA 2018 - Paper 1 - Q13

7.46

f(x) is a function for which

/:(f(:c))2da: + fosf(g:) dr = folf(a:) dz

Which of the following claims about f(x) is/are necessarily true?
I f(x) <0 for some z with 1 <z <3
[ f(z)de < [ f(z) da

neither of them

I only

IT only
[ and IT

o awpE

hgsmaths.com Chapter 7 - Calculus 1

TMUA 2020 - Paper 2 - Q13
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7.47

3

The area enclosed between the line ¥y = ma and the curve y = z° is 6.

What is the value of m?
A
B

EECEwENe)
géapﬁ-w

2/6

7.48

The function

f(x)§x3+2mx2+n, m=>0

has three distinct real roots.
What is the complete range of possible values of n, in terms of m?

8 3
A —m <n<0
3m

B -n<n<o
3

C 0<n<p?
2

40 3

D O<n<—m
3

N | W
N

40 3

hgsmaths.com Chapter 7 - Calculus 1

TMUA 2020 - Paper 1 - Q14

TMUA 2023 - Paper 1 - Q14

96



7.49 TMUA Specimen - Paper 2 - Q14

The graph of the polynomial function
y =ax®+ bx*+cx® +dx? + ex + f,
is sketched, where a, b, ¢, d, ¢, and f are real constants with a # 0.

Which one of the following is not possible?

A The graph has two local minima and two local maxima.

B The graph has one local minimum and two local maxima.

C The graph has one local minimum and one local maximum.
D The graph has no local minima or local maxima.

7.50 TMUA 2019 - Paper 2 - Q14

Consider the following statements about the polynomial p(x), where a < b:

I pla) <p(b)

I p'(a) <p'(b)

I p"(a) < p"(b)
Which of these statements is a necessary condition for p(z) to be increasing for
a<z<b?
A none of them
B Tonly
C II only
D III only
E Tand IT only
F 1 and III only
G II and III only
H I, II and III

7.51 TMUA Specimen - Paper 1 - Q15

The smallest possible value of fol(x —a)? dx as a varies is

1
A J—
12
1
B _
3
c 2
2
7
D JE—
1?2

hgsmaths.com Chapter 7 - Calculus 1 97



7.52

TMUA 2016 - Paper 1 - Q15

The least possible value of the gradient of the curve y = (2x + a)(x — 2a)? at the point
where x = 1, as aq varies, is

A
B

7.53

49

4
-8
25

4

»—\|-(= SN
oY I

A rectangle is drawn in the region enclosed by the curves p and ¢, where

px)=8-— 2x°
q(x) = x’-2

such that the sides of the rectangle are parallel to the x- and y-axes.

What is the maximum possible area of the rectangle?

A

B

é
9
52
9
46

3

8v6
3
42
82
20410

4010

hgsmaths.com Chapter 7 - Calculus 1
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7.54 TMUA 2018 - Paper 2 - Q15

It is given that f(x) = 2® + 3¢z + 2, where ¢ is a real constant.
The equation f(z) = 0 has 3 distinct real roots.
Which of the following statements is/are necessarily true?

I The equation f(z) + 1 = 0 has 3 distinct real roots.
I The equation f(z + 1) = 0 has 3 distinct real roots.
IIT  The equation f(—xz) — 1 = 0 has 3 distinct real roots.

none of them
I only

IT only

[1I only

I and II only

[ and III only
IT and III only
[, IT and III

T O "HE g OWE

7.55 TMUA 2017 - Paper 1 - Q16

The functions f and g are given by f(x) = 3x? + 12x + 4 and g(x) = x® + 6x* + 9x — 8.
What is the complete set of values of x for which one of the functions is increasing and the
other decreasing?

A x=2-1

B x<-1

C 3<x<-2 x=-1

D x<-2, x=-1

E x<-3 -2<x<-1

F x<-3, x=>-2

G —2<x<-1

7.56 TMUA 2018 - Paper 1 - Q16

The curve C' has equation y = 2% + bx + 2, where b > (.

Find the value of b that minimises the distance between the origin and the
stationary point of the curve C.

A b=0
B b=1
C bh=2
D bh=10
E b=12
F b=6

hgsmaths.com Chapter 7 - Calculus 1 99



7.57 TMUA 2019 - Paper 1 - Q16

Given that

1 2
2/ f(x)d.r—i—B[ f(z)de =14
0 1
and

1
/ f(x +1)der =6
0

/0 2 (o) da

find the value of

o Q "TEHOgOQOwW
o

7.58 TMUA 2017 - Paper 2 - Q16

Consider the following statement:

(x) If f(x) is an integer for every integer x, then f’(x) is an integer for
every integer .

Which one of the following is a counterexample to (x)?

A @)= Tt

B )= LU

o f(m):$4+$3;_$2+$
b f(m)_$4+2z3+:52

hgsmaths.com Chapter 7 - Calculus 1 100



7.59 TMUA 2022 - Paper 2 - Q17

A student answered the following question:
a and b are non-zero real numbers.

Prove that the equation x° +ax®+ b =0 has three distinct real roots if
3
4a
27| b+ —— | <0
Here is the student’s solution:

I We differentiate y =x’ +ax” + b to get & = 3x? + 2ax = x(3x + 2a)
y gt 4

3
Solving % = 0 shows that the stationary points are at (0,5) and (—23—“, b+ 4ij

27
4a’ 4a’
I If 27b[b + 2—‘{/} <0, thenband b + —7 must have opposite signs, and so one of
the stationary points is above the x-axis and one is below.

IIT  If the cubic has three distinct real roots, then one of the stationary points is above the
x-axis and one is below.

IV Hence if 27 b(b + %} < (), then the equation has three distinct real roots.
Which one of the following options best describes the student’s solution?
A It is a completely correct solution.
B The student has instead proved the converse of the statement in the question.
C The solution is wrong, because the student should have stated step II after step I11.
D The solution is wrong, because the student should have shown the converse of the result in

step IL.
E  The solution is wrong, because the student should have shown the converse of the result in
step I11.
7.60 TMUA 2016 - Paper 1 - Q18

%2
The complete set of values of x for which the function is decreasing is
A x<-2, x>0

The function is defined for all x # 0.

B -2<x<0

C x<1, x+0

D x=>1

E —-2<x<1, x#0
F x<-2, x=>21

hgsmaths.com Chapter 7 - Calculus 1 101



7.61 TMUA 2019 - Paper 1 - Q18

Find the shortest distance between the curve y = z? + 4 and the line y = 2z — 2.
A 2

QP B 0QW.
»ﬂw

7.62 TMUA 2016 - Paper 2 - Q18

Consider this statement about a function f(x):

(*) If (f(x))2 < 1forall—1 < x < 1then f_ll(f(x))z dx < f_llf(x) dx

Which one of the following functions provides a counterexample to (*)?

A f(x)=x+%

1
B f(x) =x—§
C f(x)=x+x3
D f(x)=x—x3
E f(x)=x%+x*
Ff(x)=x%—x*
7.63 TMUA 2018 - Paper 2 - Q18

f(x) is a polynomial function defined for all real .

Which of the following is a necessary condition for the inequality
f(a) -2|—f(b) > f(aT—i-b)

to be true for all real numbers a and b with a < b7

A f(z) > 0 for all real x

f'(x) = 0 for all real x

f”(x) > 0 for all real

f(z) <0 for all real

t'(x) <0 for all real

f”(x) <0 for all real =

Q00w
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7.64 TMUA 2023 - Paper 1 - Q19

The solution to the differential equation

Y_ |-6x| forallx
dx

is y=f(x)+c, where cis a constant.
Which one of the following is a correct expression for f{x)?

I o mMmm oo W
|
w
=
n

7.65 TMUA 2017 - Paper 2 - Q19

Which one of the following is a sufficient condition for the equation
x? — 32% + a = 0, where a is a constant, to have exactly one real root?

a>0
a<0
a>=4

T Q =7 EH0QWE
=}
A
.
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7.66 TMUA 2023 - Paper 2 - Q19

In this question, f(x) is a non-constant polynomial, and g(x) = x/"(x)
f(x) = 0 for exactly M real values of x.
g(x) = 0 for exactly N real values of x.
Which of the following statements is/are true?
I It is possible that M < N
II Itis possible that M=N
[IT Itis possible that M > N

A none of them
B TIonly
C Ilonly
D IIonly
E IandIIonly
F TandIIlonly
G Il and Il only
H [, ITandIIl
7.67 TMUA 2019 - Paper 1 - Q20

What is the complete range of values of £ for which the curves with equations
y=2x"—12z
and
y=k—(x—2)7
intersect at three distinct points, of which exactly two have positive z-coordinates?
—4<k<0
—4<k<4
-4 < k<16
—16 < k<0
—16 <k <4
—16 <k <16

HETOQO®E >
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7.68 TMUA 2023 - Paper 2 - Q20

Let / be a polynomial with real coefficients.
The integral 1, , where p < g is defined by

Ly = [ (/)= (F(h) dx

Which of the following statements must be true?
1 1

g = 0 onlyif 0<p
2 f'(x)<0 forallx onlyif /,,<0 forallp<g<0

3 I

Pq

>0 onlyif p<0
none of them

1 only

2 only

3 only

1 and 2 only

1 and 3 only

2 and 3 only

1,2and 3

I O M mooOw?o>P
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CHAPTER 8 - UNIT P7

Trigonometry 2

9 questions

8.1 TMUA 2022 - Paper 1 - Q4

r r+3
These sectors of circles are similar.
The arc length of the smaller sector is 6.
The difference between the areas of the sectors is 21.
Find the positive difference between the perimeters of the sectors.

A 45

B 7

C 8

D 9

E 105

F 14

G 15
8.2 TMUA 2018 - Paper 1 - Q6

Find the number of solutions of the equation

rsin2x = cos2x
Ath 0 < x < 27,

=

HOOW®E >
B W RO
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8.3 TMUA 2020 - Paper 2 - Q9

A student wishes to evaluate the function f(x) = xsinx, where x is in radians, but
has a calculator that only works in degrees.

What could the student type into their calculator to correctly evaluate f(4) ?
(m x4+ 180) x sin(4)

(m x 4+ 180) x sin(7 x 4 + 180)

4 x sin(m x 4 + 180)

(180 x 4 + 7) x sin(4)

(180 x 4+ 7) x sin(180 x 4 + )

4 x sin(180 x 4 + )

H o O QW >

8.4 TMUA 2016 - Paper 1 - Q10

How many solutions does the equation x tan x = 1 have in the interval —2r < x < 2n7?

AT mgoO W
Sy U1 W N RO

8.5 TMUA 2020 - Paper 1 - Q12

How many real solutions are there to the equation

3cosx =+/x

where z is in radians?

0

QEEHOOQ®E >
U = W b =

infinitely many

hgsmaths.com Chapter 8 - Trigonometry 2 107



8.6 TMUA 2021 - Paper 1 - Q14

This question uses radians.
Find the number of distinct values of x that satisfy the equation

(x 4+ 1)(3 —x) =2(1 — cos(mx))

Sl o llwieRveli=
-1 O Ut = W o

hgsmaths.com Chapter 8 - Trigonometry 2 108
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8.7
Which of the following sketches shows the graph of
sin(z? +y*) = %
where 2% + 3 < 877
A 7 B

S




8.8

TMUA 2016 - Paper 2 - Q17

Consider these simultaneous equations, where c is a constant:

y =3sinx + 2
y=x+c

Which of the following statements is/are true?

— T m g 0O W

8.9

1 Forsome value of c¢: there is exactly one solution with 0 < x < m and there
is at least one solution with -7 < x < 0.

2 Forsome value of ¢: there is exactly one solution with 0 < x < m and there
are no solutions with -7 < x < 0.

3 Forsome value of ¢: there is exactly one solution with 0 < x < m and there
are no solutions with x > m.

none
1 only

2 only

3 only

1 and 2 only
1 and 3 only
2 and 3 only
1,2 and 3

TMUA Specimen - Paper 1 - Q18

The angle x is measured in radians and is such that 0 < x < m.

The total length of any intervals for which —1 <tanx <1 and sin2x = 0.5 is

A

B

m|gl" ISR :|g‘1 wld &3 o3 5|;,

hgsmaths.com Chapter 8 - Trigonometry 2
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CHAPTER 9 - UNIT P8

Sequences and Series

51 questions

9.1 TMUA 2016 - Paper 1 - Q1

It is given that the expansion of (ax + b)® is 8x® — px? + 18x — 3v/3, where @, b and p are
real constants.
What is the value of p?

A -12V3
B -6V3
C —4V3
D —/3
E V3
F 4V3
G 6V3
H 12v3
9.2 TMUA 2019 - Paper 2 - Q1

Find the coefficient of the 2* term in the expansion of

6
1

x? (23@ + —)
T

15
30
60
120
240

lweRvel
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9.3 TMUA 2018 - Paper 1 - Q2

An arithmetic progression has first term a and common difference d.
The sum of the first 5 terms is equal to the sum of the first 8 terms.

Which one of the following expresses the relationship between a and d?

A a= —%d

B a=-7d

C a=—-6d

D a=06d

E a=7d

F a= %d

9.4 TMUA 2018 - Paper 2 - Q2

Find the value of the constant term in the expansion of

—495
—220
—66
66
220
495

mEgQ®E >

9.5 TMUA 2022 - Paper 2 - Q2

Find the coefficient of the x” term in the expansion of

5
(1+x) =D
i=0

A 1
B 5
C 16
D 25
E 32
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9.6

Find the coefficient of = in the expression:

TQHEEHOgQ®E =

9.7

An arithmetic progression and a convergent geometric progression each

have first term 3

A+2)°+0+) +(Q+2)* + (1 +2)°+--+ (1 +2)" + (1 +2)%

80
81
324
628
3240
3321
6480
6642

1

The sum of the second terms of the two progressions is 3

1

The sum of the third terms of the two progressions is 3

What is the sum to infinity of the geometric progression?

A
B

C

T @

hgsmaths.com

—2

|
—_

B = o= W= W= N
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TMUA 2019 - Paper 1 - Q3
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9.8

The first term of a geometric progression is 2v/3 and the fourth term is

What is the sum to infinity of this geometric progression?

A —2(2-+/3)
B 4(2V3-3)
16(8v/3 + 9)
C 37
b 4(2\/§ —3)
- 4(2\/3 +3)
F 2(2+/3)
G 4(2v3+3)
9.9

The sequence a,, is defined by the rule:

a, = (-D" - (—1)71_1 + (—1)nJr2 for n> 1.

Find the value of
39
D,
n=1

A -39
B -3
c -1
D 0
E 1
F 3

hgsmaths.com Chapter 9 - Sequences and Series

9
4

TMUA 2017 - Paper 2 - Q3

TMUA 2016 - Paper 1 - Q4
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9.10

The sequence x,, is given by:

What is the value of x99 7

[Note that @ means a(*)]

A 102"

B 10*"

Cc 102"

D 102"
E 102"
F 102"
G 1027
H 102"
9.11

xTr = 10
Tpy1 = /T, for n>1

TMUA 2019 - Paper 1 - Q4

TMUA 2020 - Paper 1 - Q4

The 1%, 2 and 3" terms of a geometric progression are also the 1%, 4" and 6
terms, respectively, of an arithmetic progression.

The sum to infinity of the geometric progression is 12.

Find the 1* term of the geometric progression.

Al
B 2
C 3
D 4
E 5
F 6
9.12

Evaluate
A O

1
B _

3
c Y8

3

D J3
E 3

hgsmaths.com

)
sin| AT+ —
N 3

2}1

EMS
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9.13 TMUA 2019 - Paper 1 - Q5

S is a geometric sequence.
The sum of the first 6 terms of S is equal to 9 times the sum of the first 3 terms of S.

The 7™ term of S is 360.

Find the 1% term of S.

40
27

40
9

40

£ < B w B @ N v« B

9.14 TMUA 2022 - Paper 1 - Q5

The terms x,, of a sequence follow the rule

xn+p

xn+1 =

X, t g
where p and ¢ are real numbers.

Given that x; =3, x, =5, and x; =7, find the value of x,

A 5
B 5
51
C R
7
15
D —
2
23
E R
F 9
G 11
H 13

hgsmaths.com Chapter 9 - Sequences and Series 116



9.15 TMUA 2023 - Paper 1 - Q6

In the simplified expansion of (2+3x)', how many of the terms have a coefficient that is
divisible by 127

0

2

5

10

11

12

13

OMMmMoOOm>»

9.16 TMUA 2016 - Paper 2 - Q6

The sequence of functions f; (x), f>(x), f3(x), ... is defined as follows:
fi(x) = x°
far1(x) = xfy(x) for n =1
' _ dfn(x)
where f,;(x) = —
Find the value of

i fu @

A
x—1
B x10(x21 — 1)
x—1
1020 — 1
C ( 9 )xl()
10%1 —1
D ( 9 )xlo
; (10x)%° — 1\
10x—1
21
g (10x)=* —1 10
10x—1
G x4+ x"+xB4++x+1

H x+10x+(10xDx®+ -+ (10X 9IxXx ... x2)x+ (10 X9 X ... Xx2x 1)
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9.17 TMUA 2017 - Paper 2 - Q6

A sequence ug, U1, Us, ... is defined as follows:

Uy = 1
1
Uy = / dru,_dr forn =1
0

What is the value of w9997

A 91000
B 41000
4
C
1000!
D 4
1001!
91000
E
1000!
1000
P 4
1000!
1000
G 2
1001!
1000
H 4
1001!
9.18 TMUA 2017 - Paper 1 - Q7

The first three terms of an arithmetic progression are p, g and p? respectively, where
p <0

The first three terms of a geometric progression are p, p? and g respectively.

Find the sum of the first 10 terms of the arithmetic progression.

A 23
8
B 25
8
¢ 115
8
p 185
8
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9.19 TMUA 2018 - Paper 1 - Q7

The non-zero constant & is chosen so that the coefficients of x° in the expansions of
(1+kx?)" and (k + 2)'9 are equal.

What is the value of k7

A g
B 6
c ¥
D V6
\ﬁ
E
F 30
9.20 TMUA 2018 - Paper 2 - Q7

Sequence 1 is an arithmetic progression with first term 11 and common difference 3.
Sequence 2 is an arithmetic progression with first term 2 and common difference 5.

Some numbers that appear in Sequence 1 also appear in Sequence 2. Let N be the
20th such number.
What is the remainder when N is divided by 77

0

QEEgQ®m >
O U W N =

9.21 TMUA 2018 - Paper 1 - Q8

The sum to infinity of a geometric progression is 6.
The sum to infinity of the squares of each term in the progression is 12.
Find the sum to infinity of the cubes of each term in the progression.

8

0 QO aQw e
b
=
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9.22 TMUA 2022 - Paper 1 - Q8

A geometric sequence has first term @ and common ratio 7, where a and r are positive integers
and r is greater than 1.

The sum of the first n terms of this sequence is denoted by §,
It is given that the terms of the sequence satisfy
S30— 820 = kS
for some positive integer .
What is the smallest possible value of £?

A 210
510
b 2101
E 2"°2"-1)
9.23 TMUA 2022 - Paper 2 - Q8
A selection, S, of n terms is taken from the arithmetic sequence 1, 4, 7, 10, ..., 70.

Consider the following statement:
(*) There are two distinct terms in § whose sum is 74.
What is the smallest value of n for which (*) is necessarily true?

12
13
14
21
22
23

mMTECOAO® >
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9.24 TMUA 2023 - Paper 2 - Q9

Consider the following statement about a pentagon P:

(*) If at least one of the interior angles in P is 108°, then all the interior angles in P
form an arithmetic sequence.

Which of the following is/are true?
I The statement (*)
II  The contrapositive of ()
IIT  The converse of (*)

A none of them
B TIonly
C Ilonly
D [IIlonly
E TIandIlonly
F TIandIIIonly
G IIand I only
H I, ITandIII
9.25 TMUA 2017 - Paper 1 - Q11

The sequence x,, is defined by the rules
X1 = 7

X __ 23xp—53
n+l = S5xp+1

The first three terms in the sequence are 7, 3, 1

What is the value of x;4, ?

A -5
B 0
c 1
D 3
E 7
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9.26 TMUA 2022 - Paper 1 - Q11

Evaluate
100

Z:log10 (31’”)
n=1

-4950 log;( 3
49501og,,3
—50501o0g;3
5050 log,,3

1 -49501o0g,3
1 +49501lo0g;,3
1 -50501o0g;y3
1 +50501o0g;,3

T O T EHQC O

9.27 TMUA 2019 - Paper 2 - Q11

An arithmetic series has n terms, all of which are integers.
The sum of the series is 20.
Which of the following statements must be true?

1 The first term of the series is even.
II  nis even.

IIT  The common difference is even.
none of them

I only

IT only

III only

[ and IT only

[ and III only
IT and III only
[, IT and III

T O TE 00" R
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9.28 TMUA 2020 - Paper 2 - Q11

A spiral line is drawn as shown.

T

This spiral pattern continues indefinitely.

Which one of the following points is not on the spiral line?
A (99,100)

(99, —100)
(—99,100)
(=99, —100)
(100, 99)
(100, —99)
(—100,99)
(—100, —99)

T Q"9 8 0a®
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9.29 TMUA 2016 - Paper 2 - Q12

The first term of an arithmetic sequence is a and the common difference is d.
The sum of the first n terms is denoted by §,,.
If Sg¢ > 35, what can be deduced about the sign of a and the sign of d?

A Dboth a and d are negative

B ais positive, d is negative
C aisnegative, d is positive
D aisnegative, but the sign of d cannot be deduced
E d is negative, but the sign of a cannot be deduced
F neither the sign of a nor the sign of d can be deduced
9.30 TMUA 2017 - Paper 1 - Q13

In the expansion of (a + bx)® the coefficient of x* is 8 times the coefficient of x2.

Given that a and b are non-zero positive integers, what is the smallest possible
valueofa + b?

A 3
B 4
C 5
D 9
E 13
F 17
9.31 TMUA 2020 - Paper 1 - Q13

Find the coefficient of 2%y* in the expansion of (1 4+ x + ¢%)7

6
10
21
35
105
210

mTEHOOQ®E &
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9.32

The function f is such that, for every integer n

n+1
/ fl)de =n+1

Evaluate

HEOOQE >

9.33

36
84
120
165
204
288

8

=

Z; ( fo ' f(z) dm)

TMUA 2021 - Paper 1 - Q13

TMUA 2016 - Paper 1 - Q14

The terms of an infinite series S are formed by adding together the corresponding terms in
two infinite geometric series, T and U.

The first term of T and the first term of U are each 4.

) . . 5
In order, the first three terms of the combined series S are 8, 3, and "

What is the sum to infinity of S?

A

B

hgsmaths.com

32
5
20
3
64
5
40
3
16
32
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9.34 TMUA 2020 - Paper 2 - Q14

An arithmetic sequence T' has first term a and common difference d, where a and d
are non-zero integers.

Property P is:
For some positive integer m, the sum of the first m terms of the sequence
is equal to the sum of the first 2m terms of the sequence.

For example, when a = 11 and d = —2, the sequence 1" has property P, because
114+94+7+5=11494+7+5+3+1+(—1)+(-3)

i.e. the sum of the first 4 terms equals the sum of the first 8 terms.

Which of the following statements is/are true?

[  For T to have property P, it is sufficient that ad < 0.

II For T to have property P, it is necessary that d is even.

neither of them
[ only

IT only

[ and II

O QW
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9.35 TMUA 2021 - Paper 1 - Q15

The diagram shows the graph of y = f(x).
Y

A

0 - - . . )
0 1 2 3 4 x

The graph consists of alternating straight-line segments of gradient 1 and —1 and
continues in this way for all values of x.

The function g is defined as

g@) =S F (2 1)

fo l g(z) dz

Find the value of

1023
1024

1023
512

>

10
25

0 O ®

25
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9.36 TMUA 2017 - Paper 2 - Q15

The function f is defined on the positive integers as follows:
f(1) =5, and for n > 1: fn+1)=3f(n)+1 if f(n)is odd
f(n+1)=1f(n) if f(n) is even

The function g is defined on the positive integers as follows:

g(1) = 3, and for n > 1: gin+1)= gn)+5 if g(n)is odd

g(n+1) = 1g(n) if g(n) is even

What is the value of f(1000) — g(1000)?

A —6

B -5

C 1

D 2

E 4

F 38
9.37 TMUA 2020 - Paper 2 - Q15

Which one of the following is a necessary and sufficient condition for

-
ZSIH(%) = ?3

k=1
to be true?
A n=1
B n is a multiple of 3
C nis a multiple of 6
D n is 1 more than a multiple of 3
E n is 1 more than a multiple of 6
F n is 1 more than a multiple of 6 or n is 2 more than a multiple of 6
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9.38 TMUA 2023 - Paper 2 - Q15

The base 10 number 0.03841 has the value

0%x10" + 3x102% + 8x10° + 4x10™ + 1x10™ = 0.03841
Similarly, the base 2 number 0.01101 has the value
13

02" +1%x22 + 1x22 + 0x2* +1x2° = e

What is the value of the recurring base 2 number 0.0011=0.001100110011... ?

A5
& 3
> 5
i
9.39 TMUA 2021 - Paper 1 - Q16

Consider the expansion of
(a+ bx)"

The third term, in ascending powers of z, is 10522
The fourth term, in ascending powers of x, is 210z*

The fourth term, in descending powers of x, is 210z
2
Find the value of

> 2

A

B

@)
= | Ot oo‘w O b | =
| Ot

B O
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9.40 TMUA Specimen - Paper 2 - Q16
The sequence a,, is given by the rule:
a1 = 2

Aper =@y + (—1)" forn=>1

What is
100
2,
n=1

A 150

B 250

C —4750

D 5150

E 4 (1 - @m)
F 4((%)100 - 1)

9.41 TMUA 2018 - Paper 2 - Q16

In this question, x1, x2, x3, ... is an arithmetic progression, all of whose terms
are integers.

Let n be a positive integer. If the median of the first n terms of the sequence is an
integer, which of the following three statements must be true?

I The median of the first n + 2 terms is an integer.
II The median of the first 2n terms is an integer.

IITI  The median of x9, x4, x4, ..., x2, i an integer.
none of them

I only

IT only

1T only

[ and IT only

[ and III only

IT and III only

I, IT and ITI

T Q=" E00%kE
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9.42 TMUA 2023 - Paper 2 - Q16

A sequence is defined by:
ur=a
U= b
Upsp = Uy + Uy fOrn>1
where a and b are positive integers. The highest common factor of ¢ and b is 7.
Which of the following statements must be true?
I Ua2g23 1S @ multiple of 7
I  If uy is not a factor of u,, then w4 is not a factor of u,, for any n > 1
III The highest common factor of u; and us is 7

A none of them
B Ionly
C Ilonly
D IIlonly
E TIandIlonly
F TIandIIl only
G Il and Il only
H I, IlandIIl
9.43 TMUA 2017 - Paper 1 - Q17

The two functions F(n) and G (n) are defined as follows for positive integers n:

n

F(n)=%f(n—x)dx

0
G(n) = z F(r)
r=1

What is the smallest positive integer n such that G(n) > 1507?

A 22
B 23
C 24
D 25
E 26
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9.44

A circle C, is defined by

where n is a positive integer.

x?+y?=2n(x+y)

C;1 and C; are drawn and the area between them is shaded.

Next, C; and C, are drawn and the area between them is shaded.

This is shown in the diagram.

=

[diagram not to scale]

This process continues until 100 circles have been drawn.

What is the total shaded area?

A 100xn

B 500n

C 2500n

D 5050n

E 10100n

F 40400n
9.45

TMUA 2023 - Paper 1 - Q17

TMUA 2023 - Paper 2 - Q17

The ceiling of x, written [ x|, is defined to be the value of x rounded up to the nearest integer.

For example: [m]=4,

[2.1]=3,

[8]=8

What is the value of the following integral?

mTmoOoO W >
N
8
|
N

hgsmaths.com

J~99 2[7(—' d_x
0
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9.46 TMUA 2023 - Paper 1 - Q18

You are given that

2 3 n
S=4+8—k+ 16k + 32k +---+4(2k)+
7 49 343 7

The value for k is chosen as an integer inthe range -5<k<5

All possible values for k are equally likely to be chosen.
What is the probability that the value of S is a finite number greater than 37?

A L
11
B
10
c 32
11
D 2
10
E 2
11
e 1
2
c L
11
H
10
9.47 TMUA Specimen - Paper 1 - Q19

A geometric series has first term 4 and common ratio r, where 0 <r < 1.

The first, second, and fourth terms of this geometric series form three successive terms of
an arithmetic series.
The sum to infinity of the geometric series is

A S(V5-1)
B 2(3-+5)
c  2(1++5)
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9.48 TMUA 2016 - Paper 1 - Q19

The coefficient of x* in the expansion of (1 + 2x + 3x2)® is equal to twice the coefficient
of x* in the expansion of (1 — ax?)5.

Find all possible values of the constant a.

A +2V2
+V17
C +v34
D +2v17
E There are no possible values of a.

9.49 TMUA 2019 - Paper 1 - Q19

Find the value of

90
> " sin(10 4 90k)°
k=0
A 0
B sin10°
C sin 100°
D sin190°
E sin 280°
F 1
9.50 TMUA Specimen - Paper 1 - Q20

The coefficient of x? in the expansion of (4 — x?)[(1 + 2x + 3x%)® — (1 + 4x%)°] is

28
72
78
192
240
310
312

ommog O w e
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9.51 TMUA 2021 - Paper 2 - Q20

A sequence of functions fy, fs, f3, ... is defined by
fi(x) = ||
fopi(z) = |f,(2) + 2| forn>1

/_11 foo(z) dx

Find the value of

0.5

49.5
50
99
99.5
100

T QEEHOQ®E»
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CHAPTER 10 - UNIT P9

Calculus 2

2 questions

10.1 TMUA 2023 - Paper 2 - Q5

Consider the two statements
R: ks aninteger multiple of t

k .
S: I sin2xdx =0
0

Which of the following statements is true?

A Ris necessary and sufficient for S.

B R s necessary but not sufficient for S.

C Ris sufficient but not necessary for S.

D Ris not necessary and not sufficient for S.

10.2 TMUA 2020 - Paper 2 - Q16

The Fundamental Theorem of Calculus (FTC) tells us that for any polynomial f:
L ([t dt) = f(z)
A student calculates %( fjl {2 dt) as follows:
() [2ede= [Fedt— [Tdt
(II) By FTC, £(f, *dt) = 2?
(III) By FTC, L (X #2dt) = (22)? = 42
(IV) So i(ff"b t2dt) = 4a* — 2?
(V) giving & (ff“r 2 dt) = 3a*
Which of the following best describes the student’s calculation?
The calculation is completely correct.
The calculation is incorrect, and the first error occurs on line (I).

The calculation is incorrect, and the first error occurs on line (II).

The calculation is incorrect, and the first error occurs on line (IV)

HE QO OQwE >

(

(
The calculation is incorrect, and the first error occurs on line (III).

(IV).

(

The calculation is incorrect, and the first error occurs on line (V).

hgsmaths.com Chapter 10 - Calculus 2 136



CHAPTER 11 - UNIT P11

Proof and Logic

61 questions

1.1 TMUA Specimen - Paper 2 - Q3

Consider the following attempt to solve an equation. The steps have been numbered for

Vx+5=x+3

reference.

(1)
x+5=x"+6x+9

(2)

¥ +5x+4=0

> (3)
(x+4)(x+1)=0

x=—4orx=-1
Which one of the following statements is true?
A Both —4 and —1 are solutions of the equation.
Neither —4 nor —1 are solutions of the equation.
One solution is correct and the incorrect solution arises as a result of step (1).

One solution is correct and the incorrect solution arises as a result of step (2).

m o O w

One solution is correct and the incorrect solution arises as a result of step (3).
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11.2 TMUA 2018 - Paper 2 - Q3

Consider the following statement:

A car journey consists of two parts. In the first part, the average speed is
ukm/h. In the second part, the average speed is v km/h. Hence the average
speed for the whole journey is 3(u + v) km/h.

Which of the following examples of car journeys provide(s) a counterexample to
the statement?
1 In the first part of the journey, the car travels at a constant speed of
50 km/h for 100 km. In the second part of the journey, the car travels
at a constant speed of 40 km/h for 100 km.

II  In the first part of the journey, the car travels at a constant speed
of 50km/h for one hour. In the second part of the journey, the car
travels at a constant speed of 40 km/h for one hour.

III In the first part of the journey, the car travels at a constant speed of
50km/h for 80km. In the second part of the journey, the car travels
at a constant speed of 40 km/h for 100 km.

none of them
I only

IT only

III only

I and IT only

I and III only
IT and III only
[, IT and III

T O"EOOF>

1.3 TMUA 2019 - Paper 2 - Q3

a, b and ¢ are real numbers.

Given that ab = ac, which of the following statements must be true?
I a=0

I b=0o0rc=0

1 b=c

none of them

I only

IT only

[1I only

I and II only

[ and III only
IT and IIT only
[, II and III

T O HE 0 0WkE
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1.4 TMUA 2020 - Paper 2 - Q3

A student makes the following claim:
n+1 3n-1
2 2

For all integers n, the expression 4 ( ) is divisible by 3.

Here is the student’s argument:

4(9n2—§—1_3n2—1>2(2(9n2—|-1_3n2—1>) (1)

=29 +1-3n-1) (I1)
= 2(6n) (I1I)
= 12n (IV)
= 3(4n) (V)
which is always a multiple of 3. (VI)

In+1 3dn-—-1
2 2

So the expression 4 ( ) is always divisible by 3.

Which one of the following is true?

The argument is correct.

The argument is incorrect, and the first error occurs on line (I).

The argument is incorrect, and the first error occurs on line (II).

The argument is incorrect, and the first error occurs on line (I1I).

The argument is incorrect, and the first error occurs on line (IV).
(
(VI).

The argument is incorrect, and the first error occurs on line (V).

9 &85 0% >

The argument is incorrect, and the first error occurs on line (VI)

11.5 TMUA 2022 - Paper 2 - Q3

Consider the following statement about the positive integer n
if n is prime, then 7°+ 2 is not prime

Which of the following is a counterexample to this statement?

I n=2

I n=3

I n=4
none of them
[ only

IT only

III only

[ and IT only

[ and III only
IT and III only
[, IT and 111

T O HE TS A ® P
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11.6 TMUA 2023 - Paper 2 - Q3

Consider the claim:
For all positive real numbers x and y,

Vo= 57
Which of the following is/are a counterexample to the claim?
I x=1, y=16
I x=2 y=8
r x=3, y=4
none of them
[ only
IT only
I1T only
I and IT only
I and III only
IT and III only
[, IT and III

I O Mmoo w?>

11.7 TMUA Specimen - Paper 2 - Q4

A set of five cards each have a letter printed on their front and a number printed on their
back, as follows:

Card A Card B Card C Card D Card E

Fronts A B C D E

s |3 |4 [1] |7] |8

Which one of the five cards (A, B, C, D or E) provides a counterexample to the following
statement?

Every card that has a vowel on its front has an even number on its back.
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11.8 TMUA 2016 - Paper 2 - Q4

Five sealed urns, labelled P, Q, R, S, and T, each contain the same (non-zero) number of
balls. The following statements are attached to the urns.

Urn P This urn contains one or four balls.

Urn Q This urn contains two or four balls.

Urn R This urn contains more than two balls and fewer than five balls.
Urn S This urn contains one or two balls.

UrnT This urn contains fewer than three balls.

Exactly one of the urns has a true statement attached to it.
Which urn is it?

A UmnP

B UrnQ

C UrmR

D UrnS

E UmT
11.9 TMUA 2019 - Paper 2 - Q4

Consider the following conjecture:

If N is a positive integer that consists of the digit 1 followed by an odd
number of 0 digits and then a final digit 1, then N is a prime number.

Here are three numbers:
I N =101 (which is a prime number)
II N = 1001 (which equals 7 x 11 x 13)

IIT N = 10001 (which equals 73 x 137)
Which of these provide(s) a counterexample to the conjecture?
none of them
[ only
IT only
1T only
[ and II only
[ and III only
IT and III only
[, II and III

T O EHDOOQERE
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Consider the following statement:

Every positive integer N that is greater than 6 can be written as the sum
of two non-prime integers that are greater than 1.

Which of the following is/are counterexample(s) to this statement?

I N=25
I N=7
I N=9
A none of them
B T only
C 1II only
D III only
E I and II only
F I and III only
G [T and IIT only
H I II and III
11.11 TMUA 2021 - Paper 2 - Q4

Consider the following claim about positive integers a, b and c:
if a is a factor of be, then «a is a factor of b or a is a factor of ¢
Which of the following provide(s) a counterexample to this claim?
[ a=50=10,c=20
[T a=8b=4c=4
I a=6,b=7¢c=12

none of them
I only

IT only

11 only

I and II only

[ and III only
IT and TIT only
I, IT and III

T O HE 0 0WkE
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A student attempts to answer the following question.
What is the largest number of consecutive odd integers that are all prime?
The student’s attempt is as follows:
I There are two consecutive odd integers that are prime (for example: 17,19).

II Any three consecutive odd integers can be written in the form n - 2, n, n + 2 for
some n.

111 If n is one more than a multiple of 3, then n + 2 is a multiple of 3.
IV If nis two more than a multiple of 3, then n — 2 is a multiple of 3.
A% The only other possibility is that # is a multiple of 3.
VI Ineach case, one of the integers is a multiple of 3, so not prime.
VII  Therefore the largest number of consecutive odd integers that are all prime is two.

Which of the following best describes this attempt?

It is completely correct.

It is incorrect, and the first error is on line L.

It is incorrect, and the first error is on line I1.

It is incorrect, and the first error is on line III.

It is incorrect, and the first error is on line TV.

It is incorrect, and the first error is on line V.

It is incorrect, and the first error is on line VI.

I O M mooOm >

It is incorrect, and the first error is on line VII.

11.13 TMUA 2016 - Paper 2 - Q5

Consider the statement:
(*) Awhole number n is prime if it is 1 less or 5 less than a multiple of 6.

How many counterexamples to (*) are there in the range 0 <n <507

Mmoo 0w
o U1 R W N
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Consider the following three statements:
1 10p* + 1 and 10p? — 1 are both prime when p is an odd prime.
2  Every prime greater than 5 is of the form 6n + 1 for some integer n.
3  No multiple of 7 greater than 7 is prime.

The result 91 = 7 x 13 can be used to provide a counterexample to which of the
above statements?

none of them

1 only

2 only

3 only

1 and 2 only
1 and 3 only
2 and 3 only
1,2 and 3

T QM E DA WE

11.15 TMUA 2018 - Paper 2 - Q5

The two diagonals of the quadrilateral () are perpendicular.
Consider the following statements:

I One of the diagonals of ) is a line of symmetry of Q.

II  The midpoints of the sides of () are the vertices of a square.
Which of these statements is/are necessarily true for the quadrilateral @7

A neither of them
B [lonly

C IIonly
D IandII

11.16 TMUA 2019 - Paper 2 - Q5

Consider the following statement about the positive integers a, b and n:
(x): ab is divisible by n

The condition ‘either a or b is divisible by n’ is:

A necessary but not sufficient for (x)

B sufficient but not necessary for (x)

C necessary and sufficient for (x)

D not necessary and not sufficient for ()

hgsmaths.com Chapter 11 - Proof and Logic 144



11.17 TMUA 2022 - Paper 2 - Q5

A straight line L passes through (1,2).

Let P be the statement
if the y-intercept of L is negative, then the x-intercept of L is positive.

Which of the following statements must be true?

I P
I  the converse of P
1T the contrapositive of P

none of them
[ only

IT only

III only

[ and IT only

[ and III only
IT and III only
[, IT and III

T O E T AOw >

11.18 TMUA 2019 - Paper 2 - Q7

For which one of the following statements can the fact that 122 + 162 = 20? be used
to produce a counterexample?

A If a, b and ¢ are positive integers which satisfy the equation a? + b? = ¢2, and the
three numbers have no common divisor, then two of them are odd and the other
is even.

B The equation a* + b* = ¢2 has no solutions for which a, b and ¢ are positive
integers.

C The equation a* + b* = ¢* has no solutions for which a, b and ¢ are positive
integers.

D If a, b and ¢ are positive integers which satisfy the equation a? + b* = ¢2, then
one is the arithmetic mean of the other two.
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Consider the following conditions on a parallelogram PQR.S, labelled
anticlockwise:

length of PQ = length of QR

|
I1
11

The diagonal PR intersects the diagonal (S at right angles

LPQR = ZOQRS

TMUA 2020 - Paper 2 - Q7

Which of these conditions is/are individually sufficient for the parallelogram PQRS
to be a square?

Condition I is Condition IT is Condition III is
sufficient sufficient sufficient
A ves ves yes
B ves ves no
C yes no yes
D yes no no
E no ves yes
F no ves no
G no no yes
H no no no

hgsmaths.com
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Consider the following claim:
The difference between two consecutive positive cube numbers is always prime.

Here is an attempted proof of this claim:

I (x+ 1P =x>+3x+3x+1
II Taking x to be a positive integer, the difference between two consecutive cube
numbers can be expressed as (x + 1)’ —x* = 3x* +3x + 1

Il Itis impossible to factorise 3x”+ 3x+ 1 into two linear factors with integer
coefficients because its discriminant is negative.

IV Therefore for every positive integer value of x the integer 3x”+ 3x+ 1 cannot be
factorised.
A% Hence, the difference between two consecutive cube numbers will always be prime.

Which of the following best describes this proof?

The proof is completely correct, and the claim is true.

The proof is completely correct, but there are counterexamples to the claim.
The proof is wrong, and the first error occurs on line I.

The proof is wrong, and the first error occurs on line II.

The proof is wrong, and the first error occurs on line I11.

The proof is wrong, and the first error occurs on line IV.

Q=" =S 0w >

The proof is wrong, and the first error occurs on line V.

11.21 TMUA Specimen - Paper 2 - Q8

Consider the following statement about the positive integer n:

Statement (*): The sum of the four consecutive integers, the smallest of which is n,

is a multiple of 6.

Which one of the following is true?

A Statement (*) is true for all values of n.

B Statement (*) is true for all values of n which are odd, but not for any other values
of n.

C Statement (*) is true for all values of n which are multiples of 3, but not for any
other values of n.

D Statement (*) is true for all values of n which are multiples of 6, but not for any
other values of n.

E Statement (*) is not true for any value of n.
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Aregion is defined by the inequalitiesx + y > 6andx —y > —4
Consider the three statements:

1 x>1

2 y>>5

3 (x+y)(x—y)>-24
Which of the above statements is/are true for every point in the region?

none
1 only

2 only

3 only

1 and 2 only
1 and 3 only
2 and 3 only
1,2 and 3

= o mm g 0O W
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The diagram shows an example of a mountain profile.

upstroke:

downstroke: \

This consists of upstrokes which go upwards from left to right, and downstrokes
which go downwards from left to right. The example shown has six upstrokes and six
downstrokes. The horizontal line at the bottom is known as sea level.

A mountain profile of order n consists of n upstrokes and n downstrokes, with the
condition that the profile begins and ends at sea level and never goes below sea
level (although it might reach sea level at any point). So the example shown is a
mountain profile of order 6.

Mountain profiles can be coded by using U to indicate an upstroke and D to indicate
a downstroke. The example shown has the code UDUUUDUDDUDD. A sequence of

U’s and D’s obtained from a mountain profile in this way is known as a valid code.
Which of the following statements is/are true?

I If a valid code is written in reverse order, the result is always a valid
code.

1T If each U in a valid code is replaced by D and each D by U, the result
is always a valid code.

III If U is added at the beginning of a valid code and D is added at the
end of the code, the result is always a valid code.

none of them
I only

IT only

[IT only

I and IT only

I and III only
IT and III only

QHEEH0QwkE
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a, b and ¢ are real numbers with a < b < ¢ <0
Which of the following statements must be true?
I ac < ab < a*
II blc+a)>0
c_ a

nr - > -
b b

none of them
I only

IT only

11 only

I and II only

[ and III only
IT and III only
I, I and III

T O HE00%kE

11.25

TMUA 2019 - Paper 2 - Q8

TMUA 2023 - Paper 2 - Q8

A student draws a triangle that is acute-angled or obtuse-angled but not right-angled.

The student counts the number of straight lines that divide the triangle into two triangles, at

least one of which is right-angled.
Which of the following statements is/are true?

I The student can draw a triangle for which there is exactly 1 such straight line.

II The student can draw a triangle for which there are exactly 2 such straight lines.

III The student can draw a triangle for which there are exactly 3 such straight lines.

I and III only
IT and IIT only
[, 1T and III

A none of them
B Ionly

C Ilonly

D IIlonly

E TIandIlonly
F

G

H

hgsmaths.com Chapter 11 - Proof and Logic

150



11.26

Consider the statement about Fred:

If statement (*) is not true, which of the following is certainly true?

m o m O 0O W o

11.27

TMUA Specimen - Paper 2 - Q9

(*) Every day next week, Fred will do at least one maths problem.

Every day next week, Fred will do more than one maths problem.

Some day next week, Fred will do more than one maths problem.

On no day next week will Fred do more than one maths problem.

Every day next week, Fred will do no maths problems.

Some day next week, Fred will do no maths problems.

On no day next week will Fred do no maths problems.

Triangles ABC and XY Z have the same area.

TMUA 2016 - Paper 2 - Q9

Which of these extra conditions, taken independently, would imply that they are
congruent?

(1) AB=XYandBC =YZ
(2) AB = XY and 2ABC = £XYZ
(3) 2ABC = £XYZ and £BCA = +YZX

Condition (1)

Condition (2)

Condition (3)

Does not imply congruent

Does not imply congruent

Does not imply congruent

Does not imply congruent

Does not imply congruent

Implies congruent

Does not imply congruent

Implies congruent

Does not imply congruent

Does not imply congruent

Implies congruent

Implies congruent

Implies congruent

Does not imply congruent

Does not imply congruent

Implies congruent

Does not imply congruent

Implies congruent

Implies congruent

Implies congruent

Does not imply congruent

Tz | |l m |\ m | 9|0 W e

Implies congruent

Implies congruent

Implies congruent

hgsmaths.com
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Consider the following attempt to prove this true theorem:
Theorem: a* 4+ b* = ¢* has no solutions with a, b and ¢ positive integers.
Attempted proof:
Suppose that there are positive integers a, b and ¢ such that a® + b* = .
I We have a® = ¢ — b3
11 Hence a® = (¢ — b)(c* + cb + b?).

111 It follows that a = ¢ — b and a? = ¢ + ¢b + b2, since a < a? and
c—b<c?+ch+ b

IV Eliminating a, we have (¢ — b)? = ¢* 4+ ¢b + V°.
\Y Multiplying out, we have ¢ — 2¢cb + b = ¢® + cb + b,
VI Hence 3¢b = 0 so one of b and ¢ is zero.

But this is a contradiction to the original assumption that all of a, b and ¢
are positive. It follows that the equation has no solutions.

Comment on this proof by choosing one of the following options:
The proof is correct

The proof is incorrect and the first mistake occurs on line 1.
The proof is incorrect and the first mistake occurs on line II.
The proof is incorrect and the first mistake occurs on line III.
The proof is incorrect and the first mistake occurs on line IV.

The proof is incorrect and the first mistake occurs on line V.

QP = 0OQE e

The proof is incorrect and the first mistake occurs on line VI.
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Consider the following attempt to solve the equation 4xv/2x — 1 = 10z — 5:

da/20 — 1 = 10x — 5

drv2r —1=5(2x — 1)

1627 (22 — 1) = 25(22 — 1)*

162° = 25(27 — 1)

1622 — 50z + 25 =0

(82 — 5)(2¢ — 5) =0

5
The solutions of the original equation are © = 3 and z = —.

Which one of the following is true?

A
B

hgsmaths.com

The solution is correct.

Only one of x = g and x = g is correct

and the error arises as a result of step (II).

Only one of x = g and x = % is correct

and the error arises as a result of step (I1I).

Only one of x = g and x = g is correct

and the error arises as a result of step (IV).

5
2

There is another value of x that satisfies the original equation

and the error arises as a result of step (II).

There is another value of x that satisfies the original equation

and the error arises as a result of step (I1I).

There is another value of x that satisfies the original equation

and the error arises as a result of step (IV).

Chapter 11 - Proof and Logic
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A large circular table has 40 chairs round it.

What is the smallest number of people who can be sitting at the table already such
that the next person to sit down must sit next to someone?

A 9

B 10

C 13

D 14

E 19

F 20

11.31 TMUA 2022 - Paper 2 - Q9

Consider the following statement:

(*) For all real numbers x, if x <k then x<k
What is the complete set of values of & for which () is true?
no real numbers
k>0
k<1
k<1
0<k<1
0<k=l1
all real numbers

QEEZS AR >

11.32 TMUA 2016 - Paper 2 - Q10

In this question x and y are non-zero real numbers.

Which one of the following is sufficient to conclude that x <y ?

A x* <yt

B y*<ux*

C xlt<yt

D y‘l<x!
3 3

E x5<ys5
3 3

F  y5 <x5
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PQRS is a quadrilateral, labelled anticlockwise.

TMUA 2019 - Paper 2 - Q10

Which one of the following is a necessary but not sufficient condition for PQRS

to be a parallelogram?

A PQ = SR and PS is parallel to QR

B PQ = SR and PQ is parallel to SR
C PQ=QR=SR=PS

D PR=0QS

11.34

The real numbers a, b, ¢ and d satisfy both
O<a+b<c+d

and
O<a+c<b+d

Which of the following inequalities must be true?

I a<d

II b<e

I a+b+c+d=>0
none of them

[ only

IT only

III only

I and IT only

[ and III only
IT and III only
[, IT and III

T O "TE 00" RE
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The first seven terms of a sequence of positive integers are:

=15
Uy = 21
ug = 30
uy = 37
us = 44
ug = 0l
uy = H9

Consider the following statement about this sequence:

(+) If nis a prime number, then u, is a multiple of 3 or wu, is a multiple

of 5.

What is the smallest value of n that provides a counterexample to (*)?

Al

B 2

C 3

D 4

E 5

F 6

G 7
11.36 TMUA 2022 - Paper 2 - Q10

Which of the following statements is/are true?
I  For all real numbers x and for all positive integers n, x <n
Il For all real numbers x, there exists a positive integer n such that x <n
III There exists a real number x such that for all positive integers n, x <n

none of them
[ only

I only

[T only

[ and II only

[ and III only
IT and III only
[, IT and 111

T aOT=E T AW
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TMUA 2023 - Paper 2 - Q10

Here is an attempt to solve the inequality xt-2x?-3<0 by completing the square:

1I
III

v

v

VI

x'-2x?-3<0

if and only if x* - 2x%+1<4
if and only if (x*— 1) <4
if and only if -2 <x?-1<2
if and only if x> -1 <2

if and only if x% <3

if and only if —/3<x<+/3

Which of the following statements is true?

OTMMmMmooOwW >

11.38

The argument is completely correct.

The first error occurs in line 1.
The first error occurs in line 11.
The first error occurs in line I11.
The first error occurs in line IV.
The first error occurs in line V.
The first error occurs in line VL.

TMUA 2021 - Paper 2 - Q11

A student attempts to solve the following problem, where a and b are non-zero real

numbers:

Show that if a® — 4b* > 0 then there exist real numbers x and y such that
a=zy(r+y)and b= xy.

Consider the following attempt:

(r—y)?>0

so 22+ y*—2xy >0

5o (z+y)* —day >0

so x2y?(x+y)? — 423 >0
so a2 —4b >0
Which of the following best describes this attempt?

0 QO OQm &

hgsmaths.com

It is completely correct.
It is incorrect, but it would be correct if written in the reverse order.
It is incorrect, but the student has correctly proved the converse.

It is incorrect because there is an error in line (II).
It is incorrect because there is an error in line (II1).

It is incorrect because there is an error in line (IV).
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S
z
X X
P 0 R
y
Q
The diagram shows a kite PORS whose diagonals meet at O.
OP =x
00 =y
OR=x
OS=:
Which of the following is necessary and sufficient for angle SPQ to be a right angle?
A x=y=z
B 2x=y+:z
C x’=yz
D y=:z
E y?=x2+22
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In this question, & is a positive integer.

Consider the following theorem:

If2°+1isa prime, then k is a power of 2. (%)

Which of the following statements, taken individually, is/are equivalent to (*)?

I If k is a power of 2, then 2"+ 1is prime.

I 2°+1is not prime only if & is not a power of 2.

IIT A sufficient condition for & to be a power of 2 is that 2*+1is prime.

TMUA 2023 - Paper 2 - Q11

Statement I is Statement 11 is Statement 1l is

equivalent to (*) equivalent to (*) equivalent to (*)
A Yes Yes Yes
B Yes Yes No
C Yes No Yes
D Yes No No
E No Yes Yes
F No Yes No
G No No Yes
H No No No

hgsmaths.com
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Consider the following statement:

For any positive integer IV there is a positive integer K such that
N(Km+ 1) — 1 is not prime for any positive integer m.

Which one of the following is the negation of this statement?

A For any positive integer N there is a positive integer K such that
there is a positive integer m for which N(Km + 1) — 1 is prime.

B For any positive integer N there is a positive integer K such that
there is a positive integer m for which N(Km + 1) — 1 is not prime.

C For any positive integer N there is a positive integer K such that
for any positive integer m, N(Km + 1) — 1 is not prime.

D For any positive integer N, any positive integer K
and any positive integer m, N(Km + 1) — 1 is not prime.

E There is a positive integer N such that for any positive integer K
there is a positive integer m for which N(Km + 1) — 1 is not prime.

F  There is a positive integer N such that for any positive integer K
there is a positive integer m for which N(Km + 1) — 1 is prime.

G There is a positive integer N such that for any positive integer K
and any positive integer m, N(Km + 1) — 1 is prime.

H There is a positive integer N and a positive integer K for which
there is no positive integer m for which N(Km + 1) — 1 is prime.

11.42 TMUA Specimen - Paper 2 - Q13

Five runners competed in a race: Fred, George, Hermione, Lavender, and Ron.
Fred beat George.

Hermione beat Lavender.
Lavender beat George.
Ron beat George.

Assuming there were no ties, how many possible finishing orders could there have been,
given only this information?

A 1

B 6

C 12
D 18
E 24
F 120
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In this question, a, b, and c are positive integers.

The following is an attempted proof of the false statement:

If a divides bc, then a divides b or a divides c.

[‘a divides bc’ means ‘a is a factor of bc’]

Which line contains the error in this proof?

mm g O W

TMUA 2016 - Paper 2 - Q13

1. The statement is equivalent to ‘if a does not divide b and a does not divide ¢

then a does not divide bc’.

2. Suppose a does not divide b and a does not divide c. Then the remainder when
dividing b by a is r, where 0 < r < a, and the remainder when dividing c by a is

s, where 0 < s < a.

So b = ax + r and ¢ = ay + s for some integers x and y.
Thus bc = a(axy + xs + yr) + rs.

So the remainder when dividing bc by a is rs.
Sincer > 0 and s > 0, it follows thatrs > 0.
7. Hence a does not divide bc.

A

Line 1
Line 2
Line 3
Line 4
Line 5
Line 6

11.44

TMUA 2017 - Paper 2 - Q13

The positive real numbers a x 1072, b x 1072 and ¢ x 10~! are each in standard form,

and

T QT3 gaQwe

I a>9

Im 5>9

Il a<c

IV b<ec
I only

IT only

I and IT only

I and IIT only

[ and IV only
IT and III only
IT and IV only
[, I, IIT and TV

hgsmaths.com

(ax107*) + (bx 107%) = (¢ x 107").
Which of the following statements (I, II, III, IV) must be true?
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A region R in the (x,y)-plane is defined by the simultaneous inequalities
y—x <3
y—a2® <1
Which of the following statements is/are true for every point in R ?
I —-1<x<?2
I (y—a)y—a%) <3
I y<5

none of them
I only

IT only

III only

[ and IT only

[ and III only
IT and III only
[, IT and III

T Q= E0aQukE

11.46 TMUA 2022 - Paper 2 - Q13

Consider the statement (*) about a real number x:
(*) There exists a real number y such that x —xy + y is negative.
For how many real values of x is (*) true?

A no values of x
B exactly one value of x

C exactly two values of x
D all except exactly two values of x
E all except exactly one value of x
F all values of x
11.47 TMUA 2023 - Paper 2 - Q13

Let x be a real number.

Which one of the following statements is a sufficient condition for exactly three of the other
four statements?

A x>0

B x=1

C x=0orx=1
D x>0 or x<1
E x>0 and x<1
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For any real numbers a, b, and ¢ where a = b, consider these three statements:
1 —b = —-a
2 a? + b? = 2ab
3 ac = bc

Which of the statements 1, 2, and 3 must be true?

none

1 only

2 only

3 only

1 and 2 only
1 and 3 only
2 and 3 only
1,2 and 3

™ O m /| g 0w

11.49 TMUA 2016 - Paper 2 - Q16

S «——3 cm\—) R

-

X [diagram not to scale]

P > ~Q

< 12 cm 7
In the figure, PQRS is a trapezium with PQ parallel to SR.

The diagonals of the trapezium meet at X.

Ulies on SP and T lies on RQ such that UT is a line segment through X
parallel to PQ

The length of PQ is 12 cm and the length of SR is 3 cm.
What, in centimetres, is the length of UT?

A 42
B 45
C 48
D 5.25
E 6

hgsmaths.com Chapter 11 - Proof and Logic 163



11.50

In this question, ay, ..., a 100 and by, ..., b and cy, ...,
such that
a, < b,+c,
for each n.
Which of the following statements must be true?
I (minimum of @y, ..., @jp0) < (minimum of by,
II  (minimum of ay, ..., ajp0) = (Minimum of by,
[II  (maximum of ay, ..., @j00) < (maximum of by,
A none of them
B Tonly
C IIonly
D III only
E TandII only
F land I only
G I and III only
H [, IIandIII

11.51

TMUA 2022 - Paper 2 - Q16

cio0 are three sequences of integers

...,b]{)g) + (minimum OfCl, ...,Cloo)
...,bm()) + (minimum of ¢y, ...,(2100)
ooy b1go) + (maximum of ¢y, ..., ¢100)

TMUA Specimen - Paper 2 - Q17

Let S be a set of positive integers, for example S could consist of 3, 4, and 8.

A positive integer n is called an S-number if and only if fo
the number m is a multiple of some number in S.

r every factor m of n withm > 1,

So in the above example, 9 is an S-number; this is because the factors of 9 greater than 1

are 3 and 9, and each of these is a multiple of 3.

Positive integer n is therefore not an S-number if and only if

A for every (positive) factor m of n with m > 1,
there is a number in S which is not a factor of m.

B for every (positive) factor m of n withm > 1,
there is no number in S which is a factor of m.

C for every (positive) factor m of n withm > 1,
every number in S is a factor of m.

D for some (positive) factor m of n withm > 1,
there is a number in S which is not a factor of m.

E for some (positive) factor m of n withm > 1,
there is no number in S which is a factor of m.

F for some (positive) factor m of n withm > 1,

every number in S is a factor of m.

hgsmaths.com
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11.52 TMUA 2017 - Paper 2 - Q17

A set S of whole numbers is called stapled if and only if for every whole number a
which is in S there exists a prime factor of @ which divides at least one other number
in S.

Let T" be a set of whole numbers. Which of the following is true if and only if 7" is
not stapled?

A For every number a which is in 7', there is no prime factor of a which
divides every other number in 7.

B For every number a which is in 7', there is no prime factor of a which
divides at least one other number in 7.

C For every number a which is in 7', there is a prime factor of a which
does not divide any other number in 7.

D For every number a which is in 7', there is a prime factor of a which
does not divide at least one other number in 7.

E There exists a number a which is in 7" such that there is no prime factor of a
which divides every other number in 7.

F  There exists a number a which is in 7" such that there is no prime factor of a
which divides at least one other number in T'.

G There exists a number a which is in 7" such that there is a prime factor of a
which does not divide any other number in 7.

H There exists a number a which is in 7" such that there is a prime factor of a
which does not divide at least one other number in 7.

11.53 TMUA 2018 - Paper 2 - Q17

A positive integer is called a squaresum if and only if it can be written as the sum
of the squares of two integers. For example, 61 and 9 are both squaresums since

61 = 5%+ 62 and 9 = 3% + 02

A prime number is called awkward if and only if it has a remainder of 3 when
divided by 4. For example, 23 is awkward since 23 =5 x 4 4 3.

A (true) theorem due to Fermat states that:

A positive integer is a squaresum if and only if each of its awkward prime
factors occurs to an even power in its prime factorisation.

It follows that 5 x 23% is a squaresum, since 23 occurs to the power 2, but 5 x 23? is
not, since 23 occurs to the power 3.

Which one of the following statements is not true?
A Every square number is a squaresum.
If N and M are squaresums, then so is NM.

It NM is a squaresum, then N and M are squaresums.

oaw

If N is not a squaresum, then kN is a squaresum for some number k& which is a
product of awkward primes.
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11.54 TMUA 2019 - Paper 2 - Q17

A multiple-choice test question offered the following four options relating to a certain
statement:
A The statement is true if and only if = > 1

B The statement is true if = > 1
C The statement is true if and only if z > 2

D The statement is true if © > 2
Given that exactly one of these options was correct, which one was it?

11.55 TMUA 2020 - Paper 2 - Q18

In this question, f(z) = aa®+ bx? + cx +d and g(x) = pa® + qz* + rx + s are cubic
polynomials.

If f(x) — g(x) > 0 for every real z, which of the following is/are necessarily true?
I a>p
IT ifb=qgthenc=r
I d>s

none of them
I only

IT only

11 only

I and II only

[ and III only
IT and IIT only
I, IT and III

T O HE00%kE
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11.56 TMUA 2016 - Paper 2 - Q19

Some identical unit cubes are used to construct a three-dimensional object by gluing them
together face to face.

Sketches of this object are made by looking at it from the right-hand side, from the front
and from above. These sketches are called the side elevation, the front elevation, and the

plan view respectively.

This is the side elevation of the object.

This is the front elevation of the object.

This is the plan view of the object.

How many cubes were used to construct the object?
A exactly6
B either6or7
C exactly7
D either7or8
E exactly8
F either8or9
G exactly9
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11.57 TMUA 2020 - Paper 2 - Q19

Nine people are sitting in the squares of a 3 by 3 grid, one in each square, as shown.
Two people are called neighbours if they are sitting in squares that share a side.
(People in diagonally adjacent squares, which only have a point in common, are not

called neighbours.)

R & &K
R & &K
R & &K

Each of the nine people in the grid is either a truth-teller who always tells the truth,
or a liar who always lies.

Every person in the grid says: ‘My neighbours are all liars’.

Given only this information, what are the smallest number and the largest number
of people who could be telling the truth?

smallest largest
1 4

T Q-0 Q E =
G e |||
ST ST TSN Y R (P ST T
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11.58

TMUA Specimen - Paper 2 - Q20

Five logicians each make a statement, as follows:

Mr P:
Ms Q:
MrR:
Ms S:
Mr T:

Of these five statements, an odd number are true.
Both statements made by women are true.

My first name is Robert and Mr P’s statement is true.
Exactly one statement made by a man is true.

Neither statement made by a woman is true.

How many of the five statements can be simultaneously true?

none
1 only

2 only
3 only
4 only

™ T omo g 0O W

11.59

Each interior angle of a regular polygon with n sides is ; of each interior angle of a second

none or 1 only
1 or 2 only
2 or 3 only

TMUA 2016 - Paper 2 - Q20

regular polygon with m sides.

How many pairs of positive integers n and m are there for which this statement is true?

A none
B 1

cC 2

D 3

E 4

F 5

G 6

H

hgsmaths.com
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11.60 TMUA 2017 - Paper 2 - Q20

I have forgotten my 5-character computer password, but I know that it consists of
the letters a, b, c, d, e in some order. When [ enter a potential password into the
computer, it tells me exactly how many of the letters are in the correct position.

When I enter abcde, it tells me that none of the letters are in the correct position.
The same happens when I enter cdbea and eadbc.

Using the best strategy, how many further attempts must [ make in order to
guarantee that I can deduce the correct password?

A None: I can deduce it immediately

B One
C Two
D Three
E More than three
11.61 TMUA 2020 - Paper 2 - Q20

x is a real number and f is a function.
Given that exactly one of the following statements is true, which one is it?

A 1> 0only if f(x) <0

B z<0if f(z) >0

C 2> 0only if f(z) >0

D f(z)<0if z <0

E f(x)>0onlyif 2 >0

F f(z) > 0if and only if z <0
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CHAPTER 12 - UNIT S3

Statistical Calculations

4 questions

121 TMUA 2022 - Paper 2 - Q6

A list consists of n integers.
Consider the following statements:

P:  nisodd.
Q: The median of the list is one of the numbers in the list.

Which one of the following is true?

A P is necessary and sufficient for Q.

B P is necessary but not sufficient for Q.

C P is sufficient but not necessary for Q.

D P is not necessary and not sufficient for Q.

12.2 TMUA 2018 - Paper 1 - Q17

There are two sets of data: the mean of the first set is 15, and the mean of the
second set is 20.

One of the pieces of data from the first set is exchanged with one of the pieces of
data from the second set.

As a result, the mean of the first set of data increases from 15 to 16, and the mean of
the second set of data decreases from 20 to 17.

What is the mean of the set made by combining all the data?
A 161

= U aQ W
—
T
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12.3 TMUA 2020 - Paper 2 - Q17

A set of six distinct integers is split into two sets of three.
The first set of three integers has a mean of 10 and a median of 8.
The second set of three integers has a mean of 12 and a median of 9.

What is the smallest possible range of the set of all six integers?”

A 8
B 10
C 11
D 12
E 14
F 15
12.4 TMUA Specimen - Paper 2 - Q18

A group of five numbers are such that:
= their meanis 0
= their rangeis 20

What is the largest possible median of the five numbers?

A 0
B 4
C 4l
2
D 6
2
E 8
F 20
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CHAPTER 13 - UNIT P13

Numerical Methods

6 questions

13.1 TMUA 2019 - Paper 1 - Q8

The function f is such that 0 < f(z) < 1 for 0 <z < 1.

. : : : . 1
The trapezium rule with n equal intervals is used to estimate fo f(x) dz and
produces an underestimate.

Using the same number of equal intervals, for which one of the following does the
trapezium rule produce an overestimate?

A [)(fz)+1)de
B f012f(m)dm

C [ fx+1)da
D ffl f(—x)dx
E f01(1 — f(x)) dz

13.2 TMUA 2021 - Paper 1 - Q10

Use the trapezium rule with 3 strips to estimate

2log,,x dx

ww\
)

V6

Al —
Oglo 2
3
B 1 —
Og102
9
C 1 -
Oglo 4
D log,,3
| 81
0810 16
2
F 108510?
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13.3 TMUA 2023 - Paper 1 - Q10

The trapezium rule with 4 strips is used to estimate the integral:
2
I , Va—x* dx
What is the positive difference between the estimate and the exact value of the integral?

A 2(n-2-2V3)

B 2(n-1-V3)

C 2(2n-1-V3)

D 4(n-1-V3)

E 21-3V3

F 4n-6J3

13.4 TMUA 2020 - Paper 2 - Q12

Which one of A-F correctly completes the following statement?

Given that a < b, and f(x) > 0 for all x with a < x < b, the trapezium rule
produces an overestimate for fab f(z)dz ...

Cif f(x) > 0 and £"(x) < 0 for all z with a <z <b

.only if f'(z) > 0 and {”(z) < 0 for all x with a < x < b

. if and only if {'(x) > 0 and {"(x) < 0 for all x with a <2 < b
Cif f'(x) <0 and £"(x) > 0 for all  with a <2 <b

. only if f'(z) <0 and {"(z) > 0 for all x with a < x < b

. if and only if f'(z) < 0 and f"(x) > 0 for all x with a <z <b

0 QO OQW

13.5 TMUA 2019 - Paper 2 - Q13

A student approximates the integral fab sin® z dz using the trapezium rule with
4 strips. The resulting approximation is an overestimate.

Which of the following is/are necessarily true?

I If the student approximates f__ba' sin? z dz in the same way, the result
will be an overestimate.

I If the student approximates fab cos? x dz in the same way, the result
will be an underestimate.

neither of them
I only

IT only

[ and II

o aQwe
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13.6

Itis given that f(x) = —2x% + 10

Consider the following three curves:

(Dy=fx)
2)y=fx+1)

(3) the curve y = f(x + 1) reflected in the liney = 6

TMUA 2017 - Paper 1 - Q15

The trapezium rule is used to estimate the area under each of these three curves between
x=0andx = 1.

State whether the trapezium rule gives an overestimate or underestimate for each of these

areas.
(1) (2) (3)
A underestimate underestimate underestimate
B underestimate underestimate overestimate
C underestimate overestimate underestimate
D underestimate overestimate overestimate
E overestimate underestimate underestimate
F overestimate underestimate overestimate
G overestimate overestimate underestimate
H overestimate overestimate overestimate

hgsmaths.com
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ANSWERS

Answer key

Check here first, then read the worked solution

1. Algebra and Functions 1

11 D 12 A 1.3 E 14 H 15 E 1.6 A 1.7 A 18 C
19 B 110 G 111 C 112 D 113 A 114 F 115 F 116 D
117 C 118 F 119 D 1.20 A 121 A 122 C 1.23 D 124 E
125 D 1.26 A 1.27 C 1.28 A 129 F 1.30 D 1.31 E 132 F
133 D 1.34 A 1.35 D 1.36 D 137 E 1.38 E 139 C 1.40 B

2. Coordinate Geometry 1

21 F 22 B 23 D 24 E 25 E 26 B 27 A 28 E
29 B 210 B 211 C 212 B 213 E 214 D 215 F 216 F
217 F 218 B 219 C 220 E 221 F

3. Exponentials and Logarithms

31 B 32D 33 A 34 A 35 C 3.6 A 3.7 F 38 C
39 E 310 F 311 E 312 E 313 E 314 H 315 A 316 D
347 F 3.18 B 319 C 3.20 E 3.21 A 322 C 3.23 B 324 F
3.25 C 3.26 F 3.27 B 3.28 C 3.29 D

4. Trigonometry 1

41 C 42 D 43 F 44 D 45 B 46 D 4.7 B 48 D
49 D 410 F 411 A 412 B 413 E 414 E 415 E 416 D
417 F 418 C 419 C 420 B 421 F 422 B 423 D 424 E
425 F 4.26 B 4.27 D 428 C 429 D 4.30 B 431 C 432 E
433 D 434 B 435 F 4.36 B 437 D 438 E 439 E

5. Algebra and Functions 2

51 B 52 E 53 F 54 C 55 E 5.6 C 5.7 D 58 E
59 A 510 C 511 B 512 B 513 B 514 D 5.15 E 516 A
517 A 5.18 B 519 B 5.20 E 5.21 B 5.22 B 5.23 F 5.24 B
5.25 E

6. Probability

6.1 C 6.2 C 6.3 B 6.4 F
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7. Calculus 1
71 C

79 B

717
7.25
7.33
7.41
7.49
7.57
7.65

m O ™ O O m O

72 D
7.10
7.18
7.26
7.34
7.42
7.50
7.58
7.66

I O W m m O O O

8. Trigonometry 2

81 C
89 B

9. Sequences and Series

8.2 E

91 H 9.2 E
99 B 9.10 C
9.17 A 9.18 B
9.25 A 9.26 A
9.33 D 9.34 A
941 F 942 B
949 C 9.50 G
10. Calculus 2

101 A 10.2 D

11. Proof and Logic

11 C
19 D
1117 F
11.25 D
11.33 A
1.41 F
11.49 C
11.57 E

1.2 F
11.10
11.18
11.26
11.34
11.42
11.50
11.58

O O O T m W @

73 C
7.11
7.19
7.27
7.35
7.43
7.51
7.59
7.67

m m >» M » W T

83 F

9.3 C
911 D
9.19 A
9.27 A
9.35 C
943 D
9.51 E

1.3 A
11.11
11.19
11.27
11.35
11.43
11.51
11.59

m m m m O T O

12. Statistical Calculations

121 C

13. Numerical Methods

131 E

hgsmaths.com

12.2 A

13.2 B

123 E

13.3 B

74 F
7.12
7.20
7.28
7.36
7.44
7.52
7.60
7.68

o >» OO U O O W

84 E

94 B
9.12 C
9.20 B
9.28 G
9.36 D
944 E

14 C
11.12
11.20
11.28
11.36
11.44
11.52
11.60

W T W o O T ®

124 E

134 D

7.5 A
713
7.21
7.29
7.37
7.45
7.53
7.61

W I O W O » W

85D

95 E
913 E
921 D
9.29 F
937 D
945 F

15 C
11.13
11.21
11.29
11.37
11.45
11.53
11.61

O O » » T 0O O

13.5 D

Answer key

7.6 A
7.14
7.22
7.30
7.38
7.46
7.54
7.62

O @@ U m m O

8.6 B

9.6 E
9.14 H
9.22 B
9.30 C
9.38 B
9.46 E

11.6 C
11.14 B
11.22 B
1130 D
11.38 C
11.46 E
11.54 D

13.6 B

7.7 C 7.8 D
715 C 716 F
7.23 F 724 G
731 F 732 D
7.39 B 7.40 F
7.47 E 7.48 A
7.55 E 7.56 F
7.63 C 7.64 D
8.7 A 8.8 H
9.7 G 9.8 G
9.15 E 9.16 C
9.23 C 9.24 D
9.31 F 9.32 C
9.39 B 9.40 A
9.47 D 9.48 B
11.7 A 1.8 C
1115 A 11.16 B
11.23 D 11.24 E
11.31 A 11.32 E
11.39 C 1140 G
11.47 C 1148 E
11.55 G 11.56 F
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WORKED SOLUTIONS - CHAPTER 1 - UNIT P1

Algebra and Functions 1

1.1 AnswerD TMUA Specimen - Paper 1 - Q1

We can rearrange the first equation to
r=3y—1
Substituting this into the second equation gives
33y —1)* =73y — Ly =5
which expands to
27y? — 18y +3 — 21y  + Ty =5
S0
6y> — 11y — 2 = 0.

We can either factorise this as (y —2)(6y +1) =0, givingy =2 or y = —% or use the quadratic
formula to obtain

O 114+/112 -4 x6x (—2)  11+13
¥y= 12 T2

giving y =2 or y = —% again.
These give x = b or x = —%, so the sum is 3.5, and the answer is D.
Alternatively, we could have rearranged the first equation to get
x+1
3
and then substitute this into the second equation. This has the advantage that we obtain the
values of z directly, but the disadvantage that there are fractions involved throughout.

1.2 Answer A TMUA 2019 - Paper 1 - Q1

We could try substituting in (1, —1) and (—1,3) into the six given expressions: when we sub-
stitute in x = 1, only A, C, D and F give —1, so the answer must be one of these. When we

substitute in z = —1 into these four, only A and C give 3, so the answer must be one of these
two. Finally, we need a turning point at x = —1, so we differentiate these two: A gives —2z — 2,
which is zero at x = —1, which C gives 2x — 2, which is —4 at x = —1. So the correct answer
is A.

Alternatively, we could work out the answer without reference to the given options.
Let f(x) = axz?® 4+ bz + c¢. We are given f(1) = —1 and f(—1) = 3, so

at+b+e=—-1

a—b+c=3
Adding these gives 2a + 2¢ = 2, so a + ¢ = 1 and hence b = —2.

We then differentiate to get t'(x) = 2ax +b, so as f'(—1) = 0, we require —2a+b=0,s0 a = —1
and ¢ = 2. Hence the answer is A.
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1.3 Answer E TMUA 2020 - Paper 2 - Q1

We find the points where the line and curve meet by solving the equations simultaneously; this
gives 22 + kx + 2 = 2 — 2. Rearranging gives
2+ (k—Dx+4=0.

The discriminant of this is (k — 1)? —4 x 1 x 4 = (k — 1) — 16. The line and curve cross or
touch when the discriminant is > 0, so we must solve

(k—1)*>-16 > 0.
Expanding and simplifying this gives

k2 —2k—15>0,
which we can factorise to get

(k—5)(k+3)>0.

The equation (k — 5)(k + 3) = 0 has roots k = —3 and k = 5, so the quadratic is non-negative
when & < —3 or k£ > 5. Thus the correct solution is E.

1.4 Answer H TMUA 2023 - Paper 2 - Q1

We first multiply both sides of the equation by 11(y/x — 6)(y/x + 6) to eliminate all of the
fractions, giving

11(vx +6) — 11(vz — 6) = 3(vVz — 6) (v +6).
We can now expand all of the brackets to give

11/ 4+ 66 — 11y/7 + 66 = 3z — 108,
which simplifies to
240 = 3.
Dividing by 3 gives z = 80, which is option H.

1.5 AnswerE TMUA 2016 - Paper 1 - Q2

We can use the factor theorem to find the value of a; alternatively we can just divide by (z + 2)
and deduce a that way, as we will need to divide by (z+2) anyway to complete the factorisation.

‘We show both methods.

The factor theorem states that in this case, f(—2) = 0, where f(x) is the polynomial. So
3(=2)3 + 13(=2)? + 8(=2) + a = 0, giving —24 + 52 — 16+ a = 0, so a = —12. We can now
divide the polynomial by (x + 2).

Alternatively, dividing the given polynomial by (x + 2) by considering the z*, 2% and z terms,
but ignoring the constant term, gives:

32% 4+ 1322 + 8z + a = (x + 2)(32% + Tz — 6)
and so @ = —12, though that is actually not needed to answer the question.

Finally, we can factorise 3z2 + 7z — 6 to determine the answer. Alternatively, we can use the
suggested options: only options D and E give a constant term in the quadratic of —6, so it must
be one of those. D expands to 322 — 7z — 6 and E expands to 322 + 72 — 6, so the answer is E.
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1.6 Answer A TMUA 2019 - Paper 1 - Q2

Let us write the expression as 22+ (k+2)2 + (1 —2k) so that the coefficient of # and the constant
are clear. The expression is positive for large values of z, and so is positive for all values of z if
the discriminant is negative. Hence we require

(k+2)% —4(1 —2k) < 0.
Expanding and simplifying this gives
E* + 12k < 0,
so k(k +12) < 0. If we sketch a graph of the function k(k + 12), we obtain
Y

R

We see that k(k + 12) < 0 for —12 < k < 0, so the correct option is A.

1.7 Answer A TMUA 2023 - Paper 1 - Q2
As the graphs do not meet, the simultaneous equations y = 2% 4+ 5x 4+ 6 and y = max — 3 have
no solutions. Therefore 22 + 5x + 6 = ma — 3 has no solutions, so the quadratic
24+ (5-mr+9=0
has no solutions and must therefore have a negative discriminant. This gives
(5-m)?—4x1x9=25—10m+m?—36=m?—10m — 11 < 0.
Factorising this quadratic in m gives
(m—11)(m+1) < 0.

This quadratic has roots —1 and 11, and as the coefficient of m? in m? — 10m — 11 is positive,
the quadratic in m is negative between the roots. So the complete range of possible values of m
is —1 < m < 11, which is option A.
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1.8 Answer C TMUA 2019 - Paper 2 - Q2 (also 2020 - Paper 1 - Q2)
Since 2z + 1 = 2(x + %) is a factor of f(z) = 22% + pa? + ¢, it follows that f(—1) = 0. Similarly,
f(2) = 0.

Substituting these values in to f(z) gives
2=4 +p(-3P+a=0
2(2)° +p(2*) + ¢ =0
SO
—i+ip+q=0
16+4p+qg=20
Multiplying the first equation by 16 gives
—4 +4p + 169 = 0.

Subtracting 16 + 4p + ¢ = 0 from this gives —20+ 15¢ = 0, so ¢ = %, hence dp = —16 — g = —%.
Therefore 2p + g = —% + % = —%, which is option C.

1.9 Answer B TMUA 2017 - Paper 1 - Q4

We are dividing a polynomial by a linear expression and asking for the remainder, so it would
make sense to use the remainder theorem: if the polynomial f(x) is divided by = — a, then the
remainder is f(a).

In this case, we start with (322 + 8z — 3) and multiply it by (px — 1). This gives our polynomial
f(x) = (32 + 8z — 3)(pxr — 1). We then divide f(z) by (z + 1) to get a remainder of f(—1) = 24
(using the remainder theorem).

Substituting x = —1 into f(z) gives
f(-1)=@B-8-3)(-p—1)=8@+1)
Thus 8(p + 1) = 24, giving p = 2, and the correct answer is B.

Commentary: We might have been tempted to multiply out the brackets in f(x). But
this does not change the value of f(—1), and the remainder theorem does not say anything
about the coefficients of x, x* and so on, so there is no benefit to be gained from expanding
f(x). It would only take more effort and increase the chances of making a mistake.

110 Answer G TMUA 2018 - Paper 1 - Q4

We can solve the equations to find x by substituting for y.
The second equation gives y = a — x, so the first equation becomes
322 + 2z(a —x) =4
This rearranges to
22+ 2 —4=0
and the discriminant of this equation is

(2a) — 4 x 1 x (—4) = 4a® + 16

This is always positive, as 4a® > 0 for all real values of a, so there are always two distinct real
roots, and the correct answer is G.
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1.11 AnswerC TMUA 2017 - Paper 1 - Q5

Commentary: The start of this seems like a fairly standard question: find the values of
which satisfy a pair of inequalities. The options offered, though, seem far from standard,
so we will have to think carefully once we have found the set S.

We start by solving the two inequalities separately.

The quadratic factorises as 2% — 8:17 +12 = (m — 2)(z — 6), so we are solving (z — 2)(z —6) <0
We can sketch the graph of y = (z — 2)(z —

\_/

so we see that the first inequality is satisfied when 2 < x < 6

The second inequality is a linear inequality which immediately simplifies to 2z > 8 or & > 4

We can combine these two inequalities using a number line:

o—
o—————0
2 4 6

So the set S is given by 4 < ¢ < 6

Our problem now is that none of the given options says 4 < x < 6. Most of them are in the
form of quadratic inequalities. So we assume that one of the quadratic inequalities probably
gives 4 < x < 6 when we ‘solve’ it. That, though, seems like a lot of work. We would do better
to work in reverse and try to derive the quadratic inequality from 4 < = < 6.

We could think about our earlier sketch, which helped us solve (z — 2)(z — 6) < 0 and gave
2 < o < 6. If we replace the 2 by a 4, we see that the inequality (z — 4)(z — 6) < 0 will give
4 < x < 6. We can expand this to get 22 — 10z 4 24 < 0, and so the correct answer is C.

1.12 Answer D TMUA 2018 - Paper 1 - Q5

For this question, we make use of the remainder theorem: the remainder when f(x) is divided
by (z — a) is f(a).

In this case, we take a = —2 and a = -3, so
f(—2)=R
f(-3)=25

Substituting these into the given formula for f(x) gives
f(—2)=-8 +4da—2b+c=R
f(=3)=-27T4+9% —3b4+c=S5
We want the largest possible value of R — S, so we subtract these two equations to get
19 -5a+b=R-S
To get the largest possible value, we want a to be as small as possible and b to be as large as
possible, so we take @ = 1, b =3 (and then ¢ = 2), giving R—S=19-5+3=17

Thus the correct answer is D.
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1.13 Answer A TMUA 2020 - Paper 1 - Q5

The line of symmetry can be determined by completing the square of the right hand side of the
given equation for S:

px2+6x—q:p(:r2+giﬂ)—q

3.2 9
e+ 3) -9
@2y -2
3.2 9
( p) p
so the line of symmetry is at x = —%. Therefore —% = —%, giving p = 12.
The curve touches the z-axis at exactly one point, so we must also have —% — g = 0, giving
—_9__9 __3
@=—p =712~ 1
Therefore p + 8¢ = 12 — 6 = 6, which is option A.
1.14 Answer F TMUA 2021 - Paper 1 - Q5

We can rewrite f(9), f(16) and f(24) using the information given about the function:
f(9) =1£(3 x 3)

= 1(3)f(3) as 9 is a multiple of 3
f(16) = £(16 x 1)

=16 as 16 is not a multiple of 3
f(24) = £(3 x 8)

= f(3)£(8) as 24 is a multiple of 3

=1f(3)f(8 x 1)

=1(3) x8 as 8 is not a multiple of 3

= 81(3)

Substituting these into the given equation then gives
(£(3))° + 16 — 8f(3) = 0
which is a quadratic in f(3); we can factorise it to give
(£3) —4)* =0

which has one (repeated) solution: f(3) = 4. Hence the answer is option F.
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1.15 AnswerF TMUA 2023 -

There are (at least) two ways to calculate the area of the rectangle RSTU: we could find the
lengths of the sides RU and RS and then multiply them, or we could find the area of the square
MNQOP and subtract the areas of the shaded triangles. We demonstrate both approaches.

We ignore the units, taking lengths to be in cm and areas to be in cm?.

We first note that the symmetry of the shape means that MU = MR, NR = NS and so on.
Also, as the perimeter of M NOP is 40, the side length is 10, so NR = 10 — x.

Approach 1: Finding the lengths of the rectangle’s sides

The triangle RMU is right-angled, with M R = MU = x. By Pythagoras’s Theorem, this means
that RU? = 2 4 2% = 222, so RU = xv/2.

Now NR = 10 — z, so by a similar argument, RS = (10 — z)v/2.

Multiplying these gives the area as A = xv/2 x (10 — x)v/2 = 22(10 — z).

Approach 2: Finding the area by subtraction

The area of MNOP is 102 = 100. The area of M RU and the area of OST are each %22, SO
the total area of these two triangles is . Likewise, the area of NRS and the area of PTU are
each %(10 — )2, so the total area of these two triangles is (10 — )2. Therefore the area of the
rectangle RSTU is

100 — 22 — (10 — z)? = 100 — 2% — (100 — 20z + 2?) = 202 — 22° = 22(10 — x).

We are told that A = 20, so we have to solve the equation 2x(10 — x) = 20. Expanding and
rearranging gives 2x% — 20x 4 20 = 0; dividing by 2 simplifies this to 22 — 10z + 10 = 0. We can
use the quadratic formula to find the possible values of x; they are

10+ /(-10)2 =4 x1x10 10+

oo WEVEI0P - 4x1x10 _ 10£V60 _ o, e
2 2

The larger of these is 5 + /15, and so the answer is option F.

116 Answer D TMUA Specimen
Since x + 2 is a factor, substituting # = —2 into the polynomial must yield zero by the factor
theorem:

(—2)% +4¢(—=2)2 + (-2)(c+ 1)* =6 = 0.

Simplifying gives
—8+16c—2(c* +2c+1)—6=0
S0
—2¢* +12¢ — 16 = 0.
Dividing by —2 now gives
¢ —6c+8=0

s0 (¢ —2)(¢—4) = 0 and the roots are ¢ = 2 and ¢ = 4, with a sum of 6. Hence the answer is D.
We could also find the sum of the roots directly from the quadratic ¢ —6¢+8 = 0 without solving
it: if the roots are ¢ = p and ¢ = ¢, then the quadratic can be written as (¢—p)(c—¢q) = 0, which
expands to ¢ — (p + q)c + pg = 0. So the sum of the roots is the negative of the ¢ coefficient,
which is 6, and the product of the roots is the constant, which is 7.
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1.17 Answer C TMUA 2016 - Paper 1 - Q6

We can either work in fractions or percentages. This solution works in fractions.
The fraction of red paint in P is % and in Q is % Let the fraction of red paint in R be z.
The combination is in the ratio 12 : 5 : 3, with % red paint, so the composition is as follows:

Paint Volume Red

P 12 12x 4
Q 5 5x &
R 3 3z

total 20 20 x §

We can now sum the individual red amounts, giving:

1
12><%+5xg+3m:20x14
so B 4 3z = 5, giving 3z = 2 = 40%, so x = 131%.
5 , 5 = 3

The correct answer is C.

1.18 Answer F TMUA Specimen - Paper 2 - Q6

The area of the rectangle is height times width, so

area

width’

To obtain the greatest possible height, we require the greatest possible area and the least possible
width. The upper bound for the a;gg is 5650 cm, and the lower bound for the height is 79.5 cm,

so the greatest possible height is 25>~ cm, which is option F.

height =
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1.19 Answer D TMUA 2020 -

We can find the maximum value of f(x) by completing the square or by differentiating.
In both methods, we start by expanding the brackets to write f(z) = —22 + (p — 2)z + 2p.
We can then complete the square:
f(z) = —(a® — (p— 2)a) + 2p
=—((z — 30 —2)* — 3(p - 2)%)+2p
=—(z-300-2)+3(p-27+2p

so the maximum value occurs when z = 1(p — 2) and the value at this point is (p — 2)% + 2p.

Alternatively, we can differentiate to get

F'() = 20+ (p—2)
so the stationary point is at £ = (p — 2); substituting this value into the function f(z) gives
the same maximum value as before.

A third approach is to note that the stationary point of a quadratic lies midway between its two
roots, that is midway between p and —2, so at x = %(p — 2), and then substitute to find the
minimum value.

We now require
tp—2°+2p <4

Multiplying by 4 and rearranging gives (p — 2)? + 8p — 16 < 0; we next expand the brackets and
simplify to give p? +4p — 12 < 0, so (p + 6)(p — 2) < 0. This quadratic inequality is satisfied
exactly when —6 < p < 2, which is option D.

1.20 Answer A TMUA 2021

A straight line meets a quadratic at exactly one point if and only if there is a repeated root to
the simultaneous equations. Substituting for y in the first pair gives

20 +3=2a%+bx+ec.

This rearranges to 2+ (b—2)z + (¢ —3) = 0. As this has a repeated root, its discriminant must

be zero, so
(b—2)2 —4(c—3)=0.

The second line likewise gives (b — 4)? — 4(c + 2) = 0. Expanding and simplifying these two
equations gives the following simultaneous equations for b and ¢:

b* —4b—4c = —16

b* — 8b —4dc = —8
Subtracting these two equations gives 4b = —8 so b = —2 and hence ¢ = 7. Therefore b—ec = -9,
which is option A.
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1.21 Answer A TMUA Specimen - Paper 1 - Q9

The roots of the equation, using the quadratic formula, are

11 £ 112 — 8¢
€Tr =
4

and these differ by
2v112 — 8¢
1 —

so we require V112 — 8¢ = 4, or 121 — 8¢ = 16. Thus 8¢ = 105, so ¢ = 1%:5 and the answer is A.

2

€Tr =
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1.22 Answer C TMUA 2020 - Paper 1 - Q9

As 22 — 142 + 9 = (z — a)(z — ), the roots of the quadratic x? — 14z + 9 = 0 are o and 3.
Approach 1: calculate o and 5

The most obvious approach to answering this question is to calculate a and (3 directly using the
quadratic formula:

14+/142 —4x1x9 14+£2/72-9
o, = v 5 = > =7V —9=7+V40=7+2V10

But now we need to find the square root of these expressions. We can guess that it has the form
p 4+ g+/10 for some integers p and ¢q. Squaring this gives

(p+qV10)* = (p* + 10¢%) + 2pgV/10
We cannot make p? + 10g%> = 7, but if we take p = 2 and ¢ = £1, we get 14 + 4/10, which
is 2a or 23. So if we divide by /2, taking p = v/2 and ¢ = :t%, we will obtain o and 4.

Therefore
Va, B =+(vV2+ V).

However, we must take the positive values for o and 3, so we must have

Va, B =V5+V2).
Therefore
(o= V@) (= VB) =" - (Va + VB) + Va3
=22 — (V5+v2) + (V5 - v2))z + (V5 +v2) (V5 - V2)

=22 -2V 43
=22 — 20z +3

which is option C.
Approach 2: use properties of o and (3

An alternative way of approaching this question is as follows.
If we expand the two quadratics of interest, we have
(z—a)z—B)=a*-(a+Br+af =214z +9
(e = va) (e = vVA) = * = (Va+/B)+ vay/A

Thus o+ 8 = 14 and a8 = 9, and we need to determine /o 4 /3 and /ay/B. We can take the
square root of a8 = 9 to obtain /a\/B = 3.

Next,

(Va+vB) =a+pB+2/ay/B=14+2x3=20

using the values we have determined already, and so /a + /B = v/20. Therefore the correct
answer is option C, as before.
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1.23 Answer D TMUA Specimen - Paper 1 - Q12

The volume of the prism is the length times the cross-sectional area, so we need to work out the
area of the equilateral triangle:

C

2z 2z
B
r M
We could use trigonometry and the formula for the area of a triangle, area = %ab sin C'; this
gives the area as %(29:)(25) sin 60° = z%/3.
Alternatively, we could find the length CM using Pythagoras’s theorem, giving CM? = (2x)? —
22 =322, so CM = zv/3. Thus the area of the triangle is %AB x CM = 2%V/3.
Thus the volume of the prism is T = x2d/3.

The total surface area of the prism is twice the area of the triangle, plus the area of the three
rectangular faces, so
T = 20%V/3 + 3(2xd) = 222V/3 + 62d.

These expressions for T' are equal, so

22dV3 = 22°V3 4 6xd.
Collecting the d terms to the left hand side gives

22dV3 — 6zd = 22°V3
SO

d(z*V3 — 62) = 222V3

hence

21“2\/2_} Qm\/§

:azz\/g—ﬁm_m\/g—({

If we now divide the numerator and denominator by v/3, we obtain

B 2x
B 93—2\/5’

which is option D.
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1.24 Answer E TMUA 2021 - Paper 1 - Q12

We can complete the square with the first function: we have

2t — pa? = (22 — %pZ)Q _ lep4

This attains its minimum value when the parenthesised expression is 0, that is when = = i% p.
At that point, 2! — p?a? = —ip‘l = —9, so p* = 36. Since p is a real number, we must have
p? = 6 (rather than —6).
We now consider 2 — px + 6. We can again complete the square to get

z* —pr+6=(x—1p)?—1p°+6.
The minimum of this function again occurs when the parenthesised expression is 0, that is when
T = %p. At this point,

P+6=-1x6+6=

] [Ce)

a2t —pr+6= —ip
and so the answer is option E.

Alternatively, we could have used calculus instead of completing the square to find the minima;
the results would be the same.

1.25 AnswerD TMUA 2022 - Paper 1 - Q12

The formula for yj, is given in completed square form. The minimum of the graph y = a(z—b)*+c,

where @ > 0, is at £ = b, and the minimum value is ¢. Therefore the minimum of y; is at
2

(5,5 + 4k +3).

The minimum of the minimum y-coordinates is therefore the minimum of % + 4k + 3. We can
find this minimum either by completing the square or by differentiating this with respect to k.
Let us use the latter method here as it seems simpler. We have

d [(k?
1 (5"!‘4.’64-3) =k+4

so the minimum occurs at k = —4, giving

ko k2
= Ak = (-2 —
(2,2+ +3) (=2, —5)

so that a + b = —7, which is option D.

1.26 Answer A TMUA Specimen - Paper 2 - Q12
This is an application of the remainder theorem. If we divide p(z) by (z — 1), we get a quotient
¢(z) and a remainder r. We can write this as
p(2) = (@ — Dalw) +r.
If we now substitute z = 1 into this identity, we obtain
p(1) =r,
so we must have r = 2 (since we are told p(1) = 2). Therefore
p(x) = (x — 1)g(x) + 2 for some polynomial g(x),
which is option A.

It may be the case that some or all of B, D, E, F, G and H are also true, but we cannot deduce
this from the given information. C must be false, as if we substitute x = 1, we obtain 2 = —2,
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1.27 Answer C TMUA Specimen - Paper 1 - Q13

We can determine the answer to this question by locating the stationary points of the function
f(x) = 2% — 42® + 42 — 10. We have

t'(x) = 4a® — 1222 + 8z = da(2? — 32+ 2) = 4z(x — 1)(z — 2).
There are therefore stationary points at x = 0, x = 1 and # = 2. Substituting these values
into f(x) gives us the y-coordinates of these points on the graph of y = f(x): they are (0, —10),

(1,—9) and (2, —10). Since f(z) tends to +00 as z tends to 400 or —oo, the graph looks roughly
like this:

Y

There are thus only two real solutions to f(z) = 0, and the answer is option C.

1.28 Answer A TMUA 2022 - Paper 1 - Q13

Expanding the brackets gives

4

313

SO
4 33 — /2
W—ab: 2.

We are interested in the least possible value of ab, so we can find the least possible value of a*b?
and take the cube root. Let us simplify the notation by writing = b3, so % —z =2

Multiplying by x gives a quadratic: 4 — 2> = v/2 2, which we can rearrange to 2> ++v22 -4 =0
and then solve using the quadratic formula:

m_—\/ii;/2+16_ —\/é;t?nﬁ__z\/ior /3

Since we want the least possible '\fal?ue1 of x, we take © = a®b® = —2v/2 = —2%, and so the
minimum possible value of ab is (—22)3 = —22 = —/2, which is option A.
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1.29 Answer F TMUA 2017 - Paper 2 - Q14

We can complete the square for the original quadratic:
22—z +ce=(x -0 - +c

so the vertex P is at (b, ¢ — b?).

The graph given shows that b > 0 and ¢ — 5% > 0.

The new quadratic is
2> —2Bx+c=(z—B)>-B?+c¢

so the new vertex is at (B, c — B?).

Now B > b, so the new vertex is to the right of P. As B > b > 0, B?> > b? so ¢ — B% < ¢ — b?,
and the new vertex is below P.

Therefore the correct answer is F.

1.30 AnswerD TMUA 2016 - Paper 2 - Q15

We start by finding the roots of f(x) = 0. They are given by the quadratic formula, and are

2p + +/(—2p)2 — 4q
1Ty = (2 ) =pEtVp'—q

The roots are real if and only if the discriminant is non-negative, so if and only if p? — ¢ > 0.

The difference between the roots is ro — ry = 24/p? — ¢, so the condition (x) is true if and only
if
pP’—qg=0and 2 < 2/p? —qg< 4

so it is true if and only if
pPP—qg=0and 1 <\/p?—q<?2

which is true if and only if
p?—qg=z20and l <p?—qg<4

The first condition is implied by the second condition, so both conditions are true if and only if
1 < p?—q < 4, which we can rearrange to g+1 < p? < g+4. Subtracting 1 gives ¢ < p*—1 < g+3,
which is condition D.

We can also show that the other four statements are not true if and only if (x) is true, as follows.

Statement A fails, because the left inequality ¢ < p? is not the same as ¢ < p? — 1. Statement A
is true if (%) is true, but (x) could be true without statement A being true; in other words
“statement A is true only if (x) is true” is false.

Statement B fails, because this requires p > 0, whereas we could have p < 0; thus, statement B
is true only if (%) is true, but “statement B is true if (x) is true” is false.
Statement C fails, because this allows for the difference between the roots to be exactly 2 or 4.

So statement C is true if (*) is true, but “statement C is true only if (*) is true” is false.

Finally, statement E fails, because the second inequality is equivalent to p?> — 1 < ¢ + 4, so
similarly to statement A, statement E is true if (*) is true, but “statement E is true only if (x) is
true” is false.

So the correct option is D.
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1.31 Answer E TMUA Specimen - Paper 1 - Q16

We begin by simplifying this expression; we write each term as a product of prime powers to
obtain:
10@—20! % 202c+d (2 % 5)c—2d % (22 % 5)2c+d
]¢ x 125¢+d T (23)0 x (53)c+d
9c—2d+2(2c+d) o pe—2d+(2c+d)

23c y §3(ctd)
95¢) y K3c—d
= S5 5 gierd
— 22c x 5—4d
For this to be an integer, we require 2¢ and —4d to be non-negative integers. Since ¢ and d are
non-zero integers, we need ¢ > 0 and d < 0, which is option E.

(In fact, this is an “if and only if” condition; options C, D and F would make the expression
non-integer, as would A and G; while conditions B and H are necessary, they are not sufficient:
if d < 0, it is still possible that ¢ < 0, so it is not true that the given expression is (necessarily)
an integer if d < 0.)

1.32 Answer F TMUA 2019 - Paper 2 - Q16

For the quadratic to intersect the x-axis at two distinct points, we require the discriminant to
be positive. In this case, this gives

¢ —4p® > 0.
We can either deduce the correct graph by solving this inequality, or decide between the given
options by checking various points. We show both approaches here.

First, we can write the inequality as (¢ — 2p)(q¢ + 2p) > 0. Therefore, this inequality holds when
either ¢ —2p > 0 and g+ 2p > 0, or when ¢ —2p < 0 and g+ 2p < 0. The first case gives g > 2p
and ¢ > —2p. As p > 0, this simplifies to ¢ > 2p. The second case gives ¢ < 2p and ¢ < —2p,
which simplifies to ¢ < —2p. So the solution is ¢ > 2p or ¢ < —2p, and this is shown in graph F.

Alternatively, we can check values of p and ¢. When p =1, ¢ = 0, ¢ — 4p? = —4 < 0, so this
point cannot lie in the region. This eliminates options A, C, E and G. Next, we test a point
with ¢ < 0, say p = 1, ¢ = —4. This gives ¢ — 4p> = 12 > 0, so this point is in the region. This
eliminates options B and D, so we are left with F' or H. Finally, we can check a point which
distinguishes the two, say p = 2, ¢ = 3, which gives ¢> — 4p®> = —7 < 0, so this point is not in
the region. Therefore the correct answer is graph F.

1.33 Answer D TMUA Specimen - Paper 1 - Q17

The quadratic equation can be written as az? 4+ (a — 2)z — 2 = 0, which has discriminant
(a—2)* —4a(-2)=a® —da+4+8a=a*+4a+4=(a+2)>
The quadratic has real distinct roots when the disciminant is positive, so when (a + 2)% > 0.

Now (a+2)% = 0 when a = —2, and (a+2)? > 0 for all values of a, so (a+2)? > 0 when a # —2,
which is option D.
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1.34 Answer A TMUA 2020 - Paper 1 - Q17

A graph-based (exam-suitable) approach is as follows: Thinking about a sketch graph of y = /=,
any negative value of m will lead to a single point of intersection, so we must be restricted to
m > (0. This excludes options D and F. When ¢ < 0, there can be at most one point of
intersection. The only option which rejects all possible values of m when ¢ < 0 is A, so that
must be the correct option. (This option does not make sense when ¢ = 0, but we ignore that.)

An algebraic solution is as follows.

The line and the graph intersect when mx + ¢ = \/x, where x > 0. If m = 0, there is at most
one solution, so we cannot have m = 0. The equation rearranges to give a quadratic in /z,
namely mx — \/z + ¢ = 0. For there to be two distinct non-negative solutions, we first require
the discriminant to be positive, so 1 — 4me > 0, or 4me < 1. We can write the roots explicitly

as
14+ +/1—4me
Vo= e
2m
and we require both of these to be non-negative. The midpoint of the two roots is ﬁ, so if
m < 0, one or both of the roots is negative; we must therefore exclude this case. So we must
have m > 0 and 4me < 1. If ¢ < 0, then 1 — 4me > 1, so 1 ldme ”;ﬂ:m < (; this therefore gives

only one non-negative root.

We are thus left with two possibilities: m > 0 and ¢ = 0, or m > 0 and 4mc < 1, which
rearranges as 0 < m < i. The closest offered option is A.

1.35 Answer D TMUA 2023 - Paper 2 - Q18

Writing v = 2, the equation becomes u? + bu+¢ = 0. This has two distinct real roots u; and us
if and only if b — 4¢ > 0, or b* > 4¢, so this is a necessary condition.

The roots of the original equation are then given by x = +,/u; and x = +,/us. So for the
original equation to have four distinct real roots, we require uw; and ug to be distinct positive

real numbers. We have
—b+ Vb2 —4de
2

so the smaller of the two is %(—b — Vb2 — 4(:). If b > 0, then this will be negative, so we require

b < 0. Supposing b < 0, we also require —b > V/b? — 4¢, which becomes on squaring (as both
sides are positive) b2 > b? — 4c, so ¢ > 0.

Uy, U2 =

Putting these all together, the original equation will have four distinct real roots if and only if
all of the following hold:

. b2 > 4de
) b<0
. c>0

As ¢ > 0, we can deduce that b* > 4c if and only if b > 2\/c or b < —2+/c. Since we require
b < 0, the first is not possible, so the pair of conditions b < 0 and b* > 4c is equivalent to the
single condition b < —2+/c.

Therefore a necessary and sufficient condition for the original equation to have four distinct real
roots is ¢ > 0 and b < —2,/¢, which is option D.
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1.36 Answer D TMUA 2017 - Paper 1 - Q19

We can sketch the graph of y = 2% + bz + ¢. It intersects the z-axis at p and ¢, and intersects

the y-axis at ¢ < 0. So the graph must look like this:
Yy

However, the vertex might be either side of the y-axis.

To solve the inequality 2% + bex + ¢* < 0, we need to find where this equals zero. We can use

the quadratic formula for this: 22 + bex + ¢ = 0 when

—be £ 4/ (be)? — 4¢P
2

%(—bc:t b2c? — 4Ac?)
= %c(—b:t Vb2 — 4de)

Going back to the original quadratic, we can solve it to find p and ¢ in terms of b and c:

p,q = 3(=b+ Vb2 - 4¢)

Comparing these, we see that the roots of 22 + bex + ¢ are pe and ge in some order. So the

solution is C or D.

To distinguish between these possibilities, we need to know which is the larger of pc and gc.
Note that we were told that ¢ < 0. Since p < g, it follows that pc > gc, and so the answer is D.

It turns out that we didn’t actually need our graph sketch.
A somewhat less obvious approach to this question is as follows.
We can divide the second inequality by ¢ > 0, so 2 + bex + ¢ < 0 is equivalent to

332

bx
—2+—+C<0
c c

(%)2+b(%)+c<0

or

This is the same as our original inequality, just with = replaced by ¢, so its solution is p < £ < g.

Multiplying this by ¢ < 0 then gives the solution pc > x > qc.
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1.37 Answer E TMUA 2020 - Paper 1 - Q19

Let us write f(x) = 22 — 522 — 52. We first note that f(z) is a quadratic, and that f(0) = —52.
We might notice that f(52) = 522 — 522 — 52 = —52, or we could complete the square to find
that f(z) = (x — 26)? — 262 — 52, so the line of symmetry is at = 26, again giving f(52) = —52.

It follows that f(x) < 0 when 0 < 2 < 52 (and other values of x just outside this range).

We next check f(53). We have f(53) = 53?2 — 52 x 53 — 52 = 53% — 52 x 54. Now 52 x 54 =
(53 —1)(53 +1) = 532 — 1, so f(53) = 53> — (532 — 1) = 1.

Therefore 53 is the smallest integer for which f(z) > 0, and the correct answer is option E.
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1.38 Answer E TMUA 2019 - Paper 2 - Q19

This is a rather ugly looking expression! Let us consider the first square root to begin with:

V8 —4v2+1

We could simplify this to v/9 — 4y/2, but it seems likely that the examiners have written it in
this way to help us.

One way to approach this question is to square the given expression, see what comes out, and
then compare the answer with the squares of the given options. We will try this approach below.

Another approach is to see if we can write the inside of the square root as the square of something.
We have 8 = (2/2)? and 1 = 12, which suggests that we try 2¢/2 4+ 1. But as the middle term
has a minus sign, we should actually try 2v/2 — 1. Squaring this gives

(2v2-1)" =8 —4v2+1

V8 —4vV24+1=2V2-1.

It is important that we take the positive square root; since 24/2 > 1, this is the positive square

Toot.
V9 —12v2 +8=3—2V2,

where again we note that 3 > 21/2, so this is the positive square root.

and so

Similarly,

These sum to 2, and hence the answer is E.

The alternative approach was to square the given expression. Writing it as

\/9—4\@+ \/17—12\&

we can square it to get

9—4\/§+17—12\/§+2\/(9—4\/§)(17—12\/§)

= 26— 16V2 + 2\/153—68\/5— 108v2 + 96

— 26 — 16v/2 + 21/249 — 176+/2

Unfortunately, we are now left in an even worse situation than we started with, as we have to find
some way of simplifying this square root; can we find @ and b with (a —bv/2)? = 249 —1761/2? It
turns out that 11 —8v/2 does the job; this, however, is negative (as 112 < (8v/2)?), so the positive
square root is 84/2 — 11. Thus the whole expression simplifies to 26 — 16v/2 + 2(8\/5 —11) = 4,
and so the correct solution is v/4 = 2, which is option E.

The first approach was certainly simpler.
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1.39 Answer C TMUA 2020 - Paper 1 - Q20

1++/1—4a

The equation has solutions x = a and x = 5

One case in which there are two distinct values is when 1 — 4a = 0 and a # %, which occurs

when a = %.

The other case in which there are two distinct values is when a is one of the solutions of the
quadratic 2 — 2 + a = 0. We could find this by equating a = 1tv1-da ‘21_4“, but a much simpler
approach is to substitute x = a into the quadratic, giving a? — a 4+ a = 0, hence a? = 0 giving
a=0.

Therefore there are two such values, a = 0 and a = i, which is option C.
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1.40 Answer B TMUA 2018 - Paper 2 - Q20

An algebraic approach

‘We can manipulate the equation algebraically. We could square it immediately, but it is probably
simpler to first move one of the square roots to the other side so that there is only one square

root on each side, that is /x +p=p—
‘We can now square this to obtain

z+p=p—2pVr+a
so 2p\/x =p* —p

If p # 0, we can divide by p to obtain 2,/ = p — 1. Since the left side of this must be positive,
there will be a solution as long as p > 1.

We also need to check that when p > 1, the solution obtained does satisfy the original equation.

We have \/z = %(p —1)sox = %(p —1)2. Then the left side of the original equation becomes

Vie—024p+ /A -0 =+ 02+ Ao -2 = dp+ D+ S -1 =p

and so this is a real solution.

Finally, when p = 0 (which we excluded earlier), the equation becomes /z + /2 = 0, which has
the solution = 0.

Thus the correct option is B.
A graphical approach

We can sketch the graph y = /& + p+ +/z. We know that /z is an increasing function, defined
for x = 0, taking only non-negative values. It follows that y = /x + p is also an increasing
function, defined for > —p, being a translation of y = \/z by p in the negative x-direction.

Here is a sketch of the two graphs for some p > 0

y/

Clearly, there cannot be a solution for p < 0, as the left hand side is never negative. For p > 0,
the function on the left hand side is defined for all x > 0, and is increasing towards infinity. So
the smallest value the function takes is when x = 0, which is \/p, and it takes on every value
larger than this. So there will be a solution to the original equation whenever /p < p, which is
whenever p < p?, that is p> —p > 0 or p(p — 1) > 0. This holds for p < 0 and p > 1. Since we
also require p = 0, there is a solution for p = 0 and for all p > 1.
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WORKED SOLUTIONS - CHAPTER 2 - UNIT P2

Coordinate Geometry 1

2.1 AnswerF TMUA 2021 - Paper 1 - Q1

Approach 1: using the equations of the circles
We can find the equation by solving the equations of the circles simultaneously.
The equations are
(+2)°+(y—1)* =+
(=3 +(y+2)° =+
(We do not know the radius, so we have called it r; we are given that both circles have the same
radius.)

We can expand the brackets to give

4 dr+44+9y -2+ 1=r?
2t =6+ 9497 +dy+4=r?

Subtracting these equations then gives an equation which must be satisfied by any points lying
on both circles:

10z — 6y —8=10
which simplifies to 5x — 3y = 4, and so the answer is F.
Approach 2: using geometry
The circles have the same radius, so by symmetry, the straight line through the two points of

intersection must be the perpendicular bisector of the line segment joining the two circle centres,
as shown in this diagram:

of the line joining the centres is 3:2(:%) = % Therefore the gradient of the perpendicular
5

bisector is 3, and it has equation

In our case, the two centres are at (—2, 1) and (3, —2), so the midpoint is as (3, —3). The gradient

Multiplying by 3 gives

which rearranges to give
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2.2 Answer B TMUA Specimen - Paper 2 - Q1

We first divide by 2 to get 2 + 4% + ..., then complete the square for x and ¥:
2% + 2y —8x+ 12y + 15 =10

— 2 +yt —dr+6y+ L =0
= (2-27-22+(y+3°-3*+L2=0
= (x=2)"+@y+3)°=%

so the radius is %, which is option B.

2.3 AnswerD TMUA 2022 - Paper 1 - Q2

We rewrite the equation in completed square form: starting from
2t —2pr+y? —6y—p +8p+9=0,
completing the square for z and y gives
(@ —p) ="+ (y =37 -9-p* +8p+9=0,

which simplifies to

(& —p)° +(y—3)" 2" +8p=0
or

(x—p)° +(y—3)* = 2" — 8p.

This is a circle with squared radius 2p® — 8p, as long as this is positive. So the complete set of
values of p for which the original equation describes a circle in the zy-plane are those for which
2p% — 8p > 0, or p* —4p > 0.

This factorises as p(p — 4) > 0, which has roots p = 0, p = 4, so the complete set of values in
which the inequality holds is p < 0 or p > 4, which is option D.
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2.4 AnswerE TMUA 2017 - Paper 2 - Q2

A quick sketch (not drawn to scale) may help us here.
Y

Q(1,8)

P(0,6) f.

PQ has length /12 4 22 = /5 by Pythagoras’s theorem.

The gradient of P() is Ej — g = 2, so QR has gradient —%

We could now find the coordinates of R by finding the equation of the line @R and substituting
in y = 0 to find the z-coordinate of R.

Alternatively, if we set the coordinates of R to be (r,0), we can just use the known gradient of
@R to find r:

0-8 1
r—1 2
SO%:%g'NingT—l:lﬁ, hence r = 17

Therefore the length QR is
Vir—1)2 4 (—8)2 = /162 + 82 = 8/22 + 12 =85
which gives the area of PQRS as v/5 x 8V/5 = 40, and the answer is E.

Interestingly, it turns out that we only actually needed r — 1; we did not need to know the actual
coordinates of R.
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2.5 AnswerE TMUA 2021 - Paper 2 - Q2

We can sketch the situation:

We know that the two diagonals of the square bisect each other at right angles, so this question
requires us to find the perpendicular bisector of AC.

The midpoint of AC' is (0'5—4, 2'5—0) = (2,1), which is the centre of the square.

The gradient of AC is 2%3 = —%, so the gradient of BD is 2.

The equation of BD is therefore y — 1 = 2(x — 2), which rearranges to give y = 2z — 3, which is
option E.
2.6 Answer B TMUA Specimen - Paper 1 - Q3

We find the equation of the perpendicular bisector first, and then find the x-coordinate of this
line when y = 0.

The midpoint of the line segment joining (2, —6) and (5,4) is (%, —1), and the gradient of this
4-(=6) _ 10

line segment is —— T -

Therefore the perpendicular bisector passes through (%, —1) and has gradient —%. Its equation
is therefore

3 7
y— (1) =—qglr—3)
We could expand and simplify this equation, but that is not necessary for our purposes. Instead,
we substitute y = 0 to obtain

1= —fh(-B)
giving
S0 T = % - % = % - % = % showing that the correct answer is option B.
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2.7 Answer A TMUA 2017 - Paper 1 - Q3
It is always worth drawing a sketch for questions like this, to ensure that we know what area is
being referred to.

The line [ has a negative gradient, and passes through the point (0,6); it also intersects the
x-axis at (3,0). So the sketch looks something like this:

Y

—6 0 3

We see therefore that the required area is a triangle with base length along the z-axis of 3—(—6) =
9. Thus to find the area we only need to find the y-coordinate of the point of intersection of the
two lines.

The equation of the second line, I, can be given by y — y13 = m(z — x1): its gradient is the
gradient perpendicular to —2, which is %, and it passes through (—6,0), so it has equation
U':iy—-0= %(m—(—ﬁ))
which simplifies to y = %a: + 3. We can find the coordinates of intersection by solving the
equations of [ and I’ simultaneously. Substituting for y, we get
6—2z=qz+3

S0 %a: =3, orx = g This looks plausible from the sketch. We then get y = %:E +3= 1‘—58 (and

we can check that the equation of [ gives the same y-value). Thus the area of the triangle is
Ix9x B =8 _16i

and the correct answer is A.
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2.8 Answer E TMUA 2018 - Paper 1 - Q3

The first circle has centre (—2, 3) and radius V18 = 3v/2
The second circle has centre (7, —6) and radius v/2

It would help to draw a quick sketch of the situation.
Y

//)4" \‘\\

~

[ --6)

It seems clear from the sketch that to find the shortest distance between the circles, we should
draw a line between their centres and find the length of the segment which lies outside both of
them:

Y

//, .\\\

The distance between the centres is

V(=2 =2+ (3 (=6))2 = VBI + 81 = 9v2

and if we subtract the two radii (3v/2 and +/2) for the parts of the line which lie within the
circles, we are left with 9v/2 — 3v/2 — /2 = 5v/2. The correct answer is E.
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2.9 Answer B TMUA 2022 - Paper 2 - Q4

We can rewrite the equation of circle by completing the square to find its centre. We get:
@+ )=+’ +h=0
which we can rearrange as

@+ )P+ y+g9?=f+g¢"—h

Therefore the centre is at (—f, —g) (and the radius is v/ f? + g2 — h, but that is not relevant to
us here).

Then the distance between the centre of the circle and the point P is given by

L*=(p+ [P+ (¢+9)

so we need the values of f, g, p and ¢q. Hence the correct answer is option B.

210 AnswerB TMUA 2017 - Paper 1 - Q6

This calls for a sketch. The circle 22 + y? = 144 is centred on the origin and has radius 12:

Y
k

,-/ A

.“f \‘l“

| | .
g 0 12 20

\‘\\ y /

\\ ) /

It’s not exact, and it’s not drawn to scale, but it’s good enough to work with. The blue radius
is perpendicular to the tangent line. We are trying to find the value of k.

Approach 1

We could work out the equation of the tangent line. It has gradient m (which we don’t know)
and passes through (20,0), so it has equation y = m(z — 20). Since it is tangent to the circle,
solving the two equations simultaneously must give one repeated root.

We have 22 4 y* = 144 into which we can substitute y = m(x — 20) giving

22 +m?(xr — 20)% = 144
= 2% + m?(x? — 40z 4 400) = 144
= (m?+1)2? — 40m?z + 400m? — 144 = 0

We want this to have exactly one root for z, so we need the discriminant to equal zero, giving

(—40m?)? — 4(m? + 1)(400m* — 144) = 0.
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We can take out a factor of 4%
(10m*)? — (m? + 1)(100m? — 36) = 0
and then expand the brackets to give

100m* — 100m* + 36m? — 100m? + 36 = 0

so 64m? = 36, or 8m = £6. Since m < 0 (as the line intersects the positive y-axis), we have

m = —g = —%. Thus the tangent line has equation
Approach 2

We might notice from the sketch that we have some similar triangles, since the radius meets
the tangent at right angles. If we label all of the vertices and equal angles, we will be able to
describe things more precisely:

So the triangles AOQR, APQO and APOR are all similar. We also know the lengths OR = 20
and OQ = 12 (as it is a radius). By Pythagoras’s Theorem, applied to AOQR, we can calculate
QR = 16 (and we might note that AOQR is a 3-4-5 triangle). We can then use the similarity
of triangles APQO and AOQR to find k:
PO  OR N k20
QO QR 1216
giving k = 15, as before.
Commentary: You might prefer one or other of these approaches. The second is shorter,
but requires some confidence with geometry and recognising similar triangles.
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2.11 Answer C TMUA 2019 - Paper 1 - Q6

We could try to solve this algebraically or geometrically. An algebraic approach looks difficult,
as we have two quadratic equations, and one of them has an unknown coefficient (that is, 72).
So we use a geometric approach instead.

The first circle has centre (—4, —1) and radius 8, while the second circle has centre (8,4) and
radius . The point (8,4) does not lie inside the first circle (it is more than 8 — (—4) = 12 units
away), so the two circles will have exactly one point in common when the first circle is tangent
to the second circle externally or when it lies inside the second circle and touches it internally.
Here is a sketch of these two situations:

Y Y

In the first case, where r = r1, we see that r; + 8 is the distance between the centres of the two
circles. In the second case, where r = ro, we see that ro — 8 is the distance between the centres.

Therefore r1 +8 = r9 — 8, so r9 — r1 = 16, and the answer is C.

Note that we did not even need to work out the actual values of r; and ry. If we had done so,
the distance between the centres is v122 +52 =13, s0r; =13 —8 =5 and r; = 13 + 8 = 21.

212 Answer B TMUA 2021 - Paper 2 - Q7

We start by drawing the square and the circle. Since the straight line bisects the area of each
shape, it must pass through their centres, as shown.

Y

This straight line therefore passes through the centre of the square at (0,1) and the centre of

the circle at (9,—2). The gradient of this line is then _92__01 = —%, so the line has equation
Y= —%aj + 1.
The line meets the x-axis where y = 0, so 0 = —%m + 1, giving x = 3.

Hence the correct answer is B.
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2.13 Answer E TMUA 2023 - Paper 2 - Q7

We can rearrange the equation to give by = —az + ¢, so
a . ¢
=——z+ 7.
YTV

Therefore the gradient is —% and the y-intercept is 7.

We go through the conditions to determine whether they are necessary and/or sufficient for a
positive gradient and positive y-intercept.

A § > 0 is equivalent to the y-intercept being positive. Next, § < 0 is equivalent to —% > 0,
which is equivalent to the gradient being positive. So this is a necessary and sufficient
condition.

B § < 0is equivalent to the y-intercept being negative, so this is neither necessary nor sufficient.
C If we take @ > 0 > ¢ > b, then —¢ > 0 and § > 0, so the gradient and y-intercept are both
positive. Therefore a > b > ¢ is not necessary.

D If we take a < 0 < ¢ < b, then —7 > 0 and § > 0, so the gradient and y-intercept are both
positive. Therefore @ < b < ¢ is not necessary.

E If =3 >0 and § > 0, then § < 0 < §, so a and ¢ must have opposite signs. Therefore this
condition is necessary. But if @ and ¢ have opposite signs, we know nothing about the sign
of b, so we might or might not have —% > 0. So this condition is not sufficient.

F As in E, if the gradient and y-intercept are both positive, @ and ¢ must have opposite signs,
so this condition is not necessary.

The correct option is therefore E.

2.14 Answer D TMUA 2016 - Paper 1 - Q9

The initial circle looks like this:
Y

| (@.5)
(3,3)" //

x

3+7 345
The centre of the circle is at the midpoint of this diameter, which is (% %) = (5,4),

and the radius is therefore

V(5 —3)2+(4-3)2= 5.
The transformations do the following to the centre and radius of the circle:

Centre Radius
original (5.4) V5
after translation  (2,4) NG
after reflection (2, —4) V5
after enlargement (2, —4) 45

Therefore the final circle has equation
(x —2)* + (y +4)> = (4V5)* = 80

and the answer is D.
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2.15 Answer F TMUA 2017 - Paper 1 - Q9

We clearly need to work out the radius of the circle to get anywhere on this problem. We can
do this by completing the square. The equation of the circle, z? + y? — 18z — 22y + 178 = 0,
becomes
(x—92 -9+ (y—11)2 112+ 178 =0
With a little bit of arithmetic, we can rearrange this to give
(x =9+ (y—11)> =24
so the circle has a radius of r = /24

We now need to work out the area of the inscribed regular hexagon. We sketch the hexagon and
its diameters:

It is clear from the sketch (and even from a not-very-precise sketch) that the hexagon is composed
of six triangles, each of which is equilateral and has side length equal to the circle’s radius r.

We can work out the area of one of the triangles either using Pythagoras’s Theorem or using
the formula %ab sin C' for the area of a triangle.

The trigonometric formula %ab sin C' gives %7’2 sin 60° = %Tg. Substituting 72 = 24 then gives

each triangle an area of 61/3, and so the whole hexagon has an area of 36v/3, which is option F.

Alternatively we can proceed using Pythagoras’s Theorem. If the height of the triangle is h,
then we have:

T

b=

V3 V3

Therefore h? = r? — (%T)Q giving h = 571 and the triangle has area %frh = T'rg as before.
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2.16 Answer F TMUA 2023 - Paper 1 - Q13

It would help to sketch the circles. The first circle has centre (2,1) and radius 4; the second
has centre (4, —5) and radius 4. (This is not an accurate sketch, though we have noted that the
second circle touches the y-axis.)

Y

2.1)

N

It is clear that the furthest apart that P and @ could be is if they are on the line that passes
through the two circle centres as shown below:

Y
P

(2.1)

HV

\

Q

The distance between P and () is then the sum of the radius of the first circle, the distance
between the centres and the radius of the second circle.

The distance between the centres is /(4 — 2)2 + (=5 — 1)? = v/40 = 2+/10 and each radius is 4,
so the maximum distance is 8 4+ 2+/10, which is option F.
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2.17 Answer F

We rewrite these equations in the form y = max + ¢:

_a c
Y=
b a

= —_-—1I - -
y c c
c b
Yy=——r— —
a a

Since these equations are cyclically symmetrical (replacing @ — b — ¢ — a leaves the set of
equations unchanged), we may assume the two parallel or perpendicular lines are the first two.

A

B

If the first two lines are parallel, then § = %, but this does not imply that € is equal to these.

b

c
a
For example we could have a =1, b= 2, c =4 giving § = 2 = % but ¢ = 4.

The same example shows that the third line need not be perpendicular to the other two.

In fact, in this case, since 2 = (—%) (—%) = (—%)2 > 0, the third line will always have a

negative gradient (namely —<), even if the first two also have negative gradients.

The same example shows that this is not necessarily the case; in fact, as the third line always
has a negative gradient, it cannot be parallel to y = x.

D Again, the same example shows that the third line might not have gradient —1.

a b

E If the first two lines are perpendicular, we have (—5)(——) =%2=-1,50 —< =1 It is not

F
G

C
obvious why the lines should meet at a point, so let us return to this after we have looked at

the remaining options.
This is true: the calculation in E shows that the third line has gradient 1.

This is false: the third line has gradient 1, not —1.

So the correct option is F.

We still need to eliminate option E. Let us consider an example with a = 1, b = 2; we therefore

need ¢ = —1 as —g = 1. Thus the three lines are
1 -1
 te_ =
YTt
2 1
= —_———r — —
O
-1 2
= —-—r — —
4 11

which simplifies to

y=-32+3
y=2r+1
y=1x—2
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2.18 Answer B TMUA 2021 - Paper 2 - Q15

Approach 1
We start by completing the square to find the centre and radius of the circle:
(z+3a)* — (3a0)* + (y+ 30)* — (3b)* +c=0

which gives
(z+30)* + (y + $0)° = (30)* + (3b)* — ¢

so the circle has centre (—1a, —3$b) and radius \/(%G)Q +(3b)2 —c.

Now let us sketch a circle tangent to the y-axis:
LN

We can see that the circle is tangent to the y-axis if and only if its radius is equal to the
distance of its centre from the y-axis. This is not the same as saying the radius is equal to the
x-coordinate of the centre, as the centre may have a negative x-coordinate. As an equation, this
condition is then

1 1 1
Ve + (G0 == |3l

which, on squaring, is equivalent to

1,42 1302 (132

(30)"+ (3b)7 —c=(30)

(This is equivalent to the previous equation because both sides of the first equation are non-
negative.)
Subtracting (%au)2 from both sides gives ibz — ¢ =0 or b? = 4¢, so this condition is necessary
and sufficient for the circle to be tangent to the y-axis, which is option B.
Approach 2
The circle is tangent to the y-axis, x = 0, if and only if the pair of simultaneous equations
2?2 +ax+y* + by +c=0 and z = 0 has a repeated root.

Substituting 2 = 0 into the circle equation gives 32 + by + ¢ = 0, which has discriminant b — 4c.
So there is a repeated root if and only if b — 4¢ = 0, which is equivalent to option B.
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2.19 Answer C TMUA 2020 - Paper 1 - Q16

It is helpful to sketch the situation before going any further. The circle C; has centre (—2,1)
and radius /3, while circle Cy has centre (4,1) and radius V3. A quick sketch shows the
configuration:

C 1 | C2

There are four straight lines which are tangent to both of these circles: two of these are horizontal,
and the other two are not. We want the one with a positive gradient, so we sketch it on the
graph along with the radii which meet it.

Ch

By joining the two circle centres, we see that the angle the line [ makes with the z-axis, which
is #, is the same as the angle marked on this diagram. We have also labelled some of the points
so that we can refer to them later.

Since the radius at D meets the tangent ! at right angles, we can work out the side lengths of
the triangle OoDE and hence tan#. The distance between the circle centres is 4 — (—2) = 6,
so the hypotenuse EO3 has length 3. The circle Cy has radius OsD = /3, so by Pythagoras’s
Theorem, DE? = (EQ5)? — (D03)? =9 — 3 = 6. Thus DE = /6 and hence

V3 1 V2

tanl = — = — = —

Ve vz 2

and the correct answer is option C.
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2.20 Answer E TMUA 2023 - Paper 1 - Q16

A sketch is useful here; we also label the points as A(2,3), B(9,—1) and C'(5,k). The point C
lies on the blue line in this sketch.

Ya

We could have C' at about (5,5) and have a right angle at A. We could have C' a little lower
and have a right angle at C. We could have C' at about (5, —5) and have a right angle at C,
or we could have C a little lower and have a right angle at B. We work through these four
possibilities.

. Right angle at A. The gradient of the line AB is _91__23 = —%, so the gradient of the line
AC is %.
The equation of the line AC is thus y — 3 = I(z — 2). This intersects the line z = 5 when
y—3= %(5 —2), giving y =3 + % = %. So k= % gives a right-angled triangle.

. Right angle at B. As in the first case, the gradient of the line BC is %.

The equation of the line BC' is thus y +1 = g(r —9). This intersects the line 2 = 5 when
y+1= %(5 —9), giving y = —1 — 7= —8. So k = —8 gives a right-angled triangle.

. Right angle at C'. We could determine the possible values of £ either by observing that
the lines AC' and BC must be perpendicular, or by using Pythagoras’s Theorem to solve
AC? + BC? = AC?. Let us use the perpendicular approach here. We have

k-3 k-3
adient of AC = - -
gradient o - 3
k+1 k+1
gradient of BC = + = — +
5—9 4
These must multiply to —1, so
kE—3 k+171
3 4

which simplifies to (k — 3)(k + 1) = 12. We can solve this as a quadratic as usual: it
rearranges to k? — 2k — 15 = 0 giving k = 5 and k = —3.

Adding these possible values of k gives a total of % —-8+5-3= %, which is option E.
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2.21 Answer F TMUA 2022 - Paper 1 - Q19

Note first that the region where the centre of C'> may lie is entirely within the circle Cy, as
2% 432 =13 < 25.

As the radius of (] is 5, the circle Cy will intersect (' if and only if the centre of C5 is at least
a distance of 1 from the origin (the centre of Cy). This is because in this case, a line from the
centre of ('} passing through the centre of Cy will reach the circle C] before (or as) it reaches
the circle Cs, but a line from the centre of €7 in the opposite direction will reach s first. If,
though, the centre of C'y is at a distance of less than 1 from the origin, the furthest point on Cs
from the origin will be at a distance of less than 1+ 4 = 5 from the origin, so (5 lies entirely
inside C1.

The area of the allowed (a,b) region is 4 x 6 = 24. The (a,b) region where the circles do not
intersect is a circle of radius 1, with area m, lying entirely within the allowed region, so the
region where the circles do intersect has area 24 — 7.

24 —
Thus the probability of intersection is TW, which is option F.

hgsmaths.com Worked solutions - 2 Coordinate Geometry 1 216



WORKED SOLUTIONS - CHAPTER 3 - UNIT P3

Exponentials and Logarithms

3.1 AnswerB TMUA 2021 - Paper 1 - Q4

This function is a quadratic in u = 2%; we can rewrite it as

u2—23u+4
or
u2—8u+4.

We can complete the square to express this as
(u—4)? —4> +4=(u—4)?-12.
The minimum therefore occurs when v = 4, at which point the function value is 12.

We must also check that this value can actually be attained: w = 4 if and only if 2% = 4, which
happens when z = 2, so this minimum is attained, and the correct answer is B.

The minimum can also be found using calculus: differentiating u? — 8u + 4 gives 2u — 8; this is
zero when u = 4, at which point the function value is 42 — 8 x 4 + 4 = —12; this is a minimum
as the function is a quadratic with positive u? coefficient.

3.2 AnswerD TMUA Specimen - Paper 1 - Q5

y = —logyp(1 — )

= —y = logo(1 — ) negate
= 1007Y=1-= exponentiate to base 10
= a+107Y=1 add x
— r=1-10"Y subtract 107Y
so the answer is D.
3.3 Answer A TMUA Specimen - Paper 2 - Q5

The target logs 2 suggests that we want to take logarithms of both sides of the given approxi-
mation to base 3, giving
logs 25 logs 33

so that
dlogs2~3

and hence logs 2 ~ %, which is option A.
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3.4 Answer A TMUA 2020 - Paper 2 - Q5

Note that none of these graphs have scales on.

A key question is what happens to y when z is large and positive and when z is large and
negative.

2100
W. Since 2100

almost exactly 1. This excludes graphs B and C, where the value of y increases towards infinity.
It also excludes graphs D and E, where the value of y tends towards 0. We are therefore left
with graphs A and F.

If x = 100, say, then y = is a very large positive number, this fraction is

One way to distinguish between A and F is to compare the value at = 0 with the value when
x is large. When x = 0, we have y = % Since % < 1 and y is close to 1 when z is large, graph F
is not possible, so the answer is graph A.

2—100

Alternatively, we can consider what happens when z = —100, say. Then y = T3 00 Since
27190 js a tiny positive number, very close to 0, this fraction is almost exactly 0. This excludes

all of the graphs except for A and B; combining this with our earlier observations shows that
the correct graph is A.

3.5 Answer C TMUA 2020 - Paper 1 - Q6

The denominator is a quadratic in u = 5%, so we can write it as

1 B 1
w? —du+7 (u—2)2+3
The maximum value of this fraction is obtained when the denominator takes its minimum value,

which is when u = 2, giving a value of % We must also check that this value can be obtained;
this is the case as 5% = 2 has a real solution.

Therefore the correct answer is option C.

3.6 Answer A TMUA 2020 - Paper 1 - Q7

We write these two equations in powers of 2, giving:

23:1; — 23y+9
92e4+2 _ 3:?;_:: _ o(dy+4)—(3y+9) _ oy—5
Therefore we have
3z =3y+9
20 +2=y—>H
We can divide the first of these equations by 3 for simplicity, giving
T=y+3
204+2=y—5H

We can now solve these simultaneous equations; subtracting the first from the seconds gives
r+2=-8,s0x=—-10and y = —13, so x + y = —23, which is option A.
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3.7 AnswerF TMUA 2023 - Paper 1 - Q7
Note that P(z) and Q(x) being in the ratio 4 : 1 means that P(z) = 4Q(xz), so
27 44 = 4(20772) — 242 4 16).

Simplifying the powers, noting that 4 = 22, gives
27 44 =227 27 | 64,
This is a quadratic in 2%, so let us write © = 2*. The equation can then be written as
w44 =u? — 16u + 64.

This rearranges to u® — 17u+ 60 = 0, which factorises as (u—5)(u—12) =0, sou = 5 or u = 12.
Therefore, as u = 2%, we have x = logy 5 or = log, 12, and the largest possible value of x is
logs 12, which is option F.

3.8 Answer C TMUA 2016 - Paper 2 - Q7

The proof certainly begins with (1):
Let z =log, b and y = log, c.

We are then given a choice of writing d in various ways (line (2), (3) or (4)). We are given

logc d= (loga b)2

so we can rewrite this using z as log, d = 2%, Therefore d = @) which is line (3).

Our next choice is between lines (5) and (7) (these are the only options, as the correct answer
must be C or D); these are equivalent, but expressed differently. How can we get from d = @)
to d being a power of a? We must rewrite ¢ in terms of y: since y = log, ¢, it follows that ¢ = a¥,
sod= (ay)(wz), which is line (5).

Without doing any more work, the answer must therefore be option C, and the whole proof
reads as follows:

Suppose that log, d = (log, b)>.

(1) Let x = log,b and y = log,c. Then (3) d = =) so (5) d = (ay)(lj), S0

(9) d = a™™¥) s0 (7) d = (a®)*¥, and therefore (4) d = b, hence (*) as required.
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3.9 AnswerE TMUA 2017

The graph of y = f(x) looks like an exponential graph, so all of the four given statements
certainly seem plausible.

One approach to this question is to think about the shapes of different exponential graphs.
Another is to consider a specific value of z, and see what happens.

If we take x = 1, a® = a, and f(1) > a. We can now substitute z = 1 into the two expressions
for f(z) offered: f(x) = b* gives f(1) = b, so we would need b > a. Similarly, f(x) = a** gives
f(1) = a*. But it is clear from the solid line that @ > 1 (as " = 1 and a! = a > 1), s0 a* > a
requires k£ > 1.

So both statements 1 and 3 could be true, but not 2 or 4.

We can be even more careful and show that we cannot have just one of 1 and 3 being true. If
statement 3 is true, we have f(x) = a** = (a¥)*, so writing b = a* > a shows that statement 1
is true; likewise, if statement 1 is true, we have f(x) = b* = ('8 ?)* = (897 and log, b > 1,
so statement 3 is also true.

Hence the correct answer is E.

3.10 AnswerF TMUA Specimen

The options all involve logarithm to base 10, so we start by taking logarithms of the given
equation. This gives
log,o(a"b** ¢ = log;, 2
S0
logo(a”) +1og o (b*") + 1og1o(c*") = logyo 2.

We now use the index rule for logarithms to give

zlogiga + 2xlog o b + 3z log ¢ = log, 2
which factorises to

z(logiga + 2logn b+ 3logg c) = logy 2

and hence
logy 2

v logga + 2logig b+ 3loggc’

This, though, is not one of the offered options; we now have to apply the logarithm rules in

reverse to give
logyp2

T =
logyg a + logyo(b?) + logyo(c?)

which simplifies further to
logyg 2

N log,(ab®c?)

and so the answer is F.

3.11 Answer E TMUA Specimen -

We can start by finding the value of ¥ when « is close to 1. When x = 1.1, say, y = log; 2,
which is equivalent to 1.1¥ = 2. Now 1.12 = 1.21, so y > 2 (it looks as though y = 10). The
only graph with this value of y near z = 1 is E, so this must be the answer.

Alternatively, we could rearrange the equation to get z¥ = 2. y must always be positive,
otherwise z¥ would be less than 1. As x gets large, y must get closer to 0. Putting these
together again shows that only graph E works.
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3.12 Answer E TMUA Specimen - Paper 1 - Q11

Writing y = 27, the equation becomes y% —8y+15 = 0, which factorises to give (y—3)(y—>5) = 0.
Thus y =3 or y =5,s80 2 =3 or 2* =5.

The given options all use logarithms to base 10, so we will take logarithms of these two equations

1 3
to base 10. The first gives zlog;y2 = logy3, so z = 0B102 Likewise, the second equation
081p
: logig5 . :
gives x = . Finally, we can add these to obtain
logy 2

logyp3  logyp1d  logip(3 x5 logyo15
logip2  logip2  logip2 — logp2

and the answer is option E.

An alternative is to take logarithms to base 2, giving the roots as log, 3 and log, 5. These sum
to log, 15. Unfortunately, this is not one of the options offered, as they are all given using
logarithms to base 10. If you know the change of base rule for logarithms, though, which states

log,. b
that log, b = loica’ you can put ¢ = 10 to obtain the correct option.
C
3.13 Answer E TMUA 2016 - Paper 1 - Q11

This is a quadratic in 227, so we write y = 2°* and solve for y. The quadratic becomes

v 412 = 8y
as 427 = (22)% = 21r = (227)2 gpq 2%r+3 = 22¢ x 23,
This rearranges to y?> — 8y + 12 = 0, which factorises as (y — 6)(y —2) =0, s0 y =6 or y = 2.
Thus 22" = 6 or 22* = 2, with the value of x being larger in the first than in the second, so

2?7 = 6 and 2% = 2. The options are given in terms of log to base 10, so we take log;, of the
first equation. Thus 2plog,y2 = log;y 6 and 2¢ = 1, and hence

logq 6 nd g=1
2log2
Therefore
_ logy6 1
pma= 2log;p2 2

_log;6 —logp 2
B 2logp2
_logyp3
~ logy4

so the answer is option E.
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3.14 Answer H TMUA 2019 - Paper 1 - Q11

We can write the first equation as logs  +2logs ¥ = 1. Then writing X = logz x and Y = logs v,
the two equations become

X+2Y =1
XY =-3
We are interested in the values of X, so we rearrange the second equation to get ¥ = —3/X,

and substitute this into the first equation to give

6
X—}—l.

Multiplying this by X gives the quadratic X? —6 = X, or X? — X — 6 = 0. This factorises to
(X —3)(X+2)=0,s0 X =30r X =-2,s0x=3" is either 27 or §, and their sum is 27§,
which is option H.

We could also have solved this problem by writing Y in terms of X using the first equation, and
then substituting this into the second; it would have given the same result.

3.15 Answer A TMUA 2018 - Paper 2 - Q11

We sketch the graph of y = 2. We know that y = ma + ¢ is a straight line with gradient m
and a y-intercept of ¢, and we will imagine this line for different values of m and ¢. Solutions to
the equation 2* = maz + ¢ correspond to the z-coordinates where these two graphs meet.

Y

/ 1
T
I Recall that ‘P only if ()’ is the same as saying ‘if P then @Q’, so in this case, the statement
becomes ‘if the equation 2* = mx + ¢ has a negative real solution, then ¢ > 1’. But we see

that the line y = —x, with ¢ = 0, has a solution with negative real x, so this statement is
false.

IT  We can rewrite this statement as ‘if ¢ > 1 then the equation has two distinet real solutions’.
So we imagine straight lines passing through some point above (0,1), and we see that if
this straight line has a negative gradient, then it can only intercept the curve once. So this
statement is false.

IIT If ¢ <1, then a line with a negative gradient will still only intercept the curve once, so this
is also false.

Therefore none of the statements is true, and the correct option is A.
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3.16 AnswerD TMUA Specimen - Paper 1 - Q14

If the graph is a straight line, then we must have
(logy) = m(log ) + ¢

for some m and ¢; this is just the usual straight-line equation with x and y replaced by logx
and log .

This can be written as
logy = log(z™) + ¢.

If we now write ¢ = log (' for some C, then this becomes
logy = logz™ + log C' = log(Cz™).
Exponentiating both sides gives
y=Cxzx
which is in the form of option D.

An alternative to writing ¢ = log C' is just to exponentiate the equation logy = log(x™) + ¢. If
we suppose that the base of the logarithms is £, then this gives

y :I_mkc

(using k%Y = k%kY and k'8 = 4 for any u and v). Since k€ is a constant, this equation can be
rewritten as y = ax™ where a = k¢, and we again obtain option D.

3.17 AnswerF TMUA 2017 - Paper 1 - Q14

The equations involve 27 and 2%% = (27)?, so we write a = 27; likewise we write b = 2¥, and so
our equations become:

a+3b=3
a® — 9b? =6
The first equation gives a = 3 — 3b, which we can substitute into the second equation to obtain
(3-3b)% -9 =6
which expands to 9 — 18b = 6, and hence b = % and a = g

Another way to solve these simultaneous equations is to note that the second one can be written
as (a + 3b)(a — 3b) = 6, using the identity for the difference of two squares. Since a + 3b = 3,
this gives a — 3b = 2, from which we can again deduce ¢ and b.

We can now find x and y:
x=1logya=1logy 3 =p
y=logyb=logy 5 =4
and hence

5 1

5 1
p—q:log2§—log26:log2 (2 : 6) = logs 15

Thus the correct answer is F.
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3.18 Answer B TMUA 2018 - Paper 1 - Q14

There are a variety of different ways to approach this question. The following is probably the
simplest.

‘We can substitute the coordinates of the points into the equation of the line to obtain
logop=3m+4
4 =mlogap+4
The second equation gives mlogy p = 0, so either m = 0 or logy p = 0, so either m =0 or p = 1.
If m = 0, then the first equation gives log, p =4, so p = 16
If logy p = 0, so p = 1, then the first equation gives 3m + 4 = 0, which has a solution.
So there are two possible values of p, namely 1 and 16. Hence the answer is B.

Commentary: You might find it helpful to write q (for example) in place of log, p, so
that the equations become

q=3m+4
4d=mg+4

This makes their structure much more obvious.

3.19 Answer C TMUA 2021 - Paper 2 - Q14

Writing X = 2% and Y = log, y gives the simultaneous equations
pX+Y =2
X+Y=1
Subtracting gives (p — 1) X = 1, so as long as p # 1, we have X = ﬁ and so Y = f}%?.
Now the equation log,y = g%? gives a real value for y for any value of p # 1 (specifically
y = 2e=2/(e=1) hut the equation 2% = p%l has a solution if and only if Iﬁ > 0, which is if
and only if p > 1.

Therefore the original simultaneous equations have a real solution (z,y) if and only if p > 1,
which is option C.
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3.20 Answer E TMUA 2018 - Paper 1 - Q15

‘We note that 3 = (\ﬁ)2
So if we write y = (\/g)x, the equation becomes
v~ (V3)ly+20=0

or
y? =9y +20=0

This factorises to give (y —4)(y —5) = 0 so either y =4 ory =5
We can write y = (3%)3L = 327 g0 either 32% =4 or 327 = 5
We can now take logs to base 3 to obtain

%LE =logs4 or %47 = logs 5
SO

x=2logz4 or x=2logzb
The question has asked for the sum of the real solutions of the equation. Both of these are real,
so we can add them to get 2logs 4 + 2logs 5 = 2logsy 20 using the log rule logab = loga + logb

Hence the answer is E.

3.21 Answer A TMUA 2019 - Paper 1 - Q15

We look to see how we can simplify this problem. First, the powers are 9* and 3*. We can write
9% = (3%)% = 3% = (37)2, but it is not clear how this will help. But without a better idea, let
us go with it, and write u = 3%, so the question becomes

205

gu 4

Next, let us write everything as powers of 2, giving
2t") 1
2%u 92

Therefore ,
2'LL —3?1, — 2—2

SO we require
u? — 3u = —2.

We can rearrange this quadratic to give u? — 3u+2 =0, so (v — 1)(u — 2) = 0 giving u = 1 or
u = 2. Thus 3 =1 or 3* = 2, giving two possibilities: x = 0 or x = logs 2.

The question explicitly says “find the real non-zero solution”, so the correct answer is option A.
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3.22 Answer C TMUA 2020 - Paper 1 - Q15
We can start by rewriting logg(%) as — logy o, so the equation simplifies to

(logs )* + 12(—log, z)* — 2% = 0,
which further simplifies to
(logy 2)* 4+ 12(log, ) — 2° = 0.

Writing y = (log, 2)? gives the quadratic

y? +12y — 64 = 0.
This factorises as

(y +16)(y —4) =0,
so y = (logy z)? = 4 (as this cannot be negative.

Thus logyz = 2 or logyx = —2, giving x = 22 =4 or . = 272 = i. The positive difference
between these is 4 — i = 14—5, which is option C.

3.23 Answer B TMUA 2019 - Paper 2 - Q15

We expand the expressions using the logarithm rules, namely log(ab) = log a+1logb and log a™ =
nloga when a > 1. This gives

loga +2logh+ loge=17
2loga + logb+ 2loge =11
2loga+2logh+ 3loge =15

This is a set of simultaneous equations! If we write A = loga, B = logb and C = loge, they
become

A+2B+ C=7 (1)
24+ B+2C=11 (2)
2A+2B+3C =15 (3)
Subtracting (3) — (2) and (3) — 2 x (1) to eliminate A gives
B+C =4 (4)
—2B+C =1 (5)
Subtracting these then gives
3B=3

so B =1 (and thus C = 3, A = 2).

Therefore log b = 1, so the base of logarithms is b (and also a = b, ¢ = b?). The correct answer
is option B.

3.24 AnswerF TMUA 2022 - Paper 2 - Q15

Since log, y = 2z, we have y = z®. Likewise z = y*. Combining these gives
= y.'l' — (.’L’Z)I — m:L'Z'

1/zz

1 1
Therefore raising the equation to the power of v gives z =z, hence log, v = oot which is
z

option F.
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3.25 Answer C TMUA 2016 - Paper 1 - Q16

The first equation involves the sum of two logarithms, so we can rewrite it as:
logy(2(y — 1)) = logy 2

and so 2(y — 1) = 2.

The second equation becomes y + 3 — 3z = 1, as log, 1 = 0 for any base a.

We therefore have two simultaneous equations:

2y — 2 = z?
y—3x+2=0.
We want to find the values of y, so we rewrite the second equation to eliminate x:
CL‘ —_— y—-_2
3
and so the first equation becomes
2 2
2y -2 — (?Hé)

or
18y — 18 = y? + 4y + 4

which rearranges to give the quadratic y* — 14y + 22 = 0. The solutions to this quadratic are

V12— 4 % 22

and so the correct answer is C.

It would be good to check whether both of these solutions are valid (though the question does
not require us to do so). To be valid, we require both 2 > 0 and y > 1. Since v/27 < 6, we see
that ¥ > 1. Also, as z = %(y +2) and y > 0, it follows that 2 > 0. So there are, indeed, two
valid solutions.
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3.26 Answer F TMUA 2021 - Paper 2 - Q17

The expressions for f(x) and g(z) look quite complicated, so we start by simplifying them using
the laws of logarithms:
f(z) = log, (log, /)
logy (5 logy )
—1 4+ logy(logy )
log, (\/logg T )
% log;(log, )

We now see that both f(x) and g(z) can be written as a function of logy(log, ). As z > 1,
logy © > 0 and log,(log, ) can take any real value.

g(x)

Let us write z = logy(log, ), so that we have f(x) = z — 1 and g(r) = 1z. We can sketch a

2
graph showing these two functions of z:

We can calculate the intersection of y =z — 1 and y = %z, obtaining z = 2, y = 1.

We can then see from the graph that f(z) > g(x) when both are at least 1, and f(z) < g(z) when
both are at most 1, so either f(z) > g(x) > 1 or f(z) < g(z) < 1 (or both), which is option F.

(Note that the ‘or’ in the options is inclusive ‘or’, so we are allowed to have both of the inequal-
ities being true.)
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3.27 Answer B TMUA 2017 - Paper 2 - Q18

We could first check to see whether the answer makes sense. If we substitute n = 1 into the
original equation, we get % < (3—12)10, which is clearly nonsense, so there has to be a mistake
somewhere in the argument.

There are two straightforward approaches to finding the mistake: one is to check that the logic
of each step works, the other is to try a value of n which either does or does not solve the original
inequality, and check that each step works for this value of n. Since we know that the solution
is wrong, it must fail somewhere, at least when n = 1.

Approach 1: checking the logic
Clearly step (V) is correct, so the mistake must be earlier.
Step (I) applies the same function to both sides of an inequality, so it looks fine.

Step (II) is just a simplification of the logarithm expressions using the power rule. The powers
are positive integers, and both % and % are positive, so this step is fine.

Starting from the other end, step (IV) is just a calculation, and we can check quite easily that
it is correct.

Step (III) looks like it is probably wrong, as we are performing a division with an inequality.

However, with more care, we can calculate logi (i) = 2 (as we need to do to check step (IV)
2
anyway ), so step (II) is just dividing by 2, and is actually fine.

Unfortunately, though, every step looks fine.

Working through them once more, steps (IV) and (V) are certainly fine, as is step (III). We
have argued that step (II) is correct, so by elimination it must be step (I) which is wrong.

It is helpful to sketch a graph of y = log: x to understand why step (I) is wrong. We have
2
loga (%) =1,log: 1=0,log: 2= —1, so the graph looks like this:
2 2 2
y

So log1 x is a decreasing function: if x < y, then 10g1 T > 10g1 y; in other words, log1 reverses
the dlIeCtIOl’l of an inequality. Therefore step (I) is 1nc0r1ect the inequality should have been
reversed in this step.

The correct answer is therefore B.

Approach 2: substituting a value of n

We have already shown that n = 1 does not satisfy the original inequality, yet it is given as
a solution at the end of step (V). So we use this value of n to find at least one error in the
argument.
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Note that this approach is not guaranteed to work: there may be other errors in the argument
that will escape detection by this method, but given that the options tell us that only one step

is invalid, it will be sufficient for our purposes.

It will help us with our calculations if we write everything in terms of powers of %

The original inequality can be written as
1 2n B 1 50
2 2
1 2 B 1 50
2 2

Substituting n = 1 gives

which is not true.

After step (1), the inequality reads

Substituting n = 1 gives

which we can simplify to

which s true.

So something has gone wrong in step (I), and this is where the error lies.

Commentary: There is a slightly subtle question about whether the student intended
each of the steps in this argument to be reversible. For example, if a student started with
the statement x + 5 = 8 and deduced = > 0, they have made a correct deduction (though
not ‘solved the equation’), but the argument is not reversible: x > 0 does not imply that
x4+ 5= 8. So we will assume that in this case they intend to say that 1 < n < 24 are all

solutions to the original equation.

It follows that step (1) is where the mistake lies, as n = 1 satisfies the inequality after

step (I) but not the inequality before it.

If we did not make this assumption about the student’s intentions, we could repeat the
argument above with a value of n which does satisfy the original inequality, such as
n = 100; then the first inequality is true but the second inequality, obtained after step (1),

is false, so the proposed implication is false.
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There are different ways of approaching this question. Given that the question asks which one
of the statements must be true, it is probably simplest to try to find values which “break™ each
of the inequalities. For each one, we can either multiply through by the denominators first, or
leave the fractions as fractions.

A We can write this as
22—37—',—1 > 9Ty + z—Y

To make this false, we want the left side small and right side large. But = > y > 2, so the
left hand side is less than 2. If we then make x —y > 1, the right hand side will be at least 2,
and so this statement is not necessarily true. For example, x = 10, y = 5, z = 3 will make
the inequality false.

B This becomes 2 > 3*7¥ 4+ 3°7Y. If we take x = 10 and y = 2, then the first term on the right
side is 3% so this inequality is not always true.

C Multiplying by 5*5Y gives

2 x 57V > 5EFE 5%

Now 571 > 5%+2 and 5% > 527 50 this must be true.
D This is
2< TV

If x and y are very close, then 7% is just greater than 1, and then if z is much smaller
than y, 7°7Y is close to 0, so the sum will be just greater than 1. So for example, x = 1000,
y =999.99, z = 1.1 will do to show that this statement is not always true.

Therefore the correct option is C.
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We can combine the logarithms on the right and rearrange the left hand side to give

logyg( — y)? = logyo((2 — 22)(y + 5))
and so
(x—y)* = (2—22)(y +5).
Expanding the brackets gives
22— 2xy + y? =2y + 10 — 22y — 102
which rearranges to
22 + 9% + 102 — 2y = 10.
Completing the squares gives
(z+5)*+(y—1)* =36
which is a circle with centre (—5,1) and radius 6.
The obvious answer is therefore 127, but we must take care: does every point on the circle satisfy
the original equation? The manipulations we have performed make assumptions; in particular,
for the logarithms to be defined, we require x —y > 0, 2 — 22 > 0 and y + 5 > 0, which we can

rearrange to
T >y, <1 and y> =5

Let us sketch the circle and these three inequalities. Here is the circle with two points on the
circumference marked:

(_51 _5)

The restriction 2 < 1 holds for all of the points on the circle except for the single point (1, 1),
and the restriction y > —5 holds everywhere except for (—5, —5). The restriction x > y is more
significant for us. We can draw the line x = y on our sketch:
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This equation is a quadratic in cos? #, and it factorises as

(2cos? 0 — 3)(cos® 0 — 1) =0
Therefore 2 cos* @ — 5cos? ) + 3 = 0 if and only if cos® ) = % or cos?f = 1. The first equation
has no real solutions, so the original equation holds if and only if cos? 8 = 1, or cosf = +1.

cos @ = 1 has the solutions 8 = 0 and 8 = 27 in the interval 0 < 0 < 27, and cosf = —1 has the
solution # = 7 in this interval.

Therefore the original equation has three real solutions in the interval, and the correct option
is C.

4.2 AnswerD TMUA Specimen - Paper 1 - Q2

We rewrite sin? @ as 1 — cos? § to give
1—cos’f+3cosh = 3.
This is now a quadratic in u = cosf, giving
1—u?+3u=3

or u? —3u +2 = 0. This factorises as (u —1)(u—2) =0, s0 u = 1 or u = 2, that is, cosf = 1 or
cosfl = 2.

cos @ = 2 has no real solutions. The solutions of cosd = 1 in the given range are § =0, 6 = 27,
) = 4m. So there are three solutions, and the answer is option D.

4.3 AnswerF TMUA 2020 - Paper 2 - Q2
In the range 180° < # < 360°, we have that tanf > 0 when 180° < & < 270°. In this smaller
range, cosf < (.

Next, in the range 0° < ¢’ < 90°, if tanf’ = 2, we can sketch a right-angled triangle with this
angle:

6/
1
1 V5
The hypotenuse has length v/22 + 12 = /5, so cos @ = 7 =5
5
Therefore for our original angle ), we have cos) = ———, which is option F'.
5
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We use the identity sin? z + cos? = 1 to write the equation in terms of sin z:
8sin®z 4+ 4cos’z =4sin*z+4=7

so 4sin? x = 3, giving sin®x = % S0 sinx = i?.

The solutions to sinx = @ lie in the interval 0 < & < m, while the solutions to sinx = _\/TE lie
in the interval m < = < 2w, and thus the largest angle in the range 0 < x < 27 which satisfies the

original equation is the largest solution to sina = —@. This is 2m — § = ‘%”, which is option D.

4.5 Answer B TMUA 2017 - Paper 2 - Q4

Let’s run through every step of the argument with care.

The first step is ‘tanx = V3 50 r = 60°". We should first check that z = 60° is a solution: using
our knowledge of trigonometry and special angles, we know that tan 60° = /3, so it is.

But we also know that tan is periodic with period 180°: there are multiple values of # which

have tanz = \@, and all solutions to tanz = v/3 are therefore of the form x = 60° + 180n° for
n e Z.

So there is unquestionably an error in the student’s answer, but we do not yet know whether
there is more than one possible value of sin 2.

It follows from z = 60° 4+ 180n° that 2z = 120° + 360n°

It is certainly the case that sin 120° = @ But since sin is periodic with period 360°, we see

that sin(120° 4 360n°) = ‘/75 for every n € Z.

So there is only one possible value of sin 2z, but the student should have considered other possible
values of o for which tanz = /3; this is option B.
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It is worth sketching a graph of y = cosx to understand the meaning of the stated condition.
Two lines have been drawn corresponding to different values of c.

For there to be two solutions for 0 < z < %TT, we see from the sketch that we need —1 < ¢ < 0

2

We now consider the equation cos® 2z = ¢2, so cos 2z = +c

There are two straightforward approaches. The first is to sketch the graph of y = cos2z and
look at 0 < & < gqr; the second is to note that the range can be written as 0 < 22 < 37, so we
could write v = 22 and look for solutions to cosu = +¢ in the range 0 < u < 37. We will use
the first approach here; the second is very similar.

Here is a sketch of y = cos 2z:

y
_C___ _______________________ —_——
X
1 3
I RN LA TN 27 /) 2

We immediately see that, for 0 < z < %’ﬂ', there are six solutions to our equation, so the correct
answer is D.

4.7 Answer B TMUA 2021 - Paper 2 - Q5

Line A is a known identity, so this is fine.

Line B rearranges the identity to get cos?z = 1 — sin® z and then takes the square root of both

sides. However, when we take the square root, we always get the positive (or zero) root, but
cos x is negative for some values of x. So this is where the error is introduced.

Another way of seeing this is to start with the nonsensical 0 = 4 of line E, and substitute x =«
in each line to find the first one which fails; it is, indeed, line B, as this gives —1 = 1.
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This is almost a function in cos z except for the sin® z term, so we rewrite this in terms of cos z:

f(x)

We can then factorise the denominator to give

B cosz + 3 B cosz + 3
- T+5cosx— (1 —cos2z) 6-+5cosa +cos?a

. cosx + 3
~ (cosx + 2)(cosx + 3)

f(x)

and the cosxz + 3 factor cancels. (We should also check that this can never be zero; if it were,
the function would be undefined at some points.) Therefore we can write

1
flr) = ——
cosT + 2
The maximum value of this function occurs where cos x = —1, giving f(z) = 1, and the minimum
value occurs where cosz = +1, giving f(z) = % The difference between the minimum and

maximum values is therefore 1 — % = %, which is option D.

4.9 AnswerD TMUA 2019

The following is just one approach to checking an argument.

We start by checking the final solutions on line (VI). x = 0 makes the LHS (left hand side) equal 1
but the RHS (right hand side) equal —1, so the attempt cannot be correct. Furthermore, this
is not a value of x for which tan x is undefined, so G is not the correct answer. We must then
identify where the error arose.

We can now test the incorrect solution x = 0 at various stages of the argument to see where
things first go wrong. Rather than working line-by-line, we start about half way through to see
whether the mistake happens in the first half of the argument or the second half; this is a little
more efficient.

Let us try the incorrect solution z = 0 in line (III) (which is midway between (I) and (V)): this
gives —1 = —1 or —1 = —1, so «x = (0 is valid at this point. This tells us that the error must
occur on line (I), (II) or (III).

On line (I), x = 0 gives 1 = —1, while on line (1I), x = 0 gives (—1) x (—1) = —1. So it is most
likely that the first error occurs on line (III).

We check the algebra on line (I): all that has happened is that 2sinz has been subtracted from
both sides, so this is correct.

We likewise check the algebra on line (II): by multiplying out the brackets, we get the equation
on line (I), so this is correct. (We might be concerned about the case cos z = 0 here, but this is
not possible on either line (I) or line (IT) because of the tanx terms on each line.)

Finally, we are left with line (IIT). The implication here is that because two numbers multiply
to give —1, one of them must be —1. This would be true if we were dealing with integers, but
we are not, so this is an invalid implication.

The correct solution is therefore D: the first error occurs on line (III).
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We note that the only angle involved is 2z, and 0° < & < 360° gives 0° < 22 < 720°.
We start by writing everything in terms of sin 2z, giving:
(1 — sin® 2z) 4 /3 sin 2z — Azt =0

which rearranges to give

sin? 2z — v/3sin 2z + % =0.
We can apply the quadratic formula to this to obtain
V3£V3-3 V3

2 2

and hence the possible values of 2z in the range are 2x = 60°, 120°, 420° and 480°. Thus the
largest possible value of x in the range 0° < x < 360° is 240°, and the answer is F.

sin2x =

411 Answer A TMUA 2017 - Paper 1 - Q8

Multiplying out the brackets does not look like a particularly useful approach (what would we
do with the terms cosz and sina cosz in the same inequality?), so we will leave the expression
in its factored form.

If we temporarily write ¢ = 1 — 2sinz and b = cosx we will be able to see the structure of the
problem a little more clearly. We want ab > 0, and this will happen when either a > 0 and
b =0, or when a <0 and » < 0. So we need to solve each of these simpler inequalities.

We have 1 — 2sinx = 0 when sinx = %, so when z = & or x = %ﬂ We can either sketch the
graph of y = 1 — 2sinx or try values to determine whether 1 — 2sinx is positive or negative
in each range. Sketching the graph seems possibly hard, as there are multiple transformations,
and it would be easy to make a mistake. So on this occasion, we’ll plug in values: z = 0 and

x = both give 1 — 2sinx = 1; while z = § gives 1 — 2sinx = —1. Therefore

1—2sinz > 0 when 0

= ér
1—28111$§then%§azg%

g%andwhen%ﬂéajgw

We can do similarly for cos x; this time we can think about the graph in our head, and we have
cosr >0 when 0 <z < §
cos:vg()whenggwgw
We can now put everything together. Both expressions are greater than or equal to 0 when
0z < %, and they are both less than or equal to 0 when g Lz < “%r
Hence the answer is A.
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Let us sketch a fun triangle.

V3a

30°
X Z

The area of XY Z is given by the ‘5absin C” formula: it is %XY.XZ sin 30° = i 3a.XZ. We

must therefore find the possible values of X Z.

‘We can use the cosine rule to find XZ: we have

YZ? = XY?+ XZ% - 2XY.X Z cos 30°,
Filling in the known values, we obtain

a* =3a>+ X7% - 3a.X27

so X Z satisfies the quadratic equation

XZ*-3a.XZ+2d° = 0.
This factorises to give
(XZ —2a)(XZ —a)=0

so either XZ =a or XZ = 2a.

It is useful to think about what the two resulting triangles look like and whether these values of
XZ make sense.

We are asked to find the ratio of the areas of these possible fun triangles. Since the area is given
by %\/ga.X Z, the ratio of areas is given by the ratio of possible X Z values. Since triangle S
has the larger area, it must have the larger of the X Z values, so the ratio is 2a : a, which equals
2 : 1. The correct answer is thus option B.

Commentary: There are lots of appearances of XY, YZ and X Z here, following the
language used in the question. It might have been simpler to use the standard side-length
naming convention, letting x be the length of the side Y Z opposite X, letting y be the
length of the side X Z opposite Y and z the length of XY. Then we would have the area
of XY Z being %yz sin 30° = ;11 3 ay, the cosine rule would read

2 =y% 4 2% — 2yz cos 30°,

and we would finally deduce that y = a or y = 2a.
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We can start by estimating or calculating the values.

A 2 <logy T < 3, since logy4 =2 and logy 8 = 3

B (273 +27%)7 1= (% +5)7 = (%)_1 = % which again lies between 2 and 3
C 7/3 is just a little greater than 1, so 27/3 is a little greater than 2

D We expand (v/2 — 1)? using the binomial theorem to get

(V2 —3(vV2)2+3vV2-1=2V2-6+3V2-1=5/2—-7

Thus
1 B 1 24T 5247
IVE-1P AVE-T)  A(VRR-T) A
This is greater than % = 3, so is certainly not the smallest in value.

E sin(j) = %, S0 4si112(g) = 4(%)2 =4 x % —9

Since A, B and C are each greater than 2, the correct answer is E.

414 Answer E TMUA 2022 - Paper 1 - Q9

It may well require reading this question a couple of times to understand what it is asking! It
seems like we need to find all possible functions f(x) and g(x), then for each one, to find the
manimum value that f(x) takes, and then to find the minimum of all the minima. There might,
of course, be some shortcuts!

Let us try to solve the equations to find f(x). The first equation rearranges to give g(z) =
f(x) — 2sinx, so we can substitute this into the second equation to give

f(x)(f(z) — 2sinx) = cos® .

This is a quadratic in f(x), so we can rearrange it into the standard form and use the quadratic

formula:
(f(x))? — (2sinz)f(x) — cos® x = 0,

hence

2sinaz + \VasinZx + 4cos?
2

flx) =

=sinx £ 1.

So there are two possible functions f(x), namely f(z) = sinz + 1 and f(z) = sinz — 1. The
minimum value taken by these for any x is 0 for the first function and —2 for the second, so the
minimum possible value is —2, which is option E.
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We have (1 + 3cos36)? = 4 if and only if 1 + 3cos30 = +2. We consider each possibility
separately.

We have
1+ 3cos30 =2
if and only if 3cos36 =1
if and only if cos 30 = %

Since 0° < 8 < 180°, we have 0° < 36 < 540°, and there are 3 values of 36 which have cos 36 =
in this interval. (One is between 0° and 90°, one is between 270° and 360°, and one is betwee
360° and 450°, by considering the graph of y = cosx.)

1
3
n

Now considering the other possibility, we have
1+ 3cos30 =-2
if and only if 3cos36 = -3
if and only if cos3f = —1.

Again, 0° < 30 < 540°, but this time there are only 2 values of 36 which satisfy the equation:
36 = 180° and 36 = 540°.

Neither of these values of 36 overlap with the values of 38 found earlier, so in total there are
3 + 2 = 5 values of 30 in the interval 0° < 30 < 540°, and hence 5 solutions to the original
equation in the given interval. The correct answer is option E.

416 AnswerD TMUA Specimen - Paper 2 - Q11

‘We work out or approximate all five numbers.

A tan(%”) =-1

B log,; 100 =2

C sin'’(Z) =1"0=1

D log, 10 = 3. -+, or more formally, 3 < log, 10 < 4, as 23 = 8 and 2* = 16
E0<v2-1<1,500<(v2-1)"Y<1

Only one of these numbers is greater than 3, so the answer is D.
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Let us start by multiplying both sides by 45* % ¢6 remove the fraction:

Qtan2 xr 451112 x

We note that 4% = (22)¢ = 22% 50 we can rewrite this equation as

tan? 2 o2sin?ax
2 =2 ,

and therefore the equation can be simplified to

tan?z = 2sin® 2.

sinax
coszr’?

Next, we know that tanx = so we can rewrite this as

sin? & . 9
—— = 2sin” .
cos? x

Multiplying by cos? z to eliminate fractions once more gives

sin® x = 2sin® z cos® x,

which we can rearrange and factorise to give

sin® (1 — 2cos? z) = 0.
Therefore either sinz = 0 or cos? z = % The first has solutions xz = 0, 7, 2w. The second gives
cosx = i%, so has 4 solutions in the range 0 < x < 27, none of which are 0, 7w or 2w. (We
could list them explicitly: they are 7, %Tﬂv 5%, %’”)

In total, there are 7 solutions, which is option F.

hgsmaths.com Worked solutions - 4 Trigonometry 1 241



418 Answer C TMUA 2017 - Paper 2 - Q12

We clearly need to sketch the graph of y = tan = onto the given sketch.

This graph has asymptotes at z = +7, and passes through the points (7,1) and (-7, —1).
Since the function is increasing as it passes through these points, it must lie below the graph of
y = sin 2z between 0 and 7, and above it between —7 and 0.

This results in the following graph:

1.5 4

0.5 1

e

0.5
I
I
I
I
I

—1.5 4

We now pick various values for z and see which order the functions lie in. For example, when

x is close to — 3, we have tanx < cos 2z < sin2z. Here are some cases as we move from x = —5
to x = 3, each together with the option it eliminates:

x value Function order Option

x close to —3 tanx < cos2x < sin2x F

x just less than —7 tanx < sin 2z < cos2x E

x just more than —%  sin2r < tanz < cos2z D

z just more than 0 tanx < sin 22 < cos2x E

x just more than % tanx < cos2x < sin2x F

x just less than 7§ cos 2x < tanx < sin 2z B

x just more than 7 cos 2x < sin2z < tanz A

The only option which is not eliminated is C: sin2x < cos 2z < tanz for some real number x
with —§ <o < 3

Tt is alen clear from the oranh that this is imnassihle: the onlv time that tan 7 is oreater than
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We can rewrite the two statements in if/then language as

I ifn=23 thenp>1

II ifn="7then -1 <p<1

We will determine whether these statements are true or false using this if/then formulation.
The equation can be rearranged as sin z(cos? x — p?) = 0, so this is true if and only if sina = 0
or cosx = £p. The first of these has solutions x = 0, w, 27, while the solutions to the second
depend on the value of p:

ol

) If p = 0, then it has solutions = = 3,

. If -1 <p<O0or0<p<1,then it has four solutions, one with 0 < x < 5, one with
5 <z < oonewithr << %’T and one with %’r < x < 27; these are all different from
the solutions to sinxz = 0.

. If p = +1, then it has three solutions, x = 0, m, 2w, which are exactly the same as the
solutions of sinxz = 0.

. If p< —1orp>1, then it has no solutions.
Therefore the original equation has:

. n = 5 distinct solutions if (and only if) p =0
. n = 7 distinct solutions if (and only if) -1 <p<0or0<p<1

° n = 3 distinct solutions if (and only if) p=+lorp<—lorp>1

We can now return to the statements [ and II in our rewritten form:

I This is false: we could have p=1or p < —1

II  This is true, even though p = 0 is included here: if —1 <p < 0 or 0 < p < 1, then certainly
—1 < p<1istrue

The correct option is therefore C, IT only.

4.20 Answer B TMUA 2019 - Paper 1 - Q13

We will not use calculus for this question, as the specification does not expect knowledge of
differentiating exponentials or trigonometric functions. (And it also turns out that using calculus
would make the solution far more complicated.)

Instead, we note that this is a quadratic expression in u = 257, and we can write the function
as

u? — 4u + %.
‘We also note that as —1 < sinx < 1, % < u < 2 for all real x (and u can take every value in this
interval).

Now we can complete the square on the quadratic to understand its behaviour; we get
2 o2 | 17 2,1
(u—2)"—2 —|—T:(u—2) + 7

Thus the minimum value of the function occurs when « = 2, and for « in the interval % <u <2,

the maximum value occurs when u = % In this case, we get (—%)2 + % = % = g, so the correct

answer is B.
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Commentary: One thing we can do when faced with a question like this it to first try
different values of 8 to see whether the conjecture appears to be true or false. If it is false,
as shown by some counterexample, then substituting this value of # into every line might
indicate where the error arises. If, on the other hand, we cannot find a counterexample,
then the conjecture and argument may well be true.

In this case, given that we are dealing with trigonometric functions, we would do well to
think about their graphs and try values of 8 in different quadrants.

If we sketch (or think about) the graphs of sin, cos and tan, we have the following;:
Yy

If the conjecture is false, we need a value of # where tanf > 0 but sinf 4+ cosf < 1

We see that tan 6 > 0 for 0 < 6 < 5 but there sin @ +cos 6 > 1 looks like it might be true. We also

have tanf > 0 when m < 0 < %W and there sin f and cos @ are both negative, so sinfl +cosf > 1
cannot be true. So if we take § = %’T we may find the source of the error.

On line (I), we get sinfl cosf = (—%)(—% = % and tanfcos?f = 1- (—\i@)2 = % so this line

looks reasonable.

On line (IT), we get 1 4 2 - % =1+ 1 > 1 which is correct.
On line (IIT), we get 2 +2- 3 + 1 =2 > 1 so this is correct.

On line (IV), we get (—% — %)2 = 2 > 1 so this line is correct for this value of 6.

On line (V), we have —\% — % = —v/2 and —v/2 > 1 is false. So it appears that the first error

is likely to occur here: indeed, we have taken the square root of z? > 1 and obtained x > 1,
which is not necessarily the case, as we could have x < —1

We should now go back and check that the earlier steps are actually valid, as there could have
been an earlier error. But with some thinking, we can see that all of them are correct:

(IT) ~ This is obtained by doubling the previous inequality and then adding 1.
(III) Here, the identity sin?# + cos? @ = 1 has been used to rewrite the left hand side.
(IV) This factorisation is correct.

(V)  As we saw, an error occurs here.

Hence the answer is F.
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We write S = sin 2z and C' = cos 2z, so the simultaneous equations become
S+V3C=-1
V3s— 0=+V3
Multiplying the second equation by v/3 and then adding to the first equation gives
45 =2

so S = % and hence C = —@.

The solutions to sin 2z = % for 0° < ax < 360°, or 0° < 2x < 720°, are given by 2x = 30°, 150°,
390° and 510°.

The solutions to cos 2z = —§ in the same range are given by 2z = 150°, 210°, 510° and 570°,
so the values of 2z for which both are true are 150° and 510°.

Thus the solutions for x in this range are 75° and 255°, and their sum is 330°. Hence the correct
answer is option B.
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Let us start by drawing the triangle POQ in the circle:

(We have called the angle 26 as we will shortly want to consider half of the angle.)

We are told that the area of POQ is 9v/3, so we can use the formula for the area of a triangle
given two sides and the included angle to determine 26: the area formula is A = %ab sin C, which
in this case gives

1 x6x6xsin20 =093
so sin 20 = g Since 26 > 5, we must have 26 = %ﬂ' (or 120°).

We can now work out the length P@ by dropping a perpendicular from O to PQ:

0
P
3 Q
We have PS = 5@ = 6sinfl = 6sin %ar = 3v/3, so PQ = 6+/3, and we also have OS = 6cosf =

6 cos %TT = 3.

We can now work out the maximum possible area of the triangle PQR. The triangle PQR looks
like this:

R

Fixing PQ and allowing R to move, we see that the largest possible area of PQ)R occurs when
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We have RS = RO+ 0S. Now RO = 6 (it is a radius of the circle) and OS5 = 3 as we calculated
earlier, so RS = 9. Therefore the maximum possible area of PQR is

1 x PQ x RS = 4 x 6v3 x 9 =273,
which is option D.

4.24 Answer E TMUA 2018 - Paper 2 - Q14

We sketch the situation using the given information. This sketch shows a case when there is
not a unique solution. The length of P@) is uniquely determined when there is a unique triangle
satisfying the conditions.

If p is such that the circle centred at R with radius p touches the line from P at angle 30°, there
will be a unique solution. If p is smaller than this, then there will be no intersections, and hence
no solutions. If p is larger than this there will be two solutions, which suggests that the answer
is A or B.

We can work out the value of p which makes the circle tangent to the line through P: RQP will
be a right-angled triangle with the right angle at ) in this case, and so p = 2sin30° =1

This means that p = 1 gives a unique solution, and the solution is either A or possibly E.

What happens when p = 27 Then the circle centred on R passes through P, and so there is only
one possible location for Q. And then we see that if p > 2, the point ()1 will no longer exist: it
will be beyond P, on the extension of the line “below” PR. So for any p > 2, there is also only
one possible triangle.

Hence the answer is option E.
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4.25 AnswerF TMUA 2023 - Paper 1 - Q15

The minimum and maximum values occur when cosz = +1 (though which corresponds to the
maximum and which to the minimum depends on whether a < 1 or ¢ > 1). Therefore the
minimum and maximum values are @ and 1/a in some order.

o - . . s 1 o y . . I . .
Assuming a > 1, so that a > 1/a, we require a — 5 = 3. Multiplying by a and rearranging gives
a’ — 3a — 1 = 0, which has roots a = giz—‘/ﬁ The minus sign would give a < 0, so the root we

want is a = 3*’#@, and this clearly satisfies a > 1.
1

Now assuming a < 1, so that 1/a > a, we require ; —a = 3. Multiplying by a and rearranging
gives a? + 3a — 1 = 0, which has roots a = %ﬁ The minus sign would give a < 0, so the

root we want is a = _?’%@ (and as 3 < /13 < 4, this lies between 0 and %, hence a < 1).

The sum of these two values is 3"'%/@ + _3"'2@ = /13, which is option F.

4.26 Answer B TMUA 2022 - Paper 1 - Q16

The given quartic can be thought of as a quadratic in 22, and as such it has roots
2 6EV6T-28 342
- 14 T

Since the roots of the quartic are +cos@ and + cos 3, these 22 values are the values of cos? @
and cos? B (in some order).

Now sin®# = 1 — cos? 6 and sin? 8 = 1 — cos? 3, so
3EV2  4FV2
T T

Therefore the equations z? — 4%@ = 0 and 2% — #ﬁ = 0 have solutions +sinf# and *sin 3
(again, in some order, and x is not the same as earlier). It follows that the product of these two
equations will have the four solutions +sin ¢ and =+ sin 3; this equation is

s A+V2Y [ 5, 4-V2 0o
33—77 T — - = 0.

To obtain the form given in the question, we first expand the brackets:

334_(4+\/§+4—\/§)$2+4+x/§_4—x/§_

sin?f,sin’ =1 —

0

7 7 7 7

then perform the surd calculations to give
8 2
4 2
- = = = 0.
S S

Finally, multiplying by 7 gives Tz? — 82 + 2 = 0, which is option B.
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4.27 AnswerD TMUA 2016 - Paper 1 - Q17

The formula for y is the product of two factors, namely 1 + 2cosz and cos2x. The whole
expression is negative when one of the two factors is positive and the other is negative. The

factors change sign when they cross a point where the factor is zero, and we can find these
points:

. 1+ 2cosx = 0 when cosz = —3, which is when z = 23” (within the range 0 < x < 7).
. cos 2z = 0 when z = 7 and when z = ST'

We can now make a table showing the signs of the two factors in the different parts of the
interval 0 < x < m. (This is a useful technique in general.)

O<z<Fla=%|2<a<¥T |a=F |F<ao<T 2= |FT<r<nr
1+ 2coszx + + + 0 — — —
cos 2z + 0 — — — 0 +
Yy + 0 - 0 + 0 —

Therefore y is negative when § <z < 2?“ and when ?ﬂf < x < m, and so the answer is D.

4.28 Answer C TMUA 2019 - Paper 1 - Q17
A product of two terms is at least 0 if both factors are positive or both terms are negative. So

we look at the signs of the two factors.

We start by finding the values of @ for which they are zero.

We have sin26 = % when 20 = ¢ or ‘%T, so for 0 = {5 or ?—g Thinking about a sketch of the

graph of y = sin 20, we see that sin 20 — % is positive for @ between these values and negative

elsewhere.

For the second factor, we have sin€ = cos€¢ when tan6 = 1, so 6 = 7. Thinking about the

graphs of y = sinf and y = cos #, we see that sin @ — cos 6 is negative for # < 7 and positive for

0 > 7. For consistency, we write 7 = ?{—g in what follows.

We thus have the following table:

0<i<L =5 H<O<3Z =32 32 <fg<il =20 T cfh<q
sin20 — 1 — 0 + + + 0 —
sinf — cos@ — - — 0 + + +
product + 0 - 0 + 0 —

The lengths of the subintervals where the product is positive (or zero) is
(BE-0+(E-B =151

The whole interval has length 7, so the fraction of the interval for which the inequality is satisfied

is %, and the answer is option C.
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4.29 AnswerD TMUA 2022 - Paper 1 - Q17

We first require that the lengths shown are both positive; z — 1 > 0 if and only if > 1, and
—22 4+ 6x—5= —(x—5)(z—1) > 0if and only if 1 < 2 < 5. Therefore we require 1 < = < 5 to
ensure both lengths are positive.

There are two non-congruent triangles when the side marked  — 1 can be drawn in two config-
urations:

30°

This is possible when the following conditions are satisfied:

. r—1 < —2? 462 —5 (otherwise one of the possibilities will lie to the right of the 30° angle
in the above diagram)

. x—1> (—2% + 62 —5)sin30° (so that the distance from the end of the —z? + 6z — 5 side
to the base is at least  — 1, making it possible to form a triangle; if there is equality here,
then the dashed circle will be tangent to the base of the triangle, and there will only be
one possibility)

The first inequality rearranges as x?

1 <x <4,

— 5z +4 < 0, which factorises as (x — 1)(z —4) < 0, giving

The second equality, using sin 30° = %, becomes 2z — 2 > —x% +6x — 5, so v2 — 42 +3 > 0. This
factorises as (x — 1)(x —3) > 0,80z < 1 or = > 3.

Requiring both of these inequalities to hold thus gives 3 < x < 4; this also satifies the positivity
requirement we started with (1 < x < 5), and so the answer is option D.

4.30 Answer B TMUA 2018 - Paper 1 - Q18

The lines of symmetry of a sine or cosine graph (that is, something of the form sin(kz + ) + ¢
or cos(kx + @) + c) are at the z-values where the sine or cosine equals £1. So in this case, if we
solve sin(2z — 4%) = +1 we will find the lines of symmetry.

We solve each of them separately.

We have sinf) = 1 when 0 = § + 2n7 (for any integer n), so in this case, this gives

2;U—%”:%—|—2mr

— 2z = HT” + 2nm

— T = 111—2” + nmw
So the smallest positive value of x with sin(2z — %’”) =lisz =24
In the second case, we have sinf) = —1 when 6 = —F + 2n7 (for any integer n), so in this case,
this gives

2r — %’r —% + 2nw

— 2z = %ﬂ + 2n

— Tr = ?—g + nmw
So the smallest positive value of © with sin(2z — %”) =—lisz = ?—g

This is smaller than 111—2” so the answer is ?—g, which is option B.
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4.31 Answer C TMUA 2021 - Paper 2 - Q18

Since we are only given a condition on sin A, the angle A could be acute or obtuse, and similarly
for angle B.

Let us write @ = sin™ 'z and ¢ = sin~!y for the acute angles; the respective obtuse angles are

then 180° — @ and 180° — ¢.
As we are given x < y, we have 6 < ¢.
We can now consider the four possible cases.

. Case 1: both A and B are acute. Then we have this situation:

We therefore know the three angles of the triangle ABC (as given two, we automati-
cally know the third) and one side, and this determines the triangle uniquely (regarding
congruent triangles as the same).

So we always obtain exactly one triangle from this case.

. Case 2: A is obtuse and B is acute. Then A = 180° — @ and we have this situation:

é\‘“ i /\\
A 1 B

Since 6 < ¢, the two lines (rays) from A and B shown in this diagram will never meet.

Alternatively, we could note that A + B = 180° — 6 + ¢, and since ¢ — 8 > 0, this means

that the angles A and B sum to more than 180°.

Therefore this case can never produce a triangle.

. Case 3: A is acute and B is obtuse. Then B = 180° — ¢ and we have this situation:

- -
- -
- -
- -
- -

- s

-
-
-
-
-
-,
-
-
-

Since 6 < ¢, the two lines (rays) from A and B shown will eventually meet, and so we get
a unique triangle. Alternatively, we have A+ B = 6+ 180° — ¢ = 180° — (¢ — f), and since
¢ — 0 > 0, this means that the angles A and B sum to less than 180°, so they can be two
angles of a triangle.

) Case 4: A and B are both obtuse. This is impossible in a triangle.
Therefore this case can never produce a triangle.

In summary, cases 1 and 3 always produce a unique triangle, and cases 2 and 4 never produce a
triangle, so the student can always draw exactly two different triangles, regardless of the values
of x and y.

Therefore the correct answer is C.
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4.32 Answer E TMUA 2022 - Paper 2 - Q18

Let us substitute values into the four equations to begin with.

When « = 0, we have
(cos ) =1t =1
(sinz)*"® = ¥ = ?
(Cosm)sinx — 10 =1
(sinz)® =0t =0
This shows that graph Q is y = (sin2)**?. (We do not know what (sinz)*"% is when x = 0,
but from the graphs given, since three of the functions have value 1 at x = 0 and only one is 0,
it must be 1.)

Next, let us consider the value at x = 5:

(cos z)"" = oY =7

(sinz)s"® =1t =1

(COS :L,)sin:n — 01 =0

(sinz)s* =1 =1
Again, as only one graph has value 0 at x = 7, graph P depicts (cos )% (We did not actually
need to calculate the final line of this list, as we have already identified this function as being
araph Q)
So we are left with (cos )% and (sinz)*"“ as graphs R and S in some order. Let us put in
the value x = %, as that is clearly different between the two functions. We have

V3

(COSfE)COS:E — (\g?_))

1
: 1\ 2

R I
(sinx) (2)

The first of these looks horrible, but we can approximate the value of the second of these; it is
™

just % ~ 0.7, so this must be graph S. Similarly, (cosz)*** ~ 0.7 at z = %, which is graph R.

Therefore the graphs are:

(cos )% : graph R
(sinz)*™* : graph S
(cos z)¥™ . graph P
(sinx)®*®* : graph Q

which is option E.
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4.33 AnswerD TMUA 2018 - Paper 1 - Q19

This questions calls for a sketch. We draw AB = 10, a line from A at an angle 6 to AB (though
we do not know what € is), and a circular arc centred on B with radius 7.

The sketch shows the two triangles which could be formed subject to these conditions, with the
third vertex being at Cy or Cs.

One approach, hinted at by the instruction to find cos#, is to use the cosine rule.

In the triangle ABC, we have

72 = (AC1)* +10% — 2(AC1)10cos @ (1)
while in the triangle ABCy, we have
72 = (AC3)* + 10% — 2(AC3)10cos @ (2)

Unfortunately, we do not know either AC; or AC3. We do, however, know that the larger
triangle has three times the area of the smaller one. Taking AC7 or AC5 as the base of the
triangle, the perpendicular height is from B to the line AC5, and is the same for both triangles.
So ACQ = 3(A01)

We can now substitute this into equation (2) to get
72 = 9(ACY)? + 10* — 6(AC)10cos 6
Subtracting equation (1) then gives
0 = 8(ACL)* — 40(ACY) cos
so dividing by 8AC, we have AC| = 5cosf.
We can now substitute this back into equation (1) to get
7 = (5cos6)* + 10% — 20(5 cos ) cos 0

SO
49 = 25cos” 6 + 100 — 100 cos® 0

which simplifies to
75 cos? § = 51
51 17 V17
50 cos? § = T giving cos 0 = = (as cost > 0)

There is an alternative approach which does not use the cosine rule.
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If we drop a perpendicular from B to the line AC, and let * = ACY, our diagram becomes:

Now D is midway between €' and Cy by symmetry (or by using the “RHS” congruency rule on
the triangles BDC and BDC5), so C1D = DCs.

Also, the area of the triangle ABC) is %(ACl)(BD) and the area of the triangle ABCY is
3(ACy)(BD)
Since the larger triangle has three times the area of the smaller one, ACy = 3(AC1) (as before).
So ACy = 3z, hence C1Cy = 2z, and C1D = DCy =z
We can now apply Pythagoras to BD(C] and BDA. We obtain, respectively,
1* + (BD)* =7

(22)% 4+ (BD)? = 102

Subtracting gives 322 = 51, so x? = 17

) AD 2z V17

Since cosf = A5 = 10 we get cosf = 5 as before.

This also easily shows that BD = V32 = 44/2 and that the area of the two triangles ABC: and
ABC5 are 2¢/34 and 6+/34.
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4.34 Answer B TMUA 2021 - Paper 1 - Q19

We can start by solving the equation before considering the possible values of x.
We have /3
3
3 4(:039 °)y — £
bl]fl( x 60 ) 5
so that
49089 % 60° = 60°,120°, 240°, 300°, . . .

(noting that the left hand side is always positive, so we do not need to consider negative values
for the right hand side).

Dividing by 60° gives
429 —1.2.4,5,. ..

and so
cosf = O,% or 1;

there are no values of cosf for which 4°°%¢ > 4.
We can now find the possible values of 6:

. cosf = 0 gives 8 = 90°, 270°, 450°, .. ..

e cosf = 3 gives 0 = 60°, 300°, 420°, ....

. cosf) =1 gives 8 = 0°, 360°, ....

Collecting these solutions and arranging them in increasing order gives 0 = 0°, 60°, 90°, 270°,

300, ...

We are told that there are exactly three solutions in the range 0° < 6 < z°. Therefore z > 90 to
get the third solution, and x < 270 to avoid getting the fourth solution. This gives the answer
90 < x < 270, which is option B.
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4.35 AnswerF TMUA 2021 - Paper 2 - Q19

We can rewrite the given equation as
sinf /(1 4 sin#)(1 — sinf) + cosf /(1 + cos#)(1 — cosf) =0
and then multiply out the brackets to give

sinfv'1—sin20 +cos@v/1—cos20 =0
sinf Vcos2 0 + cos 0 Vsin? 0 = 0.

It would be easy at this point to make the mistake of simplifying v cos? @ to cos @, but this would
only work in the case that cos@ > (0 as square roots are always positive. We can, though, write
|cos | for this square root: we always have V22 = |z|. Therefore we can rewrite the equation as

which simplifies to

sinf |cos @] + cosf |sinf| = 0.

If both sinf and cosf are positive, then this becomes 2sinfcosf = 0, which cannot be true.
Likewise, if both sin # and cos # are negative, this becomes —2sin  cos # = 0, which again cannot
be true. However, if one is positive and one is negative, say sin @ > 0 and cos & < 0, this becomes
—sinf cosf + sin f cos @ = (), which is certainly true. The same holds if sinf < 0 and cos @ > 0.
Finally, if either sinf = 0 or cosf = 0, the equation is also satisfied.

We therefore need to count the number of given angles for which sin# and cos @ have opposite
signs or one of them is zero. A quick sketch helps here:

Y

-1

We see that the relevant ranges are 90° < 8 < 180° and 270° < ¢ < 360°; « = 0° would also
work, but is not one of the angles in the given list. There are 91 angles in each of the two ranges
(remembering to include both endpoints), so there are 182 angles in total, which is option F.
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4.36 Answer B TMUA 2022 - Paper 2 - Q19

We sketch a part of the polygon with the triangles described in the question:

Suppose the angle of one of the triangles is @, as shown. Then the area of the triangle is given
by %rg sin f where r is the radius of the circle (using the formula A = %ab sinC').

Since r is the same for each of the triangles, all the triangles will have equal area if and only if
sin @ is the same for each triangle. This will certainly be the case if the polygon is regular, but
we have to determine if this can be true in any other situation.

If two of the triangles have angles at the centre of the circle of # and ¢, then sin ¢ = sin if and
only if ¢ = # or ¢ = 7 — 8. Can we have the latter possibility? If so, it would mean we have
some angles being # and some being © — 6.

Suppose then that 6 is acute and ™ — € is obtuse. (We cannot have a reflex angle as the centre
of the circle lies inside the polygon, and if 8 is a right angle, then m — 6 = #.) Suppose further
that & of the angles of the polygon triangles equal m — 8 and the remaining n — &k equal #. Then
the sum of these triangle angles is given by

(n—k)O+k(mr—0)=2rm
since they form a whole circle. We can rearrange this to (n — 2k)é = (2 — k)7 and hence
_2—Hr
 on-—2k
There can be at most three obtuse angled triangles (as four would be more than a whole circle),
solet’stry k=1, k=2 and k£ = 3 in turn.

If k=1, we have § = -%5. It looks as though this will work for every n, but we have to be
a little careful as we need 6 to be acute. When n = 3, we get ¢ = 7, which is not allowed.
When n = 4, we get § = 5, which is again not allowed. When n > 4, # < 3, so this does work.
Therefore when n > 5, it is possible for the conditions to be satisfied but for the polygon not to
be regular.

Now consider k = 2, giving # = %. We only need to consider n = 3 and n = 4, as we have

dealt with n > 5 above. This is zero when n = 3, so it does not work for a triangle. When n = 4,
this formula is not meaningful (it gives %). We can instead go back to the original equation
(n — 2k)0 = (2 — k)m, which becomes 0 = 0 in this case, meaning that it works for any value
of . And indeed, this gives two angles of § and two of m — #, so we get a non-regular polygon

with equal area triangles. The simplest example is a non-square rectangle.

obtuse angles of % is an equilateral triangle satisfying the conditions. Therefore the only triangle
(n = 3) satisfying the conditions is regular.

We have thus been able to construct non-regular polygons satisfying the conditions for every
n > 4, but not for n = 3. Hence the correct answer is option B.
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4.37 AnswerD TMUA 2016 - Paper 1 - Q20

Let us label the midpoint of OR as T, so that we can refer to it.

We first observe that since all the edges of the pyramid are of length 20m, the triangles are all
equilateral.

There are two ways to get from P to the midpoint of OR in a short distance: one can either
travel along the base to RS and then along the triangular face to 7', or one could travel along
the triangular face OPS to the edge OS and from there to T'. It is not obvious which route is
shorter, so we will calculate both. (There are also routes which are mirror-reflections of these
going via the edge QR or OQ.)

To find these distances, we can “unfold” the tetrahedron, that is, make a net for the tetrahedron.
For the first route, we draw just the faces PQRS and ORS:

O

T

P Q

The height of the triangle OSR is 20 8in 60° = 20 x @ = 10+/3, so T lies 5/3 above the line SR;
T also lies % x 20 = 15 to the right of S (as it is at the midpoint of OR). We can therefore find
the length PT using Pythagoras’s theorem:

PT? =152 + (20 + 5v/3)?
= 225 + 400 + 200v/3 + 75

= 700 + 2003
We now look at the other route, which we can do by drawing the triangles OPS and OSR:

Using the height of the triangle as calculated above, P lies 10v/3 to the left of OS and T lies
5v/3 to its right, while T lies 5 above P (being a quarter of OS). Pythagoras’s theorem therefore
gives

PT? = (15V3)% + 52
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4.38 Answer E TMUA 2017 - Paper 1 - Q20

It would be really helpful to sketch this triangle so that we don’t get confused! We will write ¢
for the angle ZPRQ.

R

>

a-+d

p a -+ 2d

It is clear that we want to use the cosine rule to relate the three sides and the angle 6. Using
‘® = a® 4+ b? — 2abcos C’, we have

(a4 2d)? =a® + (a4 d)* — 2a(a + d) cos 0
which we can expand and simplify to give
a® + 4ad + 4d* = 2a® + 2ad + d* — 2a(a + d) cos 0

Rearranging gives
a* — 2ad — 3d*
2a(a +d)

We can simplify this by noticing that the numerator factorises:

cosf =

(a+d)(a—3d) a—3d

= =
o8 2a(a+d) 2a

Since 3d > 2a, a — 3d < —a, and so cosf < 5+ = —%. This gives # > 120°, and so the answer
must be option E.

We can go further and show that 6 < 180°. Since PQR is a triangle, the length P} must be less
than the sum of PR and RQ, that is a + 2d < a + d + a, so d < a. This gives cosf > _Qia =-1
so f < 180°.

An alternative approach is to just try values for d. We are given that d > %a, so we could try
d= %a. This gives side lengths of a, %a Ta, which we can take to be 3, 5, 7 if we choose a = 3.
Plugging these lengths into the cosine rule gives 8 = 120°, so this is one limit.

* 3

We are allowed larger values of d. If we take d too large, then we will no longer have a triangle,
as PQ) > PR+ R(@). So as d increases, the angle § must increase too. Therefore the answer must
be E: 120° < 8 < 180°.
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4.39 Answer E TMUA 2018 - Paper 1 - Q20

This reminds us of adding the terms of an arithmetic series. One way to do so is to write out
the series twice, once forwards and once backwards, and then add corresponding pairs of terms
together. If we do that here, we obtain
S =sin?0° 4 sin? 1° + sin? 2° + - - - + sin? 88° + sin? 89° + sin? 90°
S = sin? 90° + sin® 89° 4 sin? 88° + - - - + sin? 2° + sin? 1° + sin? 0°
so that
25 = (sin? 0° + sin? 90°) + (sin? 1° + sin? 89°) + - - - + (sin® 90° + sin” 0°)
Now we know that sin? z + cos? 2 = 1 for all z, and since sin(90° — z) = cosz (by, for example,
thinking about a right-angled triangle or by looking at the graphs of the functions), we can
rewrite this sum as
25 = (sin® 0° + cos? 0°) + (sin® 1° 4 cos® 1°) 4 - - - + (sin? 90° 4 cos? 90°)
=1+1+--+1
=91

(since there are 91 terms), therefore S = 45.5, which is option E.
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WORKED SOLUTIONS - CHAPTER 5 - UNIT P5

Algebra and Functions 2

5.1 AnswerB TMUA 2020 - Paper 1 - Q3

We first work on each inequality separately. Each one is a product of factors, so we consider
when each factor is positive or negative.

For the first inequality, (z + 4)(x + 3)(1 — ) > 0, we have the following table:

(x+4) | (z+3) | (1 —=2) | product
r < —4 - — + +
—4<xr< -3 + - + -
-3<x<l1 + + + +
r>1 + + — —

Thus the first inequality holds when 2 < —4 and when —3 < x < 1.

Likewise for the second inequality, (x + 2)(z — 2) < 0:

(x+2) | (r—2) | product
< =2 - - +
—2<z <2 + — —
T > 2 + + +

Therefore the second inequality holds when —2 < x < 2.

We can combine these by illustrating them on a number line:

e, O

O C O

5 -4 -3 -2 -1 0 1 2 3 4%
Combining these two conditions, they both hold when —2 < « < 1, which is option B.

5.2 Answer E TMUA Specimen - Paper 1 - Q4
We can factorise the given inequality to give (x + 1)(x — 1)(x — 2) > 0. The function f(z) =
(x+1)(x —1)(z —2) is zero when z = —1, z =1 and = = 2.

We can now make a table showing the signs of the three factors for different values of x. (This
is a useful technique in general.)

r<—1l|loe==-1|-1l<z<l|oz=1|l<z<2|ax=2|a>2
r+1 — 0 + + + + +
x—1 — — - 0 + + +
x—2 — — — — — 0 +
f(x) - 0 + 0 - 0 +

Therefore f(z) is positive when —1 < # < 1 and when x > 2, so the answer is E.
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5.3 AnswerF TMUA 2023 - Paper 2 - Q6

I If we take the logarithm to base a of the equation (x), we get = = log, x.

This suggests that this equation must have the same number of real solutions as (x), but
we must be careful and check that we are allowed to take the logarithm of both sides of (x)
without adding or losing solutions. We can only take the logarithm of a positive number.
The left hand side of (%) is always positive, and if < 0, then this value of x does not
give a solution to (*). So the solutions to (x) (if there are any) all have x > 0. So we can
take the logarithm of both sides without losing any solutions. And by exponentiating the
resulting equation, we get back to (*), so we do not introduce any new solutions. Therefore
this equation must have the same number of real solutions as (x).

2r — 22, Squaring can introduce new solutions,

II  If we square both sides of (x), we obtain a
though; does it on this occasion? If we have a solution to a** = z?, we can deduce that
a® = +x. We always have a® > 0, so it might be that we get a new solution with x < 0.
Let us try a numerically simple example to see if this does happen. As z < 0, we have
0 <a®* <1, soweneed —1 < z < 0. Taking z = —%, (*) becomes a~1/2 = %; we then get
a = 4. So in this case, 42 = 22 has an extra solution, = = —%, which is not a solution to
4% = x. Therefore this equation may not have the same number of real solutions as ().
Another way to think about it is graphically. The graphs of y = a® and y = a®® are both
exponential graphs with y < 1 for all < 0. The graph of y = x is negative for all x < 0
so any solutions to () have x > 0. On the other hand, y = 22 is positive for all  # 0
and it reaches 1 at = —1. Therefore there will always be a solution to a?* = z? with
-1 <ax<0.

IIT If we replace 2z with u in this equation, we get a* = u, so there are the same number of
real solutions for u as (%) has. Every (real) value of u corresponds to a unique value of x,
namely = = u/2, so there must be the same number of real solutions to a?* = 2x as (*).

Thus the answer is option F, I and III only.

5.4 AnswerC TMUA Specimen - Paper 2 - Q7
A simple way to decide between the four given options is to determine which of the points (1, 0),
(—=1,0), (0,1) and (0, —1) lie on the graph.

We start with (1,0): this gives 1 x 1 = 1, so (1,0) lies on the graph. We now look at (0, 1): this
gives 1 x 1 = 1, so this also lies on the graph. On the other hand, (—1,0) gives —1 x 1 = —1
and (0, —1) gives the same, so neither of these points lies on the graph.

Therefore the graph must be that shown in option C.

Alternatively, we can multiply out the brackets, giving #* + y* = 1; therefore for large values
of z, we must have y* ~ —2? or y = —x, giving A or C. Now when 0 < z < 1, we must have
0 < y < 1, and hence the correct graph is C.
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5.5 AnswerE TMUA 2020 - Paper 2 - Q8

To prove that a ‘for all’ statement is true, it is necessary to show that the formula holds for every
choice of the variables. On the other hand, to show that it is false, it is sufficient to just find a
single counterexample, because that shows that it is not true for all choices of the variables.

This student has provided a correct counterexample (and it is easy to check that their arithmetic

is correct). Therefore the student has correctly shown that (*) is false, and the correct option
is E.

One can also observe that ‘for all real numbers a and b, |a + b| < |a| + |b|" is a true statement,
but noting that is different from showing that (x) is false.

5.6 AnswerC TMUA 2021 - Paper 1 - Q9

We first need to work out what the graph looks like. There are four cases for & and y depending
on whether there are positive or negative. We list them in a table:

quadrant 2z y |z| |y| equation  rearranged to y=---
1st + + x Y r+y=1 y=—x+1
2nd - + -z y —xz+y=1 y= x+1
3rd - - —x -y —x—y=1 y=—-x—1
4th + - T -y r—y=1 y= x—1

We therefore have (at most) four lines making up this graph, and we can sketch these. We need
to recall that we only draw the part of each line that appears within the relevant quadrant; for
example, y = x + 1 only appears in the 2nd quadrant.

A

Y

-1

This shape is a square. We can think of it as made up of 4 right angled triangles, each with
base and height equal to 1, so each has area % x1x1= %, and hence the square has area 2.
Thus the correct option is C.
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5.7 Answer D TMUA Specimen - Paper 1 - Q10

When the graph is reflected in the line y = 1, we obtain the following:

=27 W 0 \r/ 27

We can find the equation of the reflected curve in a variety of ways. One is to observe that the
reflection is centred about y = 2, as the values go from y = 1 to y = 3. The cosine curve is
‘upside-down’, so the equation must be y = —(cosx) + 2 = 2 — cos z.

Another way to see this is as follows. The refletion of y = f(x) in the z-axis (y = 0) is y = —f(z).
When the line of reflection is translated, the whole reflection is translated. Since y = 0 is
transformed to y = 2, the reflection of the function must be translated to give y = 2 — f(x).

The result is then translated by 7 in the positive x-direction, so that x is replaced by x — 7.
(We can see this because the new = = 7 corresponds to the old z = 0.)

Therefore, the equation of the resulting graph is

T
- 2 B (’ B 7) ’
Y cos (@ — 7

Thus the correct answer is option D.

5.8 Answer E TMUA 2018 - Paper 1 - Q10

We notice that the first inequality involves x only and the second involves y only, so we can
solve each inequality separately.

For the first one, |2 — x| < 6, this means that x is at distance at most 6 from 2, so —4 < x < 8

Likewise, the second inequality, |y + 2| < 4 means that y is at most 4 from —2 (as |y + 2| =
ly — (—2)|, so it measures the distance of y from —2). So —6 <y < 2

We can now obtain the greatest possible value of |xy| = |z|.|y| by taking the greatest possible
value of |z|, which is 8, and the greatest possible value of |y|, which is 6, so the greatest possible
value of |zy| is 8 x 6 = 48, which is option E.
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5.9 Answer A TMUA 2020 - Paper 1 - Q10

The most straightforward way to answer this question is by performing the transformations to
the formula in the standard way. An alternative approach is to sketch the graphs, but then it is
not immediately clear how we would determine the resulting formula.

We start with y = 422,

1. Translating it right by 3 transforms the curve into y = 4(x — 3)%. Then translating it down
by 5 transforms it into y = 4(x — 3)? — 5.

2. Reflecting it in the z-axis (the horizontal axis!) replaces y by —y, or equivalently replaces
y = f(x) by y = —f(z), giving y = —4(x — 3)%2 + 5.

3. Stretching it parallel to the z-axis with scale factor 2 replaces z by %, giving y = —4(%—3)*+5.

We can now expand the resulting formula, to give y = —4(% —3x+9)+5= —x? + 122 — 31,
which is option A.

5.10 Answer C TMUA 2022 - Paper 1 - Q10

Any sequence of translations is equivalent to a translation in the z-direction followed by a
translation in the y-direction (where the translations could be zero).

Translating y = 23 by a in the z-direction gives the graph
y=(x—a)® =21 3a” + 3a°x — a’.
Then translating by b in the y-direction gives the graph
y =2 — 3ax® 4+ 3a%x — a® +b.
Now considering the three graphs:

I The 2? term is —3x?, which means we require ¢ = 1. Substituting this into the above
general equation gives y = 23 — 322 + 32 — 1 + b, which does not match the given equation.
So this is not a translation of y = 2.

I The 22 term is —922, so we require @ = 3. Substituting gives y = 2% — 922 + 272 — 27 + b,

which matches the equation with b = 24, so this is a translation of y = 3.

IIT The 2* term does not match here, so this is not a translation of y = 3.

Therefore the answer is option C, 1I only.
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5.11 Answer B TMUA 2018 - Paper 2 - Q10

It would help to sketch a graph which has reflection symmetry in & = a. We should pick a value
of a which is not zero. Let us pick a positive value of a. We can draw a quadratic with vertex
at x = a, for example.

Y

a

We now consider the three conditions and see which are certainly not necessary for the reflection
symmetry by looking at this example. We mark on z, a +  and 2a — z for a value of z which
is not equal to a, where we have chosen x =~ 1.5a:

)

a—x2a—'r a r a+x
It seems from this sketch that f(z) and f(2a — x) are likely to be equal, as are f(a + x) and
f(a — x). So we reject condition III, leaving us with conditions I and II to consider.

For a graph y = f(z) to be symmetrical about « = a, we need the value of the function to be
equal whenever we go the same distance to the right or left of x = a. Looking at this sketch,
let’s take the distance to be z. Then we need f(a 4+ z) = f(a — x) for every choice of z if the
graph is symmetrical about * = a, so condition I is necessary. But it is also sufficient, for
how could a graph not be symmetrical? Only if for some z, the function values are different at
a+xand a — z.

For condition II, we can do the same. This time, the values we want to consider are 2a — x
and z. Now 2a — z is  — a to the left of a (assuming that z > a) and = is z — a to the right
of a, so these are the same distance from a, and again this condition is necessary. Since every
distance can be written as x — a for some choice of x, the condition is also sufficient.

So both conditions I and 11 are necessary and sufficient, and the correct option is B.
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5.12 Answer B TMUA 2023 - Paper 1 - Q11

We first find the minimum points of the two graphs.

Approach 1: Direct approach
We have, for the first graph,
y = f(kx) = (kz)* — 6(kz) = k*a? — 6k,

We can find the minimum point using either calculus or completing the square; we will use

calculus here. We have 4
Y _op2r 6k
dx

SO % = 0 exactly when = 3. At this point, y = k*(3)% — 6k(3) = —9.
For the second graph, we have
y=flx—c)=(x—c)?—6(x—c)=12?—2cx+c* —6x+6c=2a—(6+2c)x+c*+6e.
We use completing the square to find the minimum point: we have
y=z-B+c)?-B+c)?++6c=(x—B3+c)?-9
so the minimum point is at x =3+ ¢, y = —9.

Approach 2: Using graph transformations

We first find the minimum point of y = 22 — 6. We can complete the square to get y =
(x — 3)% — 9, so the minimum point is at 2 = 3, y = —9.

The graph y = f(kx) is obtained by stretching the original graph by a factor of 1/k in the
x-direction, so the minimum of this graph is at = = 3/k, y = —9.

The graph y = f(z — ¢) is obtainedd by translating the original graph by ¢ in the z-direction,
so the minimum of this graph is at x =3 + ¢, y = —9.

For the two minima to be at the same place, we require 3/k = 3 + ¢, so taking the reciprocal
gives

Eo1
3 3+c¢
Multiplying by 3 then gives
3
k= ,
3+¢c

which is option B.
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5.13 Answer B TMUA 2016 - Paper 2 - Q14

The number of solutions to f(z) = 1 is the number of times the graph of y = f(x) intersects
with the line y = 1, and similarly for the other three cases. So we need to think about possible
shapes of y = f(x). We assume that a # 0 for now, so that we are dealing with a quartic; this
will be enough to answer the question. (Each of the given options has one of p, ¢, r or s equal
to 4, which is impossible if the curve is a cubic, quadratic or linear.)

A quartic with a > 0 either has a W-shape, or it is a bit like a quadratic in that it has exactly
one local minimum. If a < 0, the possibilities are the reflections of these.

We can then try to construct curves with the given conditions.

A p=1 and ¢ = 2 indicates that @ > 0 and that y = 1 is tangent to the curve. So something
like this would work, where we have drawn dashed lines to show y = 1, y = 2, y = 3 and
y = 4. (We could have left out the y-axis for clarity.)

Y

(An accurately-plotted quartic would not look quite like this, as you can see if you use graph-
drawing software. Nevertheless, the general shape could be correct, with the stationary points
in roughly the locations shown.)

We could also draw this schematically as:

Y

We will use this schematic representation for the rest of the cases.
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B Again, we require a minimum at y = 1. But as there are 4 crossings at y = 4, the curve must
do something like this:

Y

where the last part is not yet clear.

However, to get r = 2, the last minimum must lie above y = 3, but then we cannot have
g = 3. Hence this is not possible.

We look at the other three options for the sake of completeness.

C Again, there is a minimum at y = 1, and r = 3 gives a stationary point at ¥ = 3. This sketch
does the job:

Y

D Since s = 1, we must have ¢ < 0 and y = 4 is a maximum. Likewise, y = 3 must also be a
stationary point. The following sketch achieves this:
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E This is similar to the previous option: a < 0 and there is a maximum at y = 4. As g = 3,
there is a stationary point at y = 2, which gives the following sketch:

The correct option is B.

5.14 Answer D TMUA 2022 - Paper 2 - Q14

To solve this question, we use the fact that |z —a| can be understood as the distance of x from a.
The first inequality is true if and only if x is closer to —5 than to —11, i.e., if and only if > —8.

The second inequality is true if and only if = is closer to —11 than to —1, i.e., if and only if
r < —6.
Therefore both inequalities are true if and only if —8 < # < —6, which is an interval of length

2, which is option D.

One could also do this question by sketching the graphs of y = |z + 5| and y = |z + 11| and
working out where they intersect, and so on. But that requires a lot more work than than the
approach presented here.
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5.15 Answer E TMUA 2021 - Paper 2 - Q16

Approach 1: graph sketching

We are looking for the intersections of the graphs of y = x || and y = px + g. The latter is just
a straight line graph, while the former is y = 22 when z > 0 and y = —2? when x < 0:

Y

This graph looks quite similar to the graph of y = 23: it has a point of inflexion at the origin.
Any straight line will meet this graph at least once: if ¢ > 0, then it will meet it for some z > 0,
and if ¢ < 0, then it will meet it for some x < 0. A straight line can meet the graph twice if it
is tangent to the curve somewhere, and it can meet it three times, for example y = z.

But a straight line cannot meet the curve four times. It can meet the curve at most twice for
x > 0, and at most twice for x < 0 (as each half of the curve is a quadratic, and a straight line
and quadratic can meet at most twice). But if a straight line meets the quadratic twice in the
region x < 0, then it must have ¢ > 0, for example:

Y

It can then meet the curve only once in the region x > 0. The same applies if it meets the curve
twice in the region x > 0. And if the line passes through the origin, then it can meet the curve
in at most two other locations.

So the correct answer is option E.
If x is a solution, then either 2 < 0 and —x? = pr 4+ g or > 0 and 22 = px + ¢; we can rewrite

these as 22 + pr + ¢ = 0 and 22 — pz — g = 0 respectively.

If ¢ < 0, then the quadratic equations both have positive discriminant. The first quadratic
has roots of opposite signs (as /p? — 4¢g > p), so there is exactly one negative solution. The
second quadratic (corresponding to x > 0) may have 0, 1 or 2 positive solutions, giving 1, 2 or 3
solutions in total.
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If ¢ > 0, exactly the opposite is true, and we still end up with 1, 2 or 3 solutions.
If g =0, then = = 0 is a root of both quadratics, and there are 0, 1 or 2 other roots.
Thus the possible values are 1, 2 and 3.

Fxamples with these numbers are: p=¢=0; p=—1, ¢ =0, and p = —2, ¢ = 1 respectively.

5.16 Answer A TMUA 2017 - Paper 1 - Q18

We can do this algebraically.
A translation of the graph of y = f(x) by 2 units in the positive y-direction gives the graph of
y=1f(z)+2
A stretch of factor k parallel to the z-axis gives the graph of y = f(fx) = f(})
For these to be the same, we need f(z) + 2 = f(%m) for all (positive) x.
In our case, f(x) = log,, x, so we require
logypx + 2 = logyy()
But log,o(%) = log;o z — logy k, so we require log;j k = —2, giving & = 1072 = 0.01. Hence the

answer is A.

We have done more than required to answer this question: we have actually shown that these
transformations are equivalent. An alternative approach is to assume that the question is correct
and that these transformations are equivalent, and to use a single point to find the value of k.

We could see which point ends up on the z-axis after the translation: it was at (a,—2), so it
must have been at (0.01, —2). Therefore the translated graph crosses the xz-axis at 0.01, while
the original graph crossed the xr-axis at 1. Therefore the stretch needs to be by a factor of 0.01
parallel to the r-axis.

We could have done a similar calculation with any other point.
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5.17 Answer A TMUA 2020 - Paper 1 - Q18

Approach 1: graph sketching

One way to start this question is to sketch the two graphs y = 1 — 2cos?z and y = |cosx|. It
may not be obvious how to sketch the first of these graphs (unless you happen to know about
double-angle formulae), but we can sketch something adequate for this question.

We can sketch the graph of y = cosz, then use that to sketch both y = |cosz| and y = cos? z,

and then the latter one can be used to sketch y = 1 — 2cos® z. Squaring cosz gives a graph
which is never negative, and is zero when cosxz = 0. So the graphs look like this:

Yy = cosx y = |cos x|
1Y 1Y
T T
0 90 180 0 90 180
-1 -1
y = cos’ x y=1-2cos’z
1H 1Y
T T
0 90 180 0 90 180
-1 —1

Imagining overlaying the graphs of y = |cosxz| and y = 1 — 2cos® z, we see that there are two
points of intersection symmetrically placed around 90°, so their sum is 180°, which is option A.

Approach 2: using algebra

We solve the two equations 1 — 2cos?z = cos when cosz > 0 and 1 — 2cos? z = — cos z when
cosx < 0.

First, 1 — 2cos?x = cosz when cosz > 0 gives 2cos?z + cosx — 1 = 0, which factorises as

(2cosz — 1)(cosz + 1) = 0. This has solutions cosz = 3 and cosz = —1. We must reject
the second solution as we require cosx > 0, so we have the solution x = 60° (in the range

0° < z < 180°).

Next, 1 — 2cos?x = —cosx when cosa < 0 gives 2cos?z — cosx — 1 = 0, which factorises as
(2cosx + 1)(cosz — 1) = 0. This has solutions cosz = —3 and cosx = 1, of which only the first
is valid. This gives the solution = = 120°.

Therefore there are two solutions and their sum is 60° + 120° = 180°.
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5.18 Answer B

We should start by sketching the original curve. This is a quadratic in y. It does not factorise,

but we can complete the square:

TMUA 2021 - Paper 1 - Q18

z=(y—3)*+2
It therefore has its vertex at y = 3, x = 2, and x > 2 for all values of y. We can then sketch it:
Y

6
4

P

. (2,3)
2

x
-2 0 2 4 6

The vertex of the parabola is 4 units to the right of P.

Now rotating this by 90° clockwise about P moves the vertex to 4 units below P, that is (—2, —1),

giving the following;:

6
4
P
° (2,3)
2
T
—4 -2 2 4 6
2
—4
This curve then has equation y = —(x + 2)? — 1, which we can expand to y = —2? — 42 — 5

giving option B.
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5.19 Answer B TMUA 2022 - Paper 1 - Q18

The equation f(x) = g(z) is a polynomial equation with degree 5, so has at most 5 distinct real
solutions; we wish there to be 5 such solutions for all values of p.

We would have fewer than 5 distinct real solutions if we either have a square factor of the form
(x — a)? for some a, or if the graph of y = f(x) — g(x) has fewer than four turning (stationary)
points, or if this graph has a minimum point above the z-axis or a maximum point below it, for
then it would not cross the z-axis 5 times.

Let us write

h(z) = f(z) - g(z) = 2*(x = 1)*(z = 2) + p(x — q)*(z — 1)
We can try expanding and differentiating this, but that looks horrible. Let us think about the
above description, though, remembering that there need to be 5 distinet real solutions for all
values of p.

The graph of y = f(z) = 2?(x — 1)?(x — 2) intersects the r-axis at = 0 (where it is tangent to
the axis, because it is a double root), x = 1 (likewise) and x = 2, and it is positive when x > 2
and negative or zero when x < 2, so the graph looks like this:

1 2

The graph of y = g(z) = —p(z — ¢)*(z — r)? has two points of intersection with the z-axis, one
at © = g and one at # = r, and at both of these points, the graph is tangent to the axis. (In
the case ¢ = r, there is just one point of tangency.) The graph is entirely below or touching the
r-axis as we are given that p > 0. It looks like this:

large p. So we must have 1 < r < 2. If 1 < ¢ < r, then it will miss the left valley for large
enough p, so we must have 0 < ¢ < 1 and 1 < r < 2. In this case, the graph of y = g(z) must
intersect both valleys twice as g(1) < 0:
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This sketch shows four points of intersection, and we are looking for five. But the graph of
y = f(z) tends to —oo as z tends to —oo far faster that y = g(x), regardless of the value of p,
as y = f(x) is a quintic but y = g(x) is only a quartic. So there will always be another point of
intersection with x < 0.

Hence the correct answer is option B.

Note that there is actually a small simplification in the above argument. We showed that we
cannot have 1 < g < r and deduced that we must have 0 < g < 1. But what about the possibility
q = 17 In that case, there would be a double root at x = 1, and so there would not be five distinct
roots, hence we cannot have ¢ = 1. But what about r? We showed that we cannot have r > 2 or
r < 1. If r =1, we have the same problem, but what about r =2 and 0 < ¢ < 17 In this case,
it is still true that the equation has five distinct real solutions for all positive p, as x = 2 is only
a single root of f(x) = 0. So the full set is actually ¢ <1 and 1 <r < 2.
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5.20 Answer E

TMUA 2019 - Paper 2 - Q18

We would do well to sketch a graph for this question! There are two functions involved, y =
alz| + 1 and y = |x — 2|, so we sketch these for different values of a.

The graph of y = a|z|+1 is the graph of y = |z| first stretched by a factor of a in the y-direction,
and then translated by 1 in the positive y-direction.

The graph of y = |z — 2| is the graph of y = |z| translated by 2 in the positive z-direction.

This gives us the following sketch:

Y
a=2
2
/ \1
I/ \\ 2
) \‘\ a= —2
What we can see from this sketch is that y = a|z| + 1 will be below y = | — 2| when « is

sufficiently negative; when a is positive, it will certainly intersect the graph of y = |z — 2|. We
can find the value of a at which the behaviour changes by sketching the graph at this point and

then doing some algebra:

Y

We can work out the value of a by noting that the graph passes through (2,0):

therefore a = —1

hgsmaths.com

a2l +1=0

—3, and hence the correct answer is a < —%, which is option E.
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5.21 Answer B TMUA Specimen - Paper 2 - Q19

The first equation can be rewritten as
flz) =2® +az® — bz —c=0 (1)

and the second equation as

gla)=2% —az® —bxr+c=0. (2)

Comparing these two equations, we see that the coefficient of 22 and the constant term have

¢

been negated. We can also negate equation (2) to give
—g(x) = —a® 4 ax® + bxr —c = 0. (3)

This is similar to equation (1), but now the coefficients of 2% and 2 have been negated. This
indicates that we can relate this to equation (1) by substituting in —z. We find that

f(—z) = (—z)* + a(—2)> —b(—x) —c = —2° + ax® + bx — c = —g(x)

and so equation (3) becomes
f(—x) = 0.

Since we are told that f(x) = 0 has three real roots, one positive and two negative, and f(—z) = 0
must have three real roots, one negative and two positive. (It might be helpful to note here that
y = f(—z) is the reflection of y = () in the y-axis.)

Hence the answer is B.
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5.22 Answer B TMUA 2022 - Paper 1 - Q20

The graph y = |22 — a?| intersects the z-axis at +a. The graph y = a?|z — 1| intersects the
z-axis at z = 1. Replacing a with —a does not change the equations, so we may as well assume
that a > 0.

Here is a sketch of the graphs with a = 2; we note that the graphs always intersect at x = 0
(and y = a? there):

-2 1 2

We immediately see that when a > 1, there will be 4 points of intersection: the graph y = a?|z—1|
is below the “hill” at (1, 0), so intersects it twice as x moves away from z = 1, and then intersects
the quadratic y = 22 — a? for some = < —a and some z > a as the quadratic grows faster than
the linear y = —a?(x — 1) or y = a?(x — 1) in these regions.

What happens when a = 17 In this case, the equations become y = |22 — 1| and y = 2 — 1. The
derivative of the quadratic y = 2% — 1 is 2z, so the gradient is just over 2 when x is just over 1.
(There is no gradient at the point x = 1.) Therefore the graph looks like this:

\\ T

-1 1
We see that we have lost one point of intersection: there are now only three points of intersection.

What happens if 0 < a < 1?7 Now the vertex of y = a?|z — 1| will be to the right of = a, where
the quadratic meets the axis, and so there will be no points of intersection there — the quadratic
grows too quickly to meet the linear function for > 1. (To be more precise: the gradient of
the quadratic to the right of x = a is 22 > 2a > a?, so the quadratic will be growing faster than
the linear function.)
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5.23 Answer F TMUA 2023 - Paper 1 - Q20

Let us first consider the function y = g(z), where g(x) = 22 — z; we will then substitute f(x)

into this expression once we understand the behaviour of y = g(x).

g(z) is a quadratic and we can complete the square: g(z) = (x — 3)> — 1. So y = g(x) has a
minimum value of y = —%L at x = %

When we now substitute the values of f(z) into this completed-square form for g(x), obtaining
(f (47))2 — f(z). We can sce from the graph that there is some value of z with f(z) = 1, so this
expression has minimum value of —%.

For the maximum value, we see that the value of g(x) increases symmetrically either side of

x = . So the maximum value of ( f(as))2 — f(z) will either occur when f(x) = 2 or when

f(x) = —2. Since —2 is further from 3 than 2 is, f(z) = —2 will give the maximum value,
which is (—2)? — (=2) = 6. (And if we hadn’t made that observation, we could have calculated
22 — 2 = 2 and seen that it is smaller than 6.)

Therefore the difference between the maximum and minimum values is 6 — (—i) = 24—5, which is
option F.
5.24 Answer B TMUA 2019 - Paper 2 - Q20

Commentary: It could be helpful for this question to take a piece of paper and physically
move it around following the given instructions to get a feel for what’s going on. This
suggests that we may be looking for a periodic function.

We could then try to see what happens with a sine or cosine function, but these turn
out to have too much symmetry, and could lead us to the wrong answer. A tan graph is
periodic, but does not have line symmetry, so is likely to be better for our needs.

With all of this, though, we might still get ourselves in quite a muddle, so beginning with
an algebraic approach is likely to be more successful.

When we reflect the graph of y = f(x) in the y-axis, we obtain the graph of y = f(—x). When
we translate this by 2 units in the negative xz-direction, we obtain the graph of y = f(—(z + 2)),
so g(z) =f(—(z +2)) = f(—x — 2).
Similarly, when we translate the graph of y = f(x) by 2 units in the negative z-direction, we
obtain the graph of y = f(x + 2). When we reflect this in the y-axis, we obtain the graph of
y="f(—x+2), so h(z) =f(—x+2).
If the functions g(z) and h(z) are identical, then we require

f(—x —2) = f(—x + 2) for all z.

This is quite close to what we want, so let us let u = —x — 2, so that —x + 2 = u + 4. Then the
above becomes

f(u) = f(u + 4) for all u,
which is option B, just with x replaced by u.
This means that the function is periodic with a period of 4 (though it may have a smaller period

such as 2 or %, as long as it repeats every 4).
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5.25 Answer E TMUA 2022 - Paper 2 - Q20

We note that we can rewrite each of the functions fs to f5 in terms of the previous function:
fi(x) = cosx
fa(x) = sinfy (x)
f3(x) = cosfy(x)
fy(x) = sinfs(x)
f5(x) = cosfy(x)
Since f(x) = cosx is periodic with period 27, each of the other functions also repeats every 2w
(though it may have a shortest period less than this), and so we only need to consider 0 < z < 27.

(We could actually restrict ourselves to 0 < x < 7, as the values of cos z in the range 7 < z < 27
are a repeat of the values in the range 0 < z < 7, but we will draw a complete period anyway.)

Sketching the graph of each of these functions is the most straightforward way to proceed. We

note first a result that we will need later: m =~ 3.14 so g ~ 1.6 and hence sinl < sing =1.

A sketch of f)(z) = cosx is straightforward:
Y

-1

We see that m; = 1, and the minimum value taken is —1. Now fy(x) = sinfj(x), so this goes
between —sin 1 and sin 1, with roots where fj (z) = 0; recall that sin1 < 1:

Y
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WORKED SOLUTIONS - CHAPTER 6 - UNIT S1

Probability

6.1 AnswerC TMUA 2021 - Paper 2 - Q3

The probability is given as a fraction in its lowest terms.

The probability that a student does not wear glasses is %, so the ratio of glasses to non-glasses

15
is 4 : 11, in its lowest terms.

Therefore the number of glasses /non-glasses wearers could be 4 and 11 (total 15), or 8 and 22
(total 30), or ...

Necessary means that it follows as a consequence.

Therefore I and IIT are not necessary (there could be 22 non-glasses wearers or the class could
contain 15 students.

The total must be a multiple of 15, and so the number of students is divisible by 3.

The correct answer is therefore C.

6.2 Answer C TMUA Specimen - Paper 1 - Q7

We could do this using a tree diagram, but it would have 3 x 3 branches, which is somewhat
unwieldly in a short test.

Here are two alternative approaches.

Approach 1: use symmetry

The first ball can be anything; it does not matter what. We are left with n — 1 balls of the same
colour and 2n balls of different colours; there are 3n — 1 balls left in total. (This is because
there are equal numbers of each colour to begin with. Were there different numbers of different
colours, we would have to treat each colour separately.)

So the probability that the two balls are not the same colour is , which is option C.

3n—1

Approach 2: use negation

The probability that the two balls not the same colour is 1 minus the probability that they are
the same colour. This gives

n n—1 n n—1 n n—1
1—(—x + — X + — X
(371 3n—1 3n 3n-1 3n 3n-— 1)

where we have added the three colours separately. This simplifies to

1 n—l_ 2n
3n—1 3n-1

We could have simplified the calculation in the same way as in approach 1: the probability that

n—1
the second ball is the same colour as the first is 31 so the probability that they are different
T —

colours is 1 minus this.
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6.3 Answer B TMUA 2016 - Paper 1 - Q7

There are two factors for each member: whether the member is a man or woman, and whether
the member plays tennis or cricket. We can either display this situation as a tree diagram or as
a two-way table. Since the information given has both the fraction of male members who play
cricket and the fraction of the cricketing members who are women, it will be simpler to use a

two-way table. (In a tree diagram, we could easily display one of the two, but the other will be
hard.)

We could also work with fractions or with numbers of people. In this solution, we will work
with numbers. The 60% suggests that we work with a multiple of 100 people, and the presence
of a fraction %, suggests that we work with a multiple of 3. So we start with 300 people. This
is the information we obtain from the 60% of members are women and % of the resulting 120

male members play cricket:

Men Women | Total
Tennis 72
Cricket | 48
Total 120 180 300

We are also told that % of the cricketing members are women, so the 48 cricketing men are % of
the cricketers, hence 96 cricketers are women, leaving 84 women to play tennis:

Men Women | Total

Tennis | 72 84 (156)

Cricket | 48 96 (144)
Total 120 180 300

(The parenthesised figures are not needed to finish the question.)

Therefore the probability that a member of the club, chosen at random, is a woman who plays
84 28 7

tennis is — = = —. and the answer is B.

300 100 25°

6.4 AnswerF TMUA 2019 - Paper 2 - Q12

One way to answer this question is to draw a tree diagram and to work out the probabilities of
the three events.

Another way is to reason as follows.

If all three students study Mathematics, then certainly the second student chosen studies Math-
ematics and at least one of the students chosen studies Mathematics. Therefore T' < § and
T <R

Likewise, if the second student chosen studies Mathematics, certainly at least one of the students
chosen studies Mathematics. Therefore S < R.

Putting these together gives T' < § < R, and the answer is F.
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WORKED SOLUTIONS - CHAPTER 7 - UNIT P6

Calculus 1

7.1 AnswerC TMUA 2017 - Paper 1 - Q1

We are given the derivative of y, and we want to find y itself, so we need to integrate. We start
by expanding the fraction:

dy o 2-3z
@‘3“3 g3
=322 — 2273 + 3272

S0 we can now integrate term-by-term to get

y=a3+272 327 +¢
Now as y = 5 when # = 1, we can substitute to give
5=134+12-3x1 ' +e=-1+c
s0 ¢ = 6 and the answer is C.

Commentary: It turns out that there is a subtlety in this question which we usually
ignore at school level. The question assumes that there is a ‘simple’ formula for y in terms
of x. Since the function is not defined at x = 0, it is possible that we have different
constants when x > 0 and when x < 0, so we could have, for example,

P+ 2-3x1+6 whenz >0
P+ 2-3x1+8 whenz <0

This may seem quite strange, but it would be a valid solution to the differential equation
given in the question.

7.2 AnswerD TMUA 2018 - Paper 1 - Q1

We write the integrand (the thing being integrated) in terms of powers of x and split up the
fraction in order to be able to compute the integral:

4 4
3—2 3-2
/mdm—/ %:Eda:
1 /T 1 z2
4 3 1
_f 3x72 —2x 2 dx
1

4

l3a:_% 2:5%
=Ly L
D T
= [—Gm_% — 4x%]?
=(-6x3—-4x2) —(-6x1-4x1)
= —11—(-10)
= -1
so the correct answer is D.

hgsmaths.com Worked solutions - 7 Calculus 1 284



7.3 Answer C TMUA 2020 - Paper 1 - Q1

We start by writing the expression as a sum of powers of z:

m3—5m27m3—5m27m%—5m%
2e/T  9ps 2

We can now differentiate this expression to get

Lo
oot
8
(NI

xr

b=

1 3

_1
5 2

x

1
5 5 1
r2—5 %3

We now need to convert this into the form given in the options, so we write it as
g\/;_i:?’ﬂ_ 5 _ 3 5 3¢5
4 N 4 4/r 4J/z 4/ 4z

which is option C.

7.4 AnswerF TMUA 2023 - Paper 1 - Q1

We calculate the integrals in terms of a and b:

1
/0 (ax +b) dz = [jaz” + bm}é

:%a+b
=1

1 1
/ z(ar +b)dx = / (az® 4 bz) dzx
0 0

=1
Multiplying the first equation by 2 and the second by 6 gives the simultaneous equations
a+2b=2 (1)
20+3b=6 (2)
Then 2 x (1) — (2) gives b = —2, so a = 6. Therefore a+b = 4 and the correct answer is option F.
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7.5 Answer A TMUA 2016 - Paper 2 - Q1

We begin by expanding the brackets, either using the binomial theorem or by multiplying them
out by hand, to get

2 2 2
f ($2+42) dm—/az4—8—|—1§daz
1 €T 1 T

2
—/ ' -8+ 1627 4dx
1

5 -372
_[m——8m+16m ]
1

5 3
32 16/8 1 16

— (22 _gxo_ ) _(2_g_ 20
(5 * 3) (5 3)
31 14

— 2 g4 —
50T

93120+ 70

N 15

_ 48

15

and so the answer is A.

7.6 Answer A TMUA 2017 - Paper 2 - Q1

We first expand the brackets and split up the fraction:

(1= 3:17)2
2:::%
16z +92?
2$%
= %m_% — 33:_% + g:r%
and we can now differentiate this to get
dy 1, 3y -3 -3 91 1
@ = E(—i)l' 2 —3(—§)$ 2 + 3 X 5T 2
= —%m_% + %;p_% + %x_%
and so the correct answer is A.
7.7 Answer C TMUA 2018 - Paper 2 - Q1
We first simplify the fraction using index laws:
3
x’ — 4z
f(x) =
2\/x
B 3 —dx
23:%
1. 5 1
=512 — 212

SO

Substituting x = 4 then gives

and so the answer is C.
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7.8 AnswerD TMUA 2021 - Paper 2 - Q1

We write the integral as powers of x and then integrate:

4 4 4
/ (3\/E+ —2) dr = f 32z +4r 2 dx
1 T

1

3$% 4z—1 !
= |-+

3 —
@ "1,
= [233% — 4::2_1}?
=(2x8—-4x1)—(2x1-4x1)
=15—(-2)
=17
7.9 Answer B TMUA 2022 - Paper 2 - Q1
‘We differentiate to obtain
dy 3 2
—= = 1227 + 122° + 12x.
dx

We solve the equation % = 0 to find the number of stationary points:

122% + 1222 + 122 =0
if and only if 122(2® + x+1) = 0.

So either © = 0 or 22 + 2 + 1 = 0. But this quadratic has discriminant 12 —4 x 1 = -3 < 0, so
it has no real solutions.
Thus there is only one stationary point, at x = 0, and the answer is option B.

7.10 Answer C TMUA 2017 - Paper 1 - Q2

We expand the brackets, writing everything as powers of x:
2 1 \2
-~
() x  2x?
4 21 N 1
2 x2x? 4t

1
=dr % 273 + im_‘l

(Take care with the last simplification: writing ﬁ = 42~* is a common error!)

Then differentiating gives
f'(r) = -8z %+ 62~ — 2"

and differentiating a second time then gives
(x) = 240~ — 2427 4 527F
We can now subsitute z = 1 to give
(1) =24 -24+5=5

so the correct answer is C.
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7.11 Answer F

We first find the turning points by differentiation. We have

d
el =322 — 6 =0 if and only if 2% = 2
dx

soa=—v2and 3= 2.
We can now compute the integral:

B
/ 2® — 6z + 3dx = [%x‘l —3:::2-1—3:6}\_/35

TMUA 2021 - Paper 1 - Q2

= (3(v2)' = 3(v2)? +3(v2)) — (;(—V2)* = 3(-V2)* +3(-V?2))

=62

where to get the last line, we note that the first terms in each bracket cancel with each other,
and similarly for the second terms, so we are left with just 3v2 — (—3\@). This is option F.

7.12 Answer B

TMUA Specimen - Paper 2 - Q2

We expand the brackets and divide through by the denominator to write everything as a single

power of x:
Bz —2)*
v= x\/r
9z — 12z +4
3
1 1 3
=9z2 — 122" 2 +4a” 2.
Therefore
d : 5
HE::QX%x‘%—12x(—%m_%+4x(—%mfi
T
= %x_% + 622 — 62 3

Substituting in x = 2 gives us the gradient at x = 2:

dyfgx 1—|—6>< ! 6 x !
de 2 /2 22 44/2
C9+6-3
2V/2
_ 6
V2
= 3V/2,

hence the answer is option B.
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7.13 Answer B TMUA 2016 - Paper 2 - Q2

We begin by expanding the brackets and simplifying the powers of x:
_ 223 + 10z

3
T4

f(z)

50

which is option B.

7.14 Answer F TMUA 2023 - Paper 2 - Q2

We first expand the brackets to obtain

161 161
[ —|—2+mdaz—/ — — 24+ xdx.
9 T 9

Since these integrals have the same limits, we can combine them into a single integral to get

16 1 1 16
f (+2+x>—(—2+m)_f 4dz =4 x (16 — 9) = 28,
9 T T 9

which is option F.

Note that integration of % is not on the specification for this test; it is, of course, possible to
answer this question by calculating both integrals explicitly and then subtracting, but it is much
more work than the solution just presented.

7.15 Answer C TMUA 2016 - Paper 1 - Q3
We need to find the gradient of the curve at (1,2). We have y = 2272 and so j—g = —dx~3. At
x = 1, this gives g—g = —4 and so the normal has gradient i. As it passes through (1,2), it has

equation
y—2=x(z—1).

It cuts the z-axis (y = 0) at P, so at P, we have —2 = }(z — 1), giving = —7, and so P has
coordinates (—7,0).

It cuts the y-axis (r = 0) at @, so at @, we have y — 2 = %(—1}, giving y = %, and so ( has

coordinates (0, 7).

Thus P} has length
7 TV 17
YA = V= —

(where we have written 7 = % x 4 for the first equality).

Hence the answer is C.
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7.16 Answer F

TMUA 2022 - Paper 1 - Q3

Using the first statement, {”(z) = a for all z, we can integrate to get {'(x) = ax + b for some

constant b, and a further integration gives f(x) = %amQ + bx + ¢ for some constant c.

The second statement then yields f(0) = ¢ =1 and f(1) = a+b+1=2,50 a +2b = 2.

— 2

Finally, we can now use the third statement:

1
/ f(x)dx = [%amS + %bmg + xhl)
0

=sa+3b+1
so that a + 3b = 0.
Combining the simultaneous equations

a+2b=2

a+3b=0
gives b = —2 and a = 6, so the correct answer is option F.

7.17 Answer C

TMUA 2023 - Paper 1 - Q3

We work out the values of each of the individual integrals by splitting them into unit intervals:

where for the final two integrals, we have used the rule f; flx)de = — fba f(x)dx.

/jf(x)dm—/Olf(x)dx-l-/lgf(as)dx+/23f($)dm

—1+2+3
=6
3 2 3
[ t@ar= [j@aes [ @ ar
—243
3 _
flz)de =3
2
3 4
fayde =— [ f(z)da
4 3
— 4
3 5
fayde =— [ f(z)da
5 3
4 5
:_(f flx)dz + f(r)dr)
3
— _(445)
=-9

Adding these gives the required sum:

which is option C.

hgsmaths.com

6+5+3-4-9=1
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7.18 Answer C TMUA 2016 - Paper 1 - Q5

To answer this question, it is worth drawing a sketch.

The graph is of y = 22 — 1 = (z + 1)(x — 1), so the parabola intersects the z-axis at (1,0) and
(—1,0):
Y

-2 -1 1 2

To find the area enclosed, we integrate over the three separate regions, from —2 to —1, from —1
to 1, and from 1 to 2:

-1
/ :E2—1d$:[%:€3—£€]:;
—2

(

Thus the three areas are each %, and the total area is 4, so the answer is C.

7.19 AnswerF TMUA 2022 - Paper 1 - Q6

We calculate the integral and use the laws of logarithms; we obtain

(logy 20)* — %(1052 5)?
(log, 20)* — (log, 5)%)
(logy 4 + log2 5)% — (log, 5)%)
(24 logy 5)° — (log, 5)2)
44 4logy 5 + (logy 5)* — (logy 5)%)
= 5(4+4logy 5)
=24 2logy b
=logy 4 + log, 25
= log, 100

((
((
((
(

[ ST N [ S T NI N1 T

so the answer is option F.
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7.20 Answer C TMUA 2018 - Paper 2 - Q6
A counterexample to an ‘if P then ()’ statement is an example where the statement is false,
that is where P (the antecedent) is true but ) (the consequent) is false.

We can now look through the given functions to see which of them satisfies these requirements.
We give our results as a table and make comments on the working below.

f(x) ')  f'(z)>0 f(x)>0
for all z for all =
A 22+ 1 2z false
B 2 —1 2x false
C 234+z+1 32241 true false
D 1—=x -1 false
E 27 ? true true

Once we know that f'(x) > 0 for all z is false, there is no need to go any further, so for A, B
and D, we stop at this point.

For C, 322 > 0 for all o, so 322 +1 = 1 > 0 for all x, and we know that cubics (2® + 2 + 1 in
this case) always take both positive and negative values, so f(x) > 0 for all = is false.

For E, we don’t know what the derivative of 2% is (or at least, knowledge of it is not required for
this test), but we do know that 2% is increasing for all x, so the derivative is positive for all x.

Finally, only C has the antecedent true and the consequent false, so C provides a counterex-
ample.

7.21 Answer A TMUA 2020 - Paper 2 - Q6

If we think about the integrals as meaning ‘the (signed) area under the graph of y = f(z)
between © = —5 and x = (0’ and the same between & = 0 and = = 5, we realise that none of
these conditions is necessary (though the first two conditions are actually sufficient).

To show fully that a condition is not necessary, we need to find an example of a function for
which the integral equation is satisfied but for which the condition is not.

An example of a function which satisfies the integral equation but does not satisfy conditions 11

or 111 is the function f(z) = 22.

An example of a function which satisfies the integral condition but does not satisfy condition 1
is f(x) = sin2mx, which has 5 full periods in each of the ranges —5 < x <0 and 0 <z <5, so
each of the integrals is equal to 0, but it is not the case that f(z) = f(—z) for =5 <z < 5.

Therefore the correct option is A.
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7.22 Answer D TMUA 2021 - Paper 2 - Q6

If f(x) = 0 has exactly three roots then there must be a stationary point between the first and
second root, and another stationary point between the second and third roots, but there may be
other stationary points. For example, here is a sketch of a degree 5 polynomial y = f(z) which
has f(x) = 0 for three real values of = but f’(x) = 0 for five real values of x:

Y

A second example is f(x) = 2* — 22, Here, the graph of y = f(x) touches the z-axis at x = 0,

so f(z) = 0 has exactly three real roots = —1, 0, and 1, but three stationary points x = :I:%
and x = 0:

Y

So P is not sufficient for ).

It is also not necessary, for example f(z) = z*

only one real root:

— x + 1 has exactly two stationary points but

So option D is correct.
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7.23 Answer F TMUA 2019 - Paper 1 - Q7

We expand the given expression to get
y= 4q2m — 2qa;3 + 6g — 32

Differentiating gives

d
&y _ 4 — 6qz? — 6z
dx
so the gradient of the curve at z = —1 is 4¢*> — 6¢ + 6. We can minimise this either by using

calculus or by completing the square.

Using calculus, we have di(élq2 —6g+6) =8¢ — 6, and 8¢ — 6 = 0 when ¢ = g = %, so the
q

answer is F.

Alternatively, completing the square, we have
4q" —6g+6=4(¢> ~3¢9) +6=4((g — $)* — (})*) +6

so the minimum occurs when ¢ = 3, as before.
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7.24 Answer G TMUA 2021 - Paper 1 - Q7

Let us start with the condition zf(z) > 0 for all non-zero values of . When z > 0, this
means that f(z) > 0, as we can divide the inequality by x and the direction of the inequality is
unchanged. On the other hand, when = < 0, this gives f(x) < 0, since dividing by = now changes
the direction of the inequality. In summary:

f(z) > 0 when z > 0
f(x) =0 when 2 =0
f(x) < 0 when x < 0

Now let us turn to the integrals. The final question asks about an integral from —2 to 0, so we
would do well to split the two given integrals into the ranges —2 to 0 and 0 to 2:

/_22 f(x)dx = /_02 f(z)dx + f; f(x) dx

=4
/if(.r)d;u—/_(;|f(x)|dx+/02|f(x)dx
_/_02 _f(x)dx+f02f(x)dx
__/_Zf(as)dm+/:f(9:)das
.
/_Zf(x)dm+/02f(x)dx_4

—/D f(x)d:):+f02f(:c)dx:8

-2

Therefore

If we now add these two simultaneous equations together, the ng f(x) dx terms cancel and we
are left with 2 f02 f(x)dz =12, so fOZ f(x)dz = 6 and fEQ f(x) de = —2.

The question asks us to evaluate [ 82 f(|z|) dz. Thinking about graph transformations, the graph
of y = f(z) is transformed into the graph of y = f(|z|) by removing the left half of the graph
(left of the y-axis) and reflecting the right half of the graph in the y-axis (the line = 0). The
integral of this transformed function from —2 to 0 is therefore equal to the integral of the original

function from 0 to 2, thus
0 2
/ £(|z]) dz _/ (z) dz = 6
-2 0

and the correct option is G.
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7.25 Answer E TMUA 2022 - Paper 1 - Q7

The line y = 0 is the z-axis; the curve y = 22 — 4|z| — 12 is y = 22 — 42 — 12 when x > 0 and
y =22+ 4z — 12 when 2 < 0, so we sketch these two graphs.

The curve y = 22 — 4z — 12 = (z — 6)(x + 2) intersects the z-axis at x = 6 and z = —2 and
has a minimum half way between them, at x = 2. Since we are only considering = > 0, we only
observe one point of intersection with the x-axis.

Similarly, the curve y = 22 + 42 — 12 = (x +6)(z — 2) intersects the z-axis at x = —6 and x = 2
and has a minimum half way between them, at = —2. Since we are only considering z < 0,
we only observe one point of intersection with the z-axis.

‘We can now sketch the graph, where we have shown the parts of the quadratics we are not using
as dashed lines:

—6 -2 2 6
The finite area enclosed between the z-axis and the graph y = 2? — 4|x| — 12 is therefore between
x = —6 and x = 6. We could calculate the integrals of the two quadratics, one between x = —6

and x = 0 and the other between x = 0 and x = 6. But we could also notice that the graph is
symmetrical about the y-axis, so we only need to find one of these and double the answer.

‘We have

6 3 6
f 22 —4x —12dz = [— — 22 — IQm]
0 3 0
3

6
:§—2><62—12><6—0
= -T2
SO ffﬁ 2% — 4|z| — 12dx = —144 and the (unsigned) area required is 144, which is option E.

7.26 Answer C TMUA 2021 - Paper 2 - Q8

If p(a) = p(b) = ¢, say, then if the graph of y = p(x) (strictly) increases as it leaves (a, ¢) towards
2 = b, but then it must decrease again to get back to (b, ¢), so there must be a stationary point
between x = a and x = b. Similarly, if the graph (strictly) decreases as it leaves (a, ¢), it must
then increase again, which also results in a stationary point. The only other possibility is that
the graph of y = p(x) is constant, in which case p’(z) = 0 throughout. In all cases, (x) holds,
so p(a) = p(b) is sufficient for ().

However, it is not necessary for (x): if p(z) = 2% and a = —1, b = 2, then this satisfies () (with
¢ = 0) but p(a) # p(b).

Thus the correct option is C.
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Commentary: We want the cubic equation 22 — 322 — 12z +c¢ = 0 to have three distinct
real solutions. We don’t know any techniques for finding the roots of a cubic equation,
so we will have to be creative. (Actually, there is a formula, often known as Cardano’s
formula, for solving a cubic equation, but you are not expected to know this.)

What we do know how to do is to sketch a cubic graph by finding its turning points and
y-axis intercept, even if we don’t know the x-axis intercepts, so we will do this.

We can find the stationary points on the graph of y = 223 — 322 — 122 + ¢ by differentiating.
We have d
d_y =62" — 62 —12=06(z> —2 — 2) = 6(z — 2)(x + 1)

T

so there are stationary points at = 2 and = —1 (where % =0)

These have coordinates
(-1,74+¢) and (2,-20+¢)

For the equation 223 — 322 — 122 + ¢ = 0 to have three distinct real solutions, we need the two
turning points of the cubic to be on opposite sides of the x-axis, one above it and one below it.
It is clear that =20 +¢ < 7+ ¢, so we need —20+ ¢ < 0 and 7+ ¢ > 0. The first inequality
becomes ¢ < 20 and the second ¢ > —7.

Combining these, there are three distinct real solutions if and only if —7 < ¢ < 20, which is
option B.
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()

x x
—, 80 y = — (for x > 0). We can then sketch the two

We can rearrange x = p,/y to give |/y = 5
D ,

3

curves to see what is intended:
y

€T

‘We need to find where these two curves intersect. We have
2
T
P\/-_ =3
'y

3 1
so x2 = p?, giving 2 = p, so x = p* and thus y = p? as well; the point of intersection thus lies
on the line y = z and the graph is symmetrical about this line.

We can now find the area between the curves by integrating the difference from z = 0 to = = p*:

2 2
p T
area = / pVr — — da
0 p

3
2

p
= |3 32
(3) 37,
A A
3 3’
_ §p4 _ %pil
so the answer is D.
7.29 Answer C TMUA 2021 - Paper 2 - Q9

I Every cubic crosses the z-axis, so this condition is sufficient for f(z) = 0 to have a real root.
This also follows from III below if we take u to be a very large positive number and v to
be a very large negative number.

1T Consider, for example, f(x) = x? + 1. This quadratic has f’(x) = 2z so '(0) = 0, but there
is no real x for which 22 + 1 = 0. So this condition is not sufficient.

T As f(u) f(v) < 0, we must have f(u) < 0 and f(v) > 0 or the other way round; either way,
the graph of y = f(z) has values above and below the z-axis. Since f(x) is a polynomial,
it must therefore cross the z-axis, and so the equation f(z) = 0 has a real root. (If we did
not know that f(z) was a polynomial, this would not be sufficient; consider f(z) = L for
example.)

The correct option is therefore C.
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The gradient of the tangent at x is /(x) = —6p® + 6pz — 322, Note that p is a constant, and so
p3 differentiates to 0.

The gradient of the tangent where 2z = —1 is therefore —6p? — 6p — 3, and so the gradient of the
normal is the negative reciprocal of this, namely

-1 1
 —6p?2 —6p—3  3(2p2+2p+1)

The greatest possible value of this occurs when the denominator of this fraction is as small as
possible and positive. We can complete the square to find this:

M

22+ 2 +1=2(p+ 1) +1

.. IS | . o 1
so the minimum of this is ;5 (occurring when p = —3).

We could also have found this using calculus: dip(Qp2 + 2p + 1) = 4p + 2 which is zero when
p= —%, giving a minimum value of %

1 2
Therefore the greatest possible value of M is =3 which is option E.
X =
2

Commentary: Note that, in this case, the denominator of the fraction expression for M
is always positive. If it was instead something like p* — 1, then there would not be a greatest
possible value of M, as p* — 1 could get as close to zero as we like, so M could be as large
as we like.

7.31 AnswerF TMUA 2019 - Paper 1 - Q10

We do not have a rule for integrating |z|, so we will split this into two separate integrals, one

from z = —1 to x = 0, where |z| = —z, and one from = = 0 to z = 3, where |z| = x. This gives
3 0 3
/ |3:|(1—:):)da::/ |x|(1—m)daz+/ |z|(1 — x) dx
—1 -1 0

:/0(—x)(1—m)dx+/03$(l—x)dx

-1

so the correct answer is F.
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To show that a condition is sufficient, we need to show that if the condition is satisfied, then
[P (x)dz =0

Note that it is not enough for us to find an example of a function which satisfies ff flx)dz =0
and then to check whether the function satisfies the suggested conditions, as this would be
checking whether the conditions are necessary, not whether they are sufficient.

A Knowing the value of f(z) at a single value of x cannot hope to force the integral to be 0;
consider, for example, the quadratic f(z) = (x — 2)?

B Likewise, knowing the value of f(x) at the endpoints is not sufficient; consider, for example,
the quadratic f(z) = (z — 1)(x — 3)

C This says that the function is odd: the values of f(x) for negative values of z match those for
positive values of x. But it gives no control over the values of f(x) between x = 1 and z = 3,
so it cannot be a sufficient condition. For example, f(x) = = satisfies f(—x) = —f(z), but
| 13 rxdr >0

So it is one of D and E, both of which look complicated. E looks marginally easier to deal
with, as © — 2 = —(2 — x). But that means that if we write y = 2 — x, condition E becomes
f(—y) = —f(y), which is exactly the same as condition C. So condition E is not sufficient.

By elimination, therefore, the correct answer must be condition D.

Let us show that D is, indeed, sufficient. It would help to see what is going on if we write z + 2
as 2 + z, so the condition becomes f(2 + z) = —f(2 — z). If we take 0 < = < 1, this shows that
there is rotational symmetry about the point (2,0):

2—a. 2 2+a

And when z = 0, we get {(2) = —£(2) so £(2) =0
So the graph of y = f(x) itself might look like this:

.,

2

Since the graph of y = f(x) has rotational symmetry about (2,0), the integrals [ 12 f(x) de and
f23 f(x) dz will be negative of each other, and so condition D is sufficient for f13 f(z) dz = 0.
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We can find the equation of the normal to the curve y = 10 — z? at the point (p,q) as usual.
d
The derivative is d—y = —2z so at x = p the tangent has gradient —2p. Therefore the normal
x

has gradient —.
1as gradien 2p

The tangent and normal both pass through the point (p, 10 — p?), which shows that ¢ = 10 — p2.
The normal thus has equation

y—(m—p?)—z—lp(x—p)

so rearranging into the form y = ma + ¢ gives

yzz—lpx—%HO—pz
We want this to have the form y = ma + 5 where m > 0, so we have
—% +10 —p* = 5.
Rearranging thus gives
s 9
P

3 3v2

and hence p=+—=+—

NG 2

g

1
Since m = % > 0 we must have p > 0sop=
14

The correct answer is C.
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At first sight, it seems that there may not be enough information to answer the question, as
we only know two points on the quadratic. But if we stretch the graph parallel to the y-axis,
though we modify the quadratic, we will not change ¢, and the areas of R and S will remain
equal. So let us proceed. For simplicity, we will write R and S for the areas of these regions.

The quadratic has equation y = k(z — 2)(x — g). By the above comments, we may as well take
k = 1; if we leave k in the equation, the areas will each be multiplied by k, and when we equate
them, we can then divide by k.

The area of R is
2
R—f (x —2)(x — q)dx
0

2
:/ 22— (g4 2)z + 2¢dx
0

2
= [éxg —1(g+ 2)z? + 2q.ﬂD
=5-2(q+2)+4q
_ 4
= 2q -3
The area of S is as follows; note that the integral is negative, so we have to negate the integral
to obtain the area.

S——/:(:E—Q)(:L'—q)da:

q
—/ $2—(q+2)m—|—2qd$
2

= —[ s — %(q +2)m2 + 2qm]g
= —(3¢° - 3a+2)¢" +2¢°) + (§ — 2(¢ +2) + 4q)
= (50" + ) + (24— 5)

80" — " +2q 3

1
3
1
3

As R =S, we have

20— 3=¢0"—q"+20—3
and therefore %q3 —q¢> =0. As ¢ > 2, we cannot have ¢ = 0, so we can divide by ¢ to give
%q — 1= 0. It follows that ¢ = 6, which is option E.

You may have noticed that the value of the integral at @ = 2 appeared in both expressions
and then cancelled out when we equated them. Another way to think about this is that as the
integral from 0 to 2 is positive and the integral from 2 to ¢ is negative, then if the arcas R and S
are the same, we must have the integral from 0 to ¢ equal to 0. So we could have calculated:

Oz/oq(m—Q)(m—q)dm

q
:/ xz—(q+2)m+2qdm
0

= [$2® - §(qg +2)2” + 2¢z]]
= —§d" +4q°
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The function is decreasing when f’(z) < 0 (and possibly also at points where {'(z) = 0). We
have
f(:E) — 5515/7 _ £E8/7 +$l/7
)
£/(x) = La®7 — 8417 4 Lp=6/7
=1275/7(152% — 8z + 1)
= 1278/7(52 — 1)(3z — 1)

This is negative when (52 — 1)(3z — 1) < 0 (note that we are only considering the region z > 0
here).

We note that (52 — 1)(3z — 1) = 0 exactly when = = % or = % and is therefore negative when

% <x < % Therefore the function f(x) is decreasing when %) <x < % (and possibly also at the
endpoints of this interval).

Thus the fraction of the interval 0 < z < 1 for which f(z) is decreasing is % -5 = %, which is
option A.
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We know that the polynomial intersects the x-axis at * = —p and x = p only. It may touch
the z-axis at those points or it may cross it — we are not told whether x = p is a single root or
double root, for example. We consider the three statements in turn.

1 It is entirely possible that y = f(x) has multiple stationary points between 2 = —p and z = p
without crossing the x-axis, for example in this sketch:
Yy
T

_p\/\/p

Therefore this statement need not be true.

2 This is not necessarily true for (at least) two different reasons:

e If the graph of y = f(x) is entirely below the z-axis between x = p and x = —p, as in the
above sketch, then the integral f(‘f f(z) dax will be negative, but the area is positive.

o If the graph of y = f(z) is not symmetrical about z = 0, then there is no reason that the
integal ffp f(z) dz will be twice fg) f(x)dz. An example is this sketch, which is of the
graph of y = (z 4+ 1)(x — 1)(2? + = 4 1); here p = 1, and the graph of y = 22 + x + 1 is
always positive, but it is not symmetrical about z = 0:

Y

3 The graph of y = f(—x) is obtained by reflecting the graph of y = f(x) in the y-axis, so this
graph intersects the z-axis at x = —p and & = p. The graph of y = —f(—x) is obtained from
this by reflecting the graph in the z-axis, which does not change the points of intersection
with the z-axis. Therefore this statement must be true.

The graph obtained by combining these two transformations is the rotation of the original
graph about the origin by 180°.
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We can approach this question algebraically or graphically.
We start with an algebraic approach. We first note that f(z) = 0 for all z > 0 as f(z) is
increasing. So the region described first, with area R, lies entirely above (or on) the z-axis, and

R:/:f(;c)da:

We note that g(x) = f(x) +2f(b) = 0 for > 0 as f(x) = 0 and f(b) = 0. Then the area required
under the graph g(z) is given by

Lb g(x)de = /ab f(x) + 2f(b) da

—/bf(m)dw-i—Qf(b)/bldﬂs
= R+ 2f(b)(b— a)

On the second line we have split the integral into a sum of two integrals, and taken out the
constant factor of 2f(b) from the second integral. Thus the answer is option B.

We could also work graphically. We can sketch the graphs of f(x) and g(x), making up a suitable
increasing shape for f(x):

Y

24(b)

f(b)

0 a b

It is clear from this sketch that the area under the graph of y = g(x) is formed of a rectangle
which is (b — a) by 2f(b) in size, and the area under the original graph, R, so that the required
area is R+ (b — a) x 2f(b).
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Let the radius of the cylinder be r. Then the diagram is as follows (with all measurements in
cm), where we have drawn in two extra lines:

The 5cm is the radius of the sphere and hence of the circle shown (as the cross section is through
the centre of the sphere).

Pythagoras’s theorem gives h2 4 r2 = 52, and the volume of the cylinder is V = 7r?(2h) =
7(5% — h2)(2h) = 27(25h — h3). We can maximise this by differentiating with respect to h. (We
could write everything in terms of r instead, but that would involve square roots.)

We have i—z = 27(25 — 3h?), which is zero when 25 = 3h?, so h = \% Substituting this into

the formula for V' gives the largest possible IV as

V3o /3 9

2
V = 2n(52 = h2)h = 27 (25 - 35) 5 _ 500 _ 500v3

hence the answer is E.

7.39 Answer B TMUA 2017 - Paper 1 - Q12

We have f24 f(z) dz = A, and the question asks about [f(z + 2)dz between various limits.

The graph of y = f(x + 2) is the graph of y = f(z) translated left by 2 units, so we can draw a
sketch to see what effect this has on the area between x = 2 and x = 4:
Y Y

\

N

This means that f24 f(x)dx = f; flx+2)dz=A

4

x
4 \
(If you have learnt about integration by substitution, you can also show this as follows: writing
r =u+ 2 gives dz = du, and u =z — 2, so f; f(x)dz = f02 f(u + 2) du)

Therefore the answer is either A or B. We have

2

/Oz[f(m+2)+1]d:n_/(ff(m+2)d:n—|—/o 1dz

The first integral equals A, as we have shown, and f02 1dxz = 2, so the whole integral equals
A + 2 and the correct answer is B.
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This curve intercepts the z-axis at 0, p, ¢ and r. As the leading power of x is —2*, the curve
tends to —oo as x gets very large (both positive and negative), and so the curve looks something
like this:

Y

\

| |

We have labelled the three areas as A, B and ', and we want to know the value of A+ B + C.

We can then write the three integrals we have been given in terms of these, referring to the
sketch:

/ﬂnf(:ﬂ)da:_A—B-&—C—O (1)
0

qf(a:)da::A—B:—Z (2)
0
/%@Mw:—B+C=—3 (3)
P

Subtracting (3) from (1) gives A = 3, from which (2) gives B = 5 and so C = 2. Therefore
A+ B + C = 10, hence the correct option is F.
Commentary: Although our sketch turns out to be not very accurate, it was sufficient
to help us understand what was going on and to solve the problem. This is what we seek

from sketches: they should be good enough to give us insight, but they do not need to be
perfect.

Incidentally, there do exist values of p, ¢ and r which make the statements of this question
true, namely p = 1.25, ¢ = 3.16 and r = 4.25, correct to two decimal places.
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To find the value of V when t = 9, we need to integrate this expression. There is no general
rule for integrating quotients such as these, but we might notice that ¢ — 1 looks somewhat
similar to the denominator v/t + 1. In fact, we can use the difference of two squares to write
t—1=(Vt+1)(v/t — 1), so we can rewrite the fraction to give

dv

— =24 t—1
3 = Ar(Vi-1)
and this is easy to integrate; we get
3
24mt2
V=" odnt e
(5)

— 167t? — 247t + ¢
Substituting in V =7 and ¢ = 1 gives
T=16m — 24w+ ¢

so ¢ = 8m + 7. Then at t =9, we have
V =16m x 92 — 247 x 9+ 87 + 7 = (16 x 27 — 24 x 9 + 8)7 + 7 = 2247 + 7

so the answer is option C.

Commentary: The final calculation can be simplified somewhat by writing 16 x 27 =
16 x 3 x 9 =48 x 9, so the brackets become 24 x 9 + 8. Then 24 x 9 = 240 — 24 = 216,
giving the final answer of 224w + 7.
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I~ We can think of the integral fow f(t) dt as being the (signed) area under the graph of y = f(x)
from 0 to x. Since f(x) > g(x) for all x > 0, the area under the graph of y = f(z) will also
be greater than that under the graph of y = g(x), so this statement is true.

You might be concerned about values of x for which g(x) is negative. We could therefore
demonstrate this algebraically as well.

/O £(t) dt — ]0 g(t)dt = /O (£(t) — g(t)) dt.

Since f() — g(¢t) > 0 for all z > 0, we are integrating a non-negative function, and so the
integral must be non-negative, that is to say, we must have [ f(t)dt > [ g(t) dt.

We have

1T It is not clear why f(z) > g(x) should imply that the gradient (derivative) of f(z) is greater
than that of g(x), and it is relatively straightforward to find a counterexample. Here is one:

Y f(z) = (z — 1)

\ /

glx)=0 T

0

In this example, f(z) > g(z) for all z, but {'(0) < 0 while g’(z) = 0 for all z.

III This is not necessarily true, as we could add a constant to g(z) without changing g’(z). For
example, we could have {'(z) = g’(z) = 1 for all z, but f(x) = = while g(z) = = + 1, so
f(x) < g(x) for all .

The correct option is therefore B.

7.43 Answer F TMUA 2022 - Paper 2 - Q12

We do not know how to integrate any of these, so we will instead compare the integrands as the
integrals are all from 0 to 1.

‘We have (\/5)3“ = 2¢/2_ which makes R look a little simpler. Since /2 <xfor 0 <z <1,
2%/2 < 9% in this interval, and so R < Q.

Now in this interval, we also have z < /z (as 22 < x), s0 2% < 2V?, hence Q < P.

Combining these, we find that R < Q < P, so the correct option is F.
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Commentary:  This is not something that you will have learnt how to do, and in
general, this is a very difficult problem indeed. But we can use the tools at our disposal
to do something helpful. We don’t know how to solve a quintic (z°) equation, but we can
at least try to find the turning (stationary) points, and see where that gets us.

We attempt to sketch the graph of y = 32° — 102® — 1202 + 30, or at least think about what a
sketch might look like.

We calculate

d
d—y = 15x% — 302% — 120 = 15(z* — 222 — 8) = 15(2? — 4) (2% + 2)
T
so there are stationary points when gi’ = 0, that is, when z = 2 and when x = —2. We can now

calculate the y-coordinates: when x = —2, y = —36 + 80 + 240 + 30 > 0 (we do not need to
calculate the exact value), and when x = 2, y = 36 — 80 — 240 + 30 < 0.

So the graph must look something like the following;:
Y

(_2,9)

(2,)

There are clearly 3 points of intersection of this graph with y = 0, so the original equation has
3 real roots, and the answer is C.
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A local minimum of f(x) occurs where the gradient is 0 at the point, is negative immediately to
the left of the point and is positive immediately to its right.

So on the graph of f'(x), this will be at a point where f’(x) = 0, and f'(x) is increasing from
negative to positive at that point. The only such point on the graph given is C.

The behaviour of f(z) at all of the labelled points is as follows:

A Changing from positive to negative gradient, so a local maximum.

B A local minimum of the gradient, so a non-stationary point of inflection. If walking along
the curve, one would stop turning to the right and start turning to the left.

C Changing from negative to positive gradient, so a local minimum.

o

This point, where x = 0, has no particular relevance to the shape of f(x).

E A local maximum of the gradient, so a non-stationary point of inflection. If walking along
the curve, one would stop turning to the left and start turning to the right.

F A local minimum of the gradient at a point of zero gradient, so a stationary point of inflection.
If walking along the curve, one would stop turning to the right and start turning to the left.

7.46 AnswerD TMUA 2020 - Paper 2 - Q13

This qzuestion is about inequalities. To begin with, the only thing that we know for certain is that
(f(x))” = 0 for all z, as it is the square of a real number. It follows that fol f(z)dx > fOS f(x) dex,
as we are adding a non-negative number to fOS f(x) dx to get fol f(x) dz. Therefore 11 is necessarily
true.

Let us now take IT and rewrite the integral from 0 to 3 as the sum of the integrals from 0 to 1
and from 1 to 3; this is so that we can match the integral on the right hand side. We obtain:

/Olf(x)d“flgf(x)dmg/Olf(;c)dx

and we can now subtract the integral from 0 to 1 to get

3
/ f(x)dx < 0.
1

Since the integral is negative or zero, the function itself must be so somewhere between 1 and 3;
if it were positive throughout the interval, the integral would be positive. Therefore condition 1
must also be true.

Hence the correct answer is option D.
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We make a quick sketch of y = ma and y = 23 so that we can identify the area enclosed. Note
that if m < 0, then there is no area enclosed, so we must have m > 0.

/

|

/

The first thing we note is that there are two regions we need to consider: one with z > 0 and
one with = < 0. By symmetry, their areas are equal, so it suffices to find m such that the area
of the region with > 0 is 3.

To find the area enclosed for 2 > 0, we need to find where the line and cubic intersect; this is

when 2% = mz, so at z = 0 and z = £,/m. As we are interested in the point where z > 0, this

is at s = \/m.

The enclosed area can be calculated as the area below the line minus the area below the cubic.
So as a single integral, this gives

Jm
f mx — x> dr = [%me — %mﬂ m
0

(We could also have calculated the area under the line as the area of a triangle.)

Since this area is 3, we have imz =3, 50 m? =12 and m = /12 = 2/3. This is option E.

7.48 Answer A TMUA 2023 - Paper 1 - Q14

The function will have three distinct real roots if and only if the graph y = f(x) has two
stationary points, one above the z-axis and one below. We first find the stationary points. We
have

f'(x) = 222 + dma = 2x(z + 2m)

so f'(x) =0 when z =0 or z = —2m.

When z =0, f(z) = n, and when z = —2m,

flx) = g(—SmS) +2m(4m?) +n =n+ ;mq

Since one of the stationary points has f(x) = n, we cannot have n = 0.

Since m > 0, it follows that if n > 0, then f(—2m) > 0 and both turning points would be above
the x-axis. We must therefore have n < 0 and n + %'m?’ > (0. The second inequality rearranges

to —%ms < n, SO we require —%mS < n < 0, which is option A.
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7.49 Answer B TMUA Specimen - Paper 2 - Q14
We can work out the locations of the local maxima and minima by solving % = 0. We have

d
d—y = baxt 4+ 4ba® + 3ca? + 2dx + e,
x

which is a quartic (a degree 4 polynomial). This can have at most 4 roots, so there are at most 4
stationary points.

This does not seem to help us that much, as all of the options have at most 4 stationary points!

We also observe that we are starting with a degree 5 polynomial, so if a > 0, y tends to +o0c as
x tends to +oc and y tends to —oc as x tends to —co. Similarly, if a < 0, we have the reverse
of this. If we now try sketching the four possibilities offered, we will see what happens:

A Two local minima and two local maxima might look like this:
Y

AN

This seems plausible.
B One local minimum and two local maxima might look like this:
Y
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\
This is not possible, because y tends to —oo both when z tends to +oo and to —co.

C One local minimum and one local maximum might look like this:
Y

This seems plausible; there is no requirement that the quartic % = 0 has four real roots, so
there need not be exactly four stationary points.

D The curve y = z° has no local minima or local maxima (though it does have a point of
inflection at the origin), so this is certainly possible.

So the only one which is not possible is B.

If we want to construct explicit examples of A and C, we could start by choosing g—g as a quartic
which has exactly four real roots (such as (x — 1)(z — 2)(z — 3)(x — 4)) or exactly two real roots
(such as (z2+1)(z —1)(z —2)) and then integrating it to obtain our desired function. Similarly,
if we wanted to find an example for D which has no stationary points at all, we could integrate
a function such as (22 + 1)2.

7.50 Answer B TMUA 2019 - Paper 2 - Q14

A necessary condition is one which must follow. To show that a condition is not necessary, we
need to exhibit a counterexample, while to show that a condition is necessary, we need to give
a justification.

I If p(z) is increasing for a < x < b, the value of the polynomial is not decreasing in this
interval, so we must have p(a) < p(b), and this is therefore a necessary condition.

IT A quadratic such as p(x) = 9—2? provides a counterexample: it is increasing for —3 < z < 0,
but p(—3) > 0 while p(0) = 0. Hence this is not a necessary condition.

ITI Tt is not clear why this should be the case, and we need to look beyond quadratics (as p”(z)
is constant for every quadratic). Let us see if we can construct a counterexample. Let us
take p”(z) = —z, so that it is decreasing. Then p'(z) = —322 +¢, giving p(z) = —%LES + cz.
(There is a further constant of integration here, but we can choose it to be zero, as it has
no impact on where p(z) is increasing.)

If we now choose some ¢ > 1, then p/(z) will be positive for 0 < x < 1, so p(x) will be
increasing there, yet p”(0) < p”(1).

Therefore this condition is not necessary.

Another way of thinking about this is: to say that p(x) is increasing for a < x < b only tells us
about the function values; it does not tell us anything about the derivatives, so neither II nor
IIT could possibly be necessary conditions.

Fither way, the correct answer is B.
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7.51 Answer A TMUA Specimen - Paper 1 - Q15

We start by evaluating the integral to obtain

1 1
/(a:—a)2d:c—f 2% — 202 + a® dz
0 0

We can now complete the square on this final expression to obtain
1)2
(a—35)" - ()+3 (a__)""u
and so the smallest possible value is 1—12, which is option A.

We could alternatively have used calculus to find the stationary point of % —a+a? (by differen-
tiating with respect to a), and then noting that this is a local minimum, and that the function
is greater than this at all other points.

7.52 Answer C TMUA 2016 - Paper 1 - Q15

We start by expanding the brackets to get
y=(2x+ a)(m2 — dax + 4a2) =223 — Taz® + 4a’z + 8a?
so the derivative is given by

d
&Y = 622 — l4ax + 4a?.
dx

Therefore at 2 = 1, the gradient is 6 — 14a + 4a”. To find the least possible value of this as
a varies, we can either differentiate this expression with respect to a or complete the square.
The latter approach gives

4a® — 14a + 6 = 4(a® — Za) +
=4((a—-3)° ( )) +6
=4(a— 5?2 +6
=4(a — g) 245

so the minimum value is —E and the answer is C.
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7.53 Answer H TMUA 2022 - Paper 1 - Q15

We start by sketching the two curves to understand what is happening.

They are both quadratics. The graph of p has a maximum at (0,8) and the graph of ¢ has a
minimum at (0, —2). They are both symmetrical about = 0 (the y-axis). It might be helpful
to work out where they intersect: 8 — 222 = x2 — 2 implies 322 = 10, so x = /10/3, which is
between 1.5 and 2.

The graph of these therefore looks like this, where we have also sketched a possible rectangle.

For the rectangle to have the maximum possible area, it must meet the graphs at all four of its
vertices.

Let us suppose that the vertices of the rectangle are at x = +a, with 0 < a < 1/10/3. Then
the width of the rectangle is 2a and the height is (8 — 2a?) — (a? — 2) = 10 — 3a®. Therefore the
area is A = 2a(10 — 3a?) = 20a — 6a*.

To maximise this area, we differentiate with respect to a to find the stationary points. We have

dA 2
—=20-1
1 0 Sa

so there is a stationary point when this is zero, at a = £,/20/18 = +,/10/9 = :I:% 10. We are

only interested in the positive value, and this is less than 1/10/3, so it is a valid value for our
problem. We therefore obtain the maximum possible area: it is

A = 2a(10 — 3a®)
= 2V10(10 — 1 x 10)
=2V10x 2 x 10

~40V10
9

which is option H.
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7.54 Answer G TMUA 2018 - Paper 2 - Q15

This question appears to be related to graph transformations, so we will start with this approach
and see where it leads.

The equation f(x) = 0 has 3 distinct real roots, so y = f() intersects the x-axis 3 times.

I The graph of y = f(z) + 1 is a translation of y = f(z) in the y-direction by 1 unit, which
may or may not intersect the x-axis 3 times.

I The graph of y = f(x 4 1) is a translation of y = f(z) in the negative xz-direction by 1 unit,

so it will still intersect the z-axis 3 times, and hence f(z + 1) = 0 has 3 distinct roots.

IIT The graph of y = f(—x) is a reflection of y = f(x) in the y-axis, which still intersects the
z-axis 3 times. Then y = f(—z) — 1 is a translation in the negative y-direction by 1 unit,
which may or may not intersect the z-axis 3 times.

It is still not clear whether or not I or III are necessarily true. We will have to identify where
the turning points of the graph are to determine this.

‘We have
f(z) = 3 + 3qz® + 2
S0
f'(z) = 32° + 6qa
so f/(z) = 0 when 2 = 0 or x == —2g, so the stationary points are at (0,2) and (—2¢, 2 + 4¢).

As the graph crosses the r-axis 3 times, the stationary points must lie either side of the r-axis,
so 2+ 4¢® < 0.

Therefore when the graph is translated up by 1 unit, we may have the new stationary point at
(—2¢,2 + 4¢> + 1) with 2 + 4¢® + 1 > 0, but when it is translated down by 1 unit, they will be
at (0,1) and (—2q,2 + 4¢> — 1), and 2 + 4¢® — 1 < 0. So there will still be 3 intersections.

Therefore 11 and III are necessarily true, and the answer is G.
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7.55 Answer E TMUA 2017 - Paper 1 - Q16

In this question, we consider a function to be increasing when f'(z) > 0, and decreasing when

f(x) <0.

Commentary: The classification of increasing and decreasing we use in the options
for this question avoids a subtle issue: what we consider a function to be doing (i.e.,
increasing, decreasing, or neither) at points where f'(x) = 0. For this question, though,
we don’t need to concern ourselves with this as the options all use > or <. However, we
will set out our answer using ‘=’ or ‘<’.

We therefore calculate f'(z) and g'(x) and find where each is positive and negative.
f'(x) = 62+ 12 = 6(x + 2), so t'(x) > 0 when 2 > —2 and {'(z) < 0 when = < —2.

g'(x) = 322 + 12z + 9 = 3(2? + 4z + 3). We can find where this is positive and negative by
sketching the graph: 2 4+ 42 + 3 = (z + 1)(x + 3), giving the sketch of g’(z):

\

so g'(xz) > 0 when z < =3 or x > —1, and g'(z) < 0 when -3 <z < —1.

We now want one of {'(z) and g’(z) to be positive and the other negative.
We have {'(z) > 0 and g'(z) < 0 when > —2 and —3 < x < —1, so when —2 <z < —L1.

Similarly, f'(x) < 0 and g’(x) > 0 when x < —2 and either x < —3 or z > —1; together these
give z < —3.

So the complete set of solutions (if we decide to include the points where t'(z) = 0) is < —3
or —2 < x < —1, and so the answer is option E.
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7.56 Answer F TMUA 2018 - Paper 1 - Q16
We first need to find the stationary point of the curve C. We can do this either by differentiating
or, as the equation is a quadratic, by completing the square.
By differentiating, we have
dy

—Z =2r+b
dz v

d:
so <2 =0 if and only if x = —%b, and so
dx

y= (=30 +b(—3b) +2=2-1p°

Alternatively, we can complete the square to give y = (x + %5)2 — %bz + 2, and so the stationary
point is at (—3b,2 — 1b%).

The distance of this point from the origin is then given by
V022 - 1022 = 162 14— a(3e) + Lt = /bt 362 44

To minimise this square root, we can minimise the expression inside the square root. This is a
function of B = b%, namely %BQ - %B + 4, so we can minimise this.

Commentary: If a quartic is actually a quadratic in the variable squared, it is usually
much easier to work with the quadratic than the quartic.

We can minimise this by completing the square or differentiating, as before. We can start by
taking out a factor of 1_16 so we are trying to minimise %(B2 — 12B) + 4. (There’s no need to
think about the 4 at the end: this additional term does not change the value of b or B at which

the function is minimised.)

We therefore wish to minimise B2 — 12B = (B — 6)% — 36 so B = 6 gives the minimum value, so
b2 =6 giving b = N (as b > 0), hence the answer is F.

Commentary: We could have gone ahead and differentiated the whole square root
expression for distance, if we know the chain rule. But that’s more effort than needed.
Similarly, we could have differentiated the expression as a quartic, but again that is more
complex than required. It is almost always worth spending a moment thinking how to
make the problem a little easier before diving into algebra and calculations.

7.57 Answer C TMUA 2019 - Paper 1 - Q16

Let A = fDI f(x) dz, which is the (signed) area under the graph of y = f(x) between x = 0 and
r = 1 (taking signs into account, as usual: parts of the graph under the x-axis are counted as
negative areas). Likewise, let B = ff f(z) do, which is the (signed) area between z = 1 and
r =2

The integral fol f(x +1) da gives the (signed) area under the graph of y = f(z +1) between z = 0
and x = 1. This graph is the graph of y = f(x) translated left by 1 unit, so this equals the area
under the original graph between x = 1 and = 2, which is B. Hence B = 6.

The first equation gives 24 4+ 58 = 14, and as B = 6, we get A = —8.

The final integral 102 f(x) dx is the (signed) area between x = 0 and x = 2, which is A4+ B =
—8+6=-2.

Hence the answer is C.
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7.58 Answer C TMUA 2017 - Paper 2 - Q16

For a function to be a counterexample to (*), it must be the case that f(z) is an integer for every
integer x, but for which f’(z) is not an integer for every integer z.

We can start by substituting in # = 0 and = = 1 into the given functions to see whether f(x) is
even potentially an integer for every integer x:

A f(0) = i. This cannot be a counterexample.

(0

)=
f(0) = 0, f(1) = 2. This could potentially be a counterexample.
)=

(0

So we now only need to consider C and D.

. f(1) = 3. This cannot be a counterexample.

=0, f(1) = 1. This could potentially be a counterexample.

Our next step is to differentiate them and then substitute z = 0 and 2 = 1 into the derivatives.

4z 4+ 327 + 22 + 1

C f'(z) = i 3T2+ v , f'(0) = 1, so this is potentially a counterexample.
43 + 622 + 2:

D f'(z) = M} f(0) =0, (1) = 4

4
It therefore seems most likely that C is a counterexample and D is not. To prove this, we need
to show that for C, f(z) is an integer for every integer z, and that for D, either f(x) is not an
integer for some integer x or that f’(z) is an integer for every integer x.

For the purposes of the test, it probably makes most sense at this point to choose the answer C
and move on, but we will go on here to complete the solution.

For C, we have
r(@®+at+z+1)  z(@+1)(a*+1)
2 B 2
We see that x(x + 1) is even if = is even and also if x is odd, so x(x + 1)(2? + 1) is even for every
integer x, hence f(z) is an integer for every integer x. Therefore C is a counterexample.

f(x) =

For D, we have
(@ +2e+1)  2*(x41)2
4 B 4
Since x(x + 1) is even for every integer x, as we just showed, 22(x 4+ 1)? is a multiple of 4 for
every integer x, and thus f(z) is an integer for every integer z.

f(x) =

For the derivative,
y (202 + 32z +1)  x(z+1)(2x+1)
2 2
and as before, the numerator is always even, so t'(x) is an integer for every integer z. Therefore
D is not a counterexample.
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7.59 Answer E TMUA 2022 - Paper 2 - Q17

Considering the offered options, the focus is on the order of the steps and whether the steps prove
what they should be proving; there is no requirement for us to check the algebraic calculations
themselves.

4 3
The task is to prove that if 27b (b + ;7) < 0, then 22 + az? + b = 0 has three distinct real

roots.

In step I, the student finds the stationary points of y = 23 + az? + b.
4a°
In step II, the student assumes that 270 (b + 2—7) < 0, which is the correct thing to do to

prove an ‘if ... then’ statement.

In step 111, the student says ‘if the cubic has three distinct real roots then ...’ which is correct
but is not useful: we know that one of the stationary points is above the x-axis and the other is
below and we wish to deduce that the cubic has three distinct real roots.

In step IV, the student uses the result of II and the result ‘if one of the stationary points is
above the x-axis and one is below, then the equation has three distinct real roots’, which is the
converse of the statement in step IIL

Therefore the correct option is E: the student should have shown the converse of the result in
step III.

hgsmaths.com Worked solutions - 7 Calculus 1 321



7.60 Answer A TMUA 2016 - Paper 1 - Q18

This requires us to first differentiate the function. We therefore write

1—=x _2 1
y = =T 3 —I3
which we can differentiate to get
dy 9 _3 1 -2
dr BEAEE L

This is zero when i ,
2 -5 1 -2
-3 3 — 323 =0,

so multiplying by 323 to clear fractions in both the coefficients and in the powers gives
—2—-x2=0

_2
3

so x = —2. (We could also have obtained this by writing —%m_g = %:c and dividing one side

by the other.)

We next need to determine the sign of % in each region. We note that the function is not
defined at x = 0, so we have to deal with x < 0 and x > 0 separately. It is also not clear how
to find the sign of % directly from its given form, so we first factorise it, giving

dy -
— = —zx 3(24 x).
(Incidentally, this gives yet another way to see that the derivative is zero at © = —2.) We can

now work out the signs of the two factors, and hence of the derivative, in the various ranges:

r< -2 r==-2]|2<zx<0]z>0
CE_% - _ — +
2+x — 0 + +
) + 0 — +
It is therefore increasing in the region x < —2 and x > 0. (It it not increasing at x = —2, but

rather it is stationary at that point.) The correct answer is therefore A (though the question
mistakenly says x < —2).
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7.61 Answer B

TMUA 2019 - Paper 1 - Q18

From the given options, it is clear that the curve and line do not intersect.

One way to do this would be to take a point on the curve, say (a, a®+4), and a point on the line,
say (b,2b — 2), find the (square of) the distance between them, and then try to find some way
of minimising it. That, though, seems quite challenging, as there are two independent variables

involved.

Another way is to draw a sketch of the situation and to think about what the question means

geometrically.

Y

The shortest distance from any point on the curve to the straight line is found by drawing a
perpendicular from the curve to the straight line, like this:

\

\

Y

/
/

/

This may give us a few different ideas; any of the following would work:

. The smallest distance will be when the perpendicular to the line is also perpendicular to
the curve; in the above sketch, it is clear that if we move the joining line closer to the
origin, its length will become shorter. We can find this position by finding the gradient of
the normal to the curve and finding a point at which this is perpendicular to the line.
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. Taking this one step further, if we translate the line (without changing its gradient), we
shorten the minimum distance of the curve from the line, but as long as we don’t cross the
curve, the point which is closest to the line will remain so. Therefore the closest point to
the line is the point on the curve where the curve’s gradient equals the line’s gradient, for
when the line just touches the curve, this point will be at zero distance from the curve.

‘We will use the final approach to solve this problem.

The gradient of the line is 2, and the curve has gradient % = 2x, 80 g—g = 2 when z = 1, so

(1,5) is the closest point on the curve to the line.

The line through (1,5) perpendicular to the line y = 2z — 2 has equation y — 5 = —J(z — 1).
This intersects the line y = 2z — 2 when

(22 -2)—5=—3(xz—1)

so 2x — 7= —%(,E —1). Multiplying this by 2 gives
dr—14=—-x+1
so b = 15, giving x = 3, y = 4.

The distance between (1,5) and (3,4) is \/(3 — 1)2 + (4 — 5)2 = /5, so the correct answer is B.

Commentary: Though we dismissed the original two-variable idea, it turns out that
we could have used it in a similar way to the first idea listed above: if we fix a value for a,
we can find the value of b which gives the smallest distance from that point to the line.
This gives us a formula for the smallest distance from a given point to the line in terms
of a; we can then find the value of a which makes this as small as possible. This changes
the problem from one two-variable problem to two one-variable problems, which we know
how to solve.
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7.62 Answer D TMUA 2016 - Paper 2 - Q18

For a function to be a counterexample to this ‘if’ statement, the first condition (the antecedent)
must be true but the second condition (the consequent) must be false.

So we first check whether these functions satisfy the condition (f(?:))2 Llforall -1 <2<

A This function goes from —1 to 2 as z goes from —1 to 1. So when z =1, (f(f):))2 =()?>1
So this function does not satlsfy the antecedent.

B Similarly to A, when z = —1, f(z) = —2, so (f(x))2 > 1 and this function also does not
satisfy the antecedent.

C When z =1, f(z) =2 so (f(ar))2 > 1 and this function does not satisty the antecedent.

This function looks as though it might satisfy the antecedent, as it does not obviously fail to
do so: f(—1) = f(0) = £(1) = 0, so the cubic graph has two stationary points in the interval
—1 <z < 1. We can locate these by differentiating:

f'(x) =1 — 322

so f/(x) = 0 when . = +-1.. As

V3

14 -1 1 _ 2 —L)y=-1 4 1 _
f(ﬁbzgr)—\/g 3\/§—3\/§<1 and f( \/g)_ v RV A 3\f> -1,
we see that the function lies between —% and 3\2/_ when —1 <z <1, ( (z )) < 1 in this

interval, and the antecedent is satisfied.
E AsinC,whenz =1, f(z) =2so (f(r))z > 1 and this function does not satisfy the antecedent.

F As with D, f(—1) = f(0) = f(1) = 0, so we look for stationary points of the function. We
have
f'(x) = 22 — 42> = 22(1 — 22?)
so f'(z) = 0 when z = 0 or x = i%. We have f(0) = 0 and f(i%) =5— 4 =1

function lies between 0 and % when —1 < x < 1, so the antecedent is satisfied.

We therefore only need to consider the consequent condition for D and F.

For the function in D, the integral on the right, f x) dx, is zero, since both z and 2% are odd
functions: the area between 0 and 1 and the area between —1 and 0 are equal, but the first is
above the z-axis and the second below it, so they cancel each other out. We could also see this
by calculating the integral explicitly. The integral on the left, f_ 1 (f(r ) dzx, is the integral of
a square, which is never negative, so the integlal must be gIeateI than 0. (We could likewise
find this exactly by explicit integration.) Thus f (f(r ) dx > f x)dz and the consequent
is false. Hence D provides a counterexample.

For the sake of completeness, we will show that F is not a counterexample. Note that 0 <
f(x) < 1 for all =1 < = < 1. This means that (f(x))Q < f(z) for all =1 < x < 1, and so
f_ll(f(m))Qd;c < f_ll f(x) dz. Thus F is not a counterexample. (We could, of course, find these
integrals by explicitly integrating.)

hgsmaths.com Worked solutions - 7 Calculus 1

325



7.63 Answer C TMUA 2018 - Paper 2 - Q18

It is helpful to draw a sketch of y = f(x) to understand what is going on here.

f(a) + £(b)

Note first that is the mean of the f(a) and f(b), so if we draw a line segment from

a-+b fla)+ f(b)
2 2

(a,f(a)) to (b, (b)) on the graph of y = f(z), then the point (
of this line segment.
a+b

Likewise, (—
2

The inequality states that the line segment lies above the graph at this point, so the graph could
look something like this:

) is the midpoint

b
I (%)) is the point on the graph with this x-coordinate.

Y

f(a) + £(b)
2
¢ (a —2}— b)

/

N
=

We see the for the inequality to be true in this case, the curve needs to “bend up”, so that it is
below the chord connecting (a, f(a)) with (b, f(b)). This means that the second derivative, {’(z)
must be positive. So it would seem likely that the answer is C.

Without too much difficulty we can see that the other options don’t work, just by looking at
the above sketch. This shows that none of D, E or F is necessary (for the curve could bend back
upwards for more negative values of , as in a quadratic). If we translate the graph downwards,
then it will still have this property, but A is no longer the case, so A is not necessary. And if
we continue this graph to more negative values of z, it will have f'(x) < 0 if we go far enough,
so B is not necessary either.

Therefore by elimination, C must be necessary.

We can also prove directly that C is necessary. To do so, we will prove the contrapositive: if
f(z) < 0 for some real x, then there are real numbers a and b with a < b for which

f(a) +16) _ (a_—|—b)

5 5 (+)
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Now, f”(x) < 0 means that the curve is “bending downwards” at this point, which means that
a sketch of the graph will look like a reflection of the above sketch in a horizontal line (at least
near the point where f”(z) < 0). And then the curve will lie above the chord, so (x) is true.
Hence C is necessary.

Commentary: An interesting question to wonder about is whether there are any ex-
amples of such polynomial functions. Clearly, constant polynomials (f(x) = c¢) satisfy
the condition, as do linear polynomials (f(xz) = ax + b) and quadratics with a positive
coefficient of x? (f(x) = az? + bx + ¢ with a > 0)

For higher degree polynomials, if f(z) = az™ + - - -, then {'(z) = an(n — 1)a" 2 + .-, If
n is odd, then this polynomial takes all real values, including negative ones, so this cannot
satisfy the condition. If n is even, then it might be the case that {"(x) = 0 for all x, which
will be the case if f"(z) = 0 at all of its stationary points.

For example, if we take t”(x) = 3z' + 1, then the corresponding f(x) will have this
condition.

A function satisfying this condition is called a convex function.

7.64 AnswerD TMUA 2023 - Paper 1 - Q19

One thing we might notice is that |[—6z| = |6x|, so the minus sign in the differential equation is
not actually needed. We therefore drop it.

A more important thing to realise is that we should not try to solve the whole equation in one
go; we will need to treat x > 0 and x < 0 separately.

With that in mind, let us solve the equation.

‘When x > 0, the equation becomes j—g = 6x, so y = 3% + ¢

When x < 0, the equation becomes % = —6x, so y = —32% + & (We use a different constant,
¢, as we do not yet know whether it has the same value as the constant for the > 0 region.)

Since the value of y has to be the same in both expressions when x = 0, we must have ¢ = ¢, so
we have

B 322 +¢ when z >0
4= —32°+¢ whenz <0
giving

flz) =

322 whenz >0
—322 whenx <0

The options offered require us to collapse this into a single expression. We can take out a
common factor of 3z from both terms, to give

3z(xr) whenz >0
fy =1 >
3z(—z) whenz <0

and this is 3z times |z|, since

2] rz when x>0
T =
—x whenx <0

So we can write f(x) = 3 |z|, which is option D.
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7.65 Answer E TMUA 2017 - Paper 2 - Q19

We recall that a ‘sufficient condition’ means that if the condition holds, then the equation has
exactly one real root.

We can start by sketching the graph of the cubic y = 23 — 322 + a, noting that the impact of
changing a is just to translate the graph vertically.

We differentiate to find the stationary points: % = 322 — 6z, so % =0 when x =0 and x = 2,
so the stationary points are at (0,a) and (2,a — 4).

So the graph looks like this:

(2,a —4) T

There will be one real root for the equation 23 — 32 + a = 0 if either the local maximum lies
below the z-axis or if the local minimum lies above the z-axis, as in the case sketched.

The first occurs when a < 0, the second when a — 4 > 0 or equivalently, when a > 4.

So a necessary and sufficient condition is a < 0 or a > 4. This does not, however, appear as
one of the options, so we need to go through them to see which one is sufficient. (Recall from
earlier that sufficient means that if this condition holds, then the equation has exactly one real
root, but not necessarily the other way round.)

A This includes a = 1, which gives more than one real root.

B This includes a = 0, which gives more than one real root (as the minimum lies on the z-axis).

C This includes a = 4, which gives more than one real root (as the maximum lies on the x-axis).

D This includes a = 1 again.

E This is a > 4 or a < —4, both of which are part of the valid range, so this is a sufficient
condition.

F This includes a = 1 again.

G This gives more than one real root.

Ha= % gives more than one real root.
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7.66 Answer H TMUA 2023 - Paper 2 - Q19

Since f(x) = 0 for exactly M real values of z, f(z) has at least M — 1 stationary points: there
must be at least one stationary point between every adjacent pair of values of x for which
f(z) = 0. But there may also be more stationary points between these pairs of values or before
the first or after the last value.

Now g(z) = xf'(x) is zero whenever f(z) has a stationary point. So there are at least M — 1
values of x for which g(z) = 0, but there will be more if f(z) has more than M — 1 stationary
points. In addition, g(x) = 0 when & = 0. If x = 0 is a stationary point of f(x), then g(z) =0
at every stationary point of f(x) and nowhere else. If 2 = 0 is not a stationary point of f(x),
then g(z) = 0 will be true for one further value of x.

Summarising:
. the number of stationary points of f(x) is at least M — 1
. N equals the number of stationary points of f(x) or one more than the number of stationary

points of f(x).
Therefore N is at least M — 1, so N > M — 1, which rearranges to M < N + 1.
Now considering the options:

I M < N is possible if f(x) has extra stationary points between zeros. For example, f(z) =
22 +1 has M =0 but N = 1. As a second example, let f(z) be a cubic with both turning
points above the z-axis; this has M =1 and N =2 or N = 3.

I M = N is possible if the number of stationary points of f(z) is M — 1 and x = 0 is not a
stationary point of f(x). For example, f(z) = (x —1)2 —1 has M =2 (at = 0 and = = 2)
and one stationary point at x = 1. So g(x) =0 at x = 0 and = = 1, giving N = 2.

III M > N is possible if the number of stationary points of f(z) is M —1 and z = 0 is a
stationary point of f(x). For example, f(x) = 22 — 1 has M = 2 (at @ = £1) and one
stationary point at x = 0. So g(x) = 0 at = 0 only, giving N = 1.

The correct answer is option H, I, II and III.
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Finding the values of & at which the two curves intersect is the same as finding the values of x
at which the y-values are equal, that is,

2120 =k — (x —2)
or
a® =122 — k4 (x — 2)* = 0.

Thus we are finding out something about the roots of a cubic.
We can expand the brackets in the final equation to give

x3+$2—16x—k+4:0,
and we write f(z) = 2% + 22 — 160 — k + 4.

We can determine something about the locations of the roots of f(z) by finding the stationary

points. We have
f'(z) = 32* + 22 — 16,

so f'(x) = 0 when

—2+vV22+4x3x16  —2+196 —2+14 5 8

T = = = - or ——.

6 6 6 3
(We could have found these roots by factorising, but that did not look particularly easy.) There-
fore there are stationary points at z = 2 and = = —%. We have f(2) = —16 — &, but calculating

f(—%) by hand would be painful, so let us try to avoid doing so if we can!

We note that f(0) = 4 — k, and that f(x) gets big as x gets big, so if there are exactly two roots
with positive z-coordinates, we need the graph to look something like this:

Y

(0,4 — k)

N

(2,-16 — k)

In particular, we require f(0) > 0, so we must have k < 4.

It must also be the case that the stationary point at @ = 2 lies below the z-axis, so we need
—16 — k < 0, that is, —16 < k.

Once we have met these two conditions, it becomes clear that there are three distinct roots,
exactly one of which has x < 0. Therefore, the complete range of values of k is given by
—16 < k < 4, which is option E.
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We note first that when « > 0, f(|z|) = f(z), and so for z > 0, the integrand is just (f(a:))2 -
(f(x))2 = (0. When z < 0, though, the integrand could take any value.
1 We present a complicated approach first.

There seems to be no obvious reason why this must be true; one could imagine a polynomial
for which the values of the integrand are positive for some negative values of x and negative
for others, so the positive parts and negative parts cancel out making the integral zero even
though p < 0. Here is one example: consider a quartic f(x) that looks roughly like this:

Y

o 0 —XI(

For negative values of z close to z = 0, (f(:z:))2 > (f(\m\))Z But once x < xy, we have

(f(a:))2 < (f(\x|))2 as f(|xz]) > f(x). We can therefore take ¢ = 0 and find some p < ¢ for

A much simpler approach is that we can take p = 0, ¢ > 0 and then [, , = 0, so this statement
is not true. Were the question to have said 0 < p instead of 0 < p, though, we would not have
been able to use this simpler approach.

2 We could take f(z) =1 —xz, with f'(z) = —1 < 0 for all .

Y

Then (f(zac))2 > (f(\:z:\))2 for all <0, so0 I, > 0 for all p < ¢ < 0.

3 We observed at the start of this question that the integrand is zero for all x > 0. So if p > 0,
then I, , = qu 0Odz = 0. The contrapositive of this statement is: if I, ; # 0, then p < 0. The
given statement (I, > 0 only if p < 0, which is the same as saying: if I, ; > 0, then p < 0)
is a special case of the more general result and is therefore true.
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WORKED SOLUTIONS - CHAPTER 8 - UNIT P7

Trigonometry 2

8.1 AnswerC TMUA 2022 - Paper 1 - Q4
Suppose that the angle of the sector is # (in radians). Then the arc length of the smaller sector
is 76 and the area is %’rzé’.
For the smaller sector, this gives 7 = 6, so # = 6/r. Therefore the area is 1r(6/r) = 3r.

Likewise, since the larger sector has the same angle as the smaller one, its arc length is (r+3)(6/7)
and its area is $(r + 3)%(6/r) = 3(r + 3)?/r.

We are told the difference between the areas, so we have

3(r+ 3)?
r

— 3r = 21.

Multiplying this by r and rearranging gives
3(r+3)2-32-21r=0
which we can expand and simplify to give
—3r +27=0,
sor =29
We can now calculate the arc length of the larger sector; it is (r + 3)(6/r) = 8.

Therefore, the perimeter of the first sector is 2r + 6 = 24 and the perimeter of the second sector
is 2(r + 3) + 8 = 32. The positive difference is 8, which is option C.
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8.2 AnswerE TMUA 2018 - Paper 1 - Q6

This equation has trigonometric functions and an x on its own. Our best bet is to first rearrange

it to bring all of the trigonometric functions together. We have a sin 2z on one side and a cos 2x

on the other, which suggests that we should divide by cos 2z to obtain tan 2x. This gives
rtan2zr =1

We should check, though, that we cannot have cos 2z = 0, so that we are allowed to divide by
it. If cos2x = 0, this would require xsin2x = 0, so either sin 2z = 0, which is impossible if
cos2x = 0, or x = 0. But if 2 = 0, then cos2x = 1, so this is also impossible. So we cannot
have cos2x = 0.

Returning to = tan 2x = 1, we can divide by z to get
1
tan2x = —
x
This equation is not possible to solve exactly. But the question (thankfully) only asks us how

many solutions there are in the range 0 < x < 27

So we can sketch the graphs of y = tan2x and y = % and see how many times they intersect.

)

1
1
1
2 1
1
1

2T

ol 3

We see that the graph of y = % intersects every positive branch of y = tan 2z once. Since there
are four branches of y = tan 2z in the range 0 < x < 27, there are four solutions, so the correct
answer is E.

8.3 AnswerF TMUA 2020 - Paper 2 - Q9

The student wishes to evaluate f(4). Writing 4rad to explicitly indicate radians, this becomes

f(4) = 4sin(4rad) = 4 x sin(4 rad).

Now
mrad = 180°,
so dividing by 7 gives
180°
lrad = .
T
Multiplying this by 4 then gives
4 % 180°
drad = ——.
m

Therefore the student could type into their calculator
4 x sin(4 x 180 = )

which is equivalent to the calculation of F.
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8.4 AnswerE TMUA 2016 - Paper 1 - Q10

1

We can rearrange this equation as tanz = —. (We note that = 0 is not a solution of the
x

original equation xtanx = 1, so we can divide by x without losing any solutions.)

It is impossible to solve this equation exactly, but we are only asked for the number of solutions.

Therefore we sketch the graphs of y = tanz and y = % on the same axes, and count the number
of intersections.

y

—27 = 0 T 2m

There are four points of intersection with —27 < x < 27, so the answer is 4, which is option E.

8.5 AnswerD TMUA 2020 - Paper 1 - Q12

We can make some immediate observations about this equation:

. The left hand side takes values between —3 and +3.
. The right hand side is only defined for £ > 0 and is always non-negative, and when x > 9,

V> 3.

Therefore we need only consider the region 0 < z < 9. Note that 37 =~ 9.5, so we have just less
than 1.5 periods of the cosine function in this range, and 3cos9 < 0. We can therefore sketch
the pair of graphs y = 3cosz and y = v/ and observe how many times they intersect:

Y

-3

We see that there are 3 points of intersection, and hence 3 solutions to the equation, which is
option D.
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8.6 AnswerB TMUA 2021 - Paper 1 - Q14

We do not know a method of solving equations involving both trigonometric functions (on the
right-hand side) and quadratics (on the left-hand side), but the question only asks us to count
the number of solutions, not to solve the equation. So we will instead sketch the graphs of the
left-hand and right-hand sides and see how many times they intersect.

The graph of y = (z+1)(3 —x) is a quadratic with roots at x = —1 and = 3. When expanded,
it becomes y = —a? + -+, so it has a maximum point midway between the roots, at = = 1,
y=4.

—4 -3 -2 -1 0 1 2 3 4 5 6
-2

—4
The graph of y = 2(1 — cos(wx)) is a transformed cosine graph. y = cos(mz) has a period of 2:
it is the graph of y = cos z scaled by a factor of 1/7 in the z-direction, and looks like this:

AN/ NANYANY/
BVAAVARVARVERVE

We can then work out the graph of y = 1 — cos(wx) by calculating the values of y at a few key
points, or by observing that the graph of y = — cos(mz) is the reflection of y = cos(mx) in the
x-axis, and then y = 1 — cos(mx) is this translated by 1 unit in the y-direction. The result is:
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—4 -3 -2 -1 0 1 2 3 4 5 6

Finally, the graph of y = 2(1 — cos(mz)) is the previous graph scaled by a factor of 2 in the

y-direction:

—4 -3 -2 -1 0 1 2 3 4 5 6

We can now superimpose the graph of y = (x 4+ 1)(3 — x) on top of y = 2(1 — cos(nx)). We see
that the trigonometric graph is never below the z-axis, so the only possible points of intersection

are between x = —1 and 2 = 3. There is one point of intersection at (1,4), one between z = —1
and x = 0 and one between x = 2 and x = 3, so there are three points of intersection in total.
41y
2
4 -3 -2 /f1 0 1 2 3 1 5 6

Thus the correct answer is option B.

You might wonder about a subtle point: we see that the two graphs touch each other at (1,4),
but how do we know that the trigonometric graph is ‘sharper’ there, so does not also cross the
quadratic graph close to x = 1, something like this:

7

This is a plausible possibility, but it turns out not to be the case for reasons that are beyond the

scope of the specification.
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8.7 Answer A TMUA 2021 - Paper 1 - Q17

We note that 22 +32 > 0 for all z and y, so we need only consider non-negative values of x2 4 y?
that satisfy this equation. Those with 22 + 3? < 87 are

9 o m 5w 13w 17w 25m 297 37w 4lmw

iy 5

(These were obtained by noting that the solutions with 22 4+ y® < 27 are g and %, and then
adding multiples of 27 = IQT” to these.)

Consider the first value; 2% + 3% = & this is a circle with radius /7 /6. Likewise, the other
circles have radii \/57/6, ..., \/417/6. Taking out a common factor of \/7/6, we see that the

circles have radii:
p\/g, p=1,V5,v13,V17,v25,1/29, V37, V41

We can approximate these square roots to get an idea of how they grow:
p~1,2,3.5,4,5,5.5,6,6.5

So the smallest three circles are quite far apart, but after that, they get closer and closer, which
is graph A. (We can be more precise than this, and observe that the circles appear in close pairs
with larger gaps between the pairs, but that is not needed to answer this question.)
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8.8 Answer H TMUA 2016 - Paper 2 - Q17

The graph of y = 3sinx + 2 is the standard sine graph stretched vertically by a factor of 3 and
then translated in the y-direction by 2. It thus oscillates between 2 —3 = —1 and 2+ 3 = 5, and
its y-axis intercept is 2.

1y = x + ¢ has gradient 1 and y-intercept c.

We sketch the graph of y = 3sinx + 2 to help us:

‘We now consider the statements in turn:
1 To have exactly one solution with 0 < 2 < 7 and at least one solution with —7 < x < 0, we
could take ¢ to be just less than 2. So this statement is true.

2 We want to choose ¢ to be negative for this case; if ¢ is such that y = x + ¢ intersects the
sine curve at & = 7, there will be exactly one solution with 0 < x < w. This value of ¢ must
satisfy 2 =7 + ¢, so ¢ = 2 — w < —1, so there are no solutions with 2 < 0. So this statement
is true.

3 The same value of ¢ as in statement 2 will work here: e =2—n. Atz =2n, 24+¢c=2+7 > 5,
so there cannot be any solutions with x = 27. As the sine graph is below 2 for 7 < x < 27,
there are no solutions there either. So this statement is true.

The correct option is therefore H.
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8.9 Answer B TMUA Specimen - Paper 1 - Q18

We first consider each of the inequalities separately.

A sketch of the graph of y = tanz for 0 < x < 7 is as follows:
Yy

Noting that tan%i =1 and ta:n%7r = —1, we see from the sketch that —1 < tanx < 1 when

[)gxg%andwhen%fgxgir.

Next, we sketch the graph of y = sin 2x over the same interval:
Y

o
(
3

Noting that sin% = sin %ﬁ = 0.5, we see from the sketch that sin2z > 0.5 when % < 22 < 28

that is, when {5 <z < ‘?—g

Now comparing the intervals for the tangent and sine inequalities, we note that they are both

satisfied when {5 < x < 7, and the length of this interval is 7 — {5 = &, so the answer is B.

— T
4 12 = 67
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WORKED SOLUTIONS - CHAPTER 9 - UNIT P8

Sequences and Series

9.1 AnswerH TMUA 2016 - Paper 1 - Q1

We expand (az + b)* and compare with the given expansion.

(ax + b)* = a®2® + 3a%ba® + 3ab’z + b* = 82 — pa® + 18z — 3V/3.

So we must have:

a® =8
3a’b = —p
3ab® = 18

b = —3v3

The final equation can be rewritten as b* = —3%, sob=—3% = —/3.
Then the third equation becomes 3a x 3 = 18, so a = 2.

Finally, the second equation gives 3 x 22 x (—\/3) = —p, so p = 12/3 and the answer is H.

9.2 Answer E TMUA 2019 - Paper 2 - Q1

We need the coefficient of 22 in the bracketed term to get the term in z* in the whole expansion.

We expand this using the binomial theorem to get
1 6 1\?
- 22V [ = .

- (2::: + i)ﬁ =2? ((293)6 + (f) (22)°

We stop here as the power of x in this last term is 242 = 22, as we require. This term is then

? 0 (22)* 1 2:1522 162272
5 - . .

= 240z
so the answer is E.
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9.3 Answer C TMUA 2018 - Paper 1 - Q2

One approach is to use the formulae for the sum of the first 5 and the first 8 terms (that is,
Sn = in(2a+ (n —1)d)).
‘We have
S5 =
Sy =

x 5(2a + 4d) = 2(2a + 4d)
x 8(2a + 7d) = 4(2a + 7d)

[Nl ]

These are equal, so we have
2(2a + 4d) = 4(2a + 7d)

We want to rearrange this to get a formula in the form @ = - -+, so we multiply both sides by 2,
expand the brackets and collect like terms:

5(2a + 4d) = 8(2a + 7d)

— 10a + 20d = 16a + 56d
— —6a = 36d
— a = —6d

so the answer is C.

An alternative approach is to note that the difference between the sum of the first 5 and the
sum of the first 8 terms equals the sum of the 6th, 7th and 8th terms. (This is because S5 =
uy + ug + - -+ + uz while Sg = w1 + uo + -+ + us + ug + ur + ug, where we have written the
sequence as ui, Uz, ....) Since the two sums S5 and Sg are equal, the sum of the 6th, 7th and
8th terms must be zero. This gives

(a+5d)+ (a+6d)+ (a+T7d) =0
Expanding and collecting like terms gives 3a 4+ 18d = 0, so a = —6d, as before.

9.4 AnswerB TMUA 2018 - Paper 2 - Q2

The constant term is the one with z°. The expansion is

(%)% + (112) (x5t (—%) et (1;3) (a5)12-F (_%2)’“ o (_%)12

(This notation for binomial coefficients is much clearer than the older "C, notation, and is
recommended.)

The kth term is therefore

(f) aBU2Z=R) (_1ykgp—2k — (f) (—1)kg002-k)~2k _ (f) (= 1)k 728k

The value of k¥ which makes the power zero is therefore k = 9, so the constant term is

12 12 12 % 11 x 1
(—1)° = — S R0y 0= —220
9 3 3x2x1

n

where we have used ( L

) = (n " k) to simplify the calculation. Thus the answer is B.

Commentary: We have used k here (beginning our counting with k = 0). You might
prefer to use another letter such as r.
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9.5 AnswerE TMUA 2022 - Paper 2 - Q2

We expand the brackets in the first term using the binomial theorem and write out the sum in
full to get

(1+ 5z 4+ 1022 4+ 102 + 5t + 2°) x (1 + 2 + 22 + 23 + 21 + 25).
The 2° term in the product is obtained by taking all possible pairs of a term in the first bracket
and a term in the second whose product is cx® for some number ¢, and then adding these
together. Therefore the 2° term in the product is

L-2® + 522t +102% - 2% +102% - 2? + 52t o + 25 1 = (1 4+ 5+ 10+ 10 4+ 5 + 1)2® = 322°.

Therefore the correct answer is option E.

9.6 AnswerE TMUA 2019 - Paper 1 - Q3

The coefficient of  in the expansion of (14 )" is () = n, so the coefficient of z in this whole

expression is

04+1+24+3+---+79+80 =3 x80x81
using the formula for the sum of the first n positive integers, %n(n—&— 1). This gives 40 x81 = 3240,
so the answer is E.

9.7 Answer G TMUA 2021 - Paper 1 - Q3

Let us write the arithmetic progression as
11 1 1
and the geometric progression as

11 1,2 1.3
2 ET-, ET 3 57" 3
Then the given information about the second terms and third terms can be written algebraically

as

1 1, 1
1 1,2 _ 1
The first equation simplifies to give d + %’."‘ =0,s0d= —%r. We can then substitute this into

the second equation to give

1, 1,2 1
gt —r=g

(We could equivalently have eliminated d by subtracting twice the first equation from the sec-
ond.) Multiplying by 8 and rearranging slightly gives

42 — 8r +3=0.
We can solve this by factorising or using the formula, for example; this gives

,r_8:t\/(—8)2—4><4><3_

1 .3

2 x 4 202
Since the geometric progression is convergent, we must have |r| < 1, so r = % and the sum to
infinity is

1
_e ) _
Soo = = =1
I—r 1-3

so the answer is option G.
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9.8 Answer G TMUA 2017 - Paper 2 - Q3

The first term is a = 2v/3 and the common ratio is r. So the fourth term is ar® = 2/37r% = %

and hence
a_ 9 _ 93 _ 33
_8\/5_8><3_ 8

by rationalising the denominator.

We can write 3v/3 as /27 or 32 (since we want to take the cube root of this expression), and so

we have )
= 3 . L v3
8 2 27
(There is a unique real cube root of any real number, unlike the case for square roots.)

We can now find the sum to infinity of the geometric progression:
a
S, =
< 17

23

V3 multiplying b 2
= — 1 —
2 — \/§ PLyIng by 2

44/3(2
— V3(2+ V3) rationalising the denominator
(2 - V3)(2+v3)

_42v3+3)
15

paying attention to the options offered

= 4(2v/3 +3)

and the correct answer is G.

9.9 AnswerB TMUA 2016 - Paper 1 - Q4

Commentary: This looks quite scary! It is unlikely that yvou have ever seen a sequence

looking like this, so a sensible thing to do is to work out the first few values and look for
any patterns.

We calculate the first few terms of the sequence:

=)' = (-D"+(-)'=(-1) -1+ (-1)=-3
az:( D= (D' (DT =1 (1) +1=3
ag=(-1)° = (-1)* + (1)’ = (1) =1+ (-1) = -3
ar=(-1)'— (-1 +(-1)°=1-(-1)+1=3
The pattern is now clear (and we could prove it if we wished to): the sequence goes —3, 3, —3,

3, =3, 3 and so on. So the sum of each pair of terms is zero: a; + a2 = 0, az + a4 = 0, ..,
as7 + aszg = 0. Thus

> an = (a1 +a2) + (a3 + as) + -+ + (asy + ass) + aso

=040+---4+04+(=3)
=-3
and the answer is B.
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9.10 Answer C TMUA 2019 - Paper 1 - Q4
We work out the first few terms, writing them in the form of the given options:
xr = 10
2y = V10 =102 = 10*
il - -
75 = V1027 = (1027)2 =10 %2 = 1027

As this pattern continues, we will end up with x99 = 102799, which is option C.

9.11 AnswerD TMUA 2020 - Paper 1 - Q4

Let the arithmetic progression have first term a and common difference d. Let the geometric
progression have first term a (as the first term of the geometric progression is the same as the
first term of the arithmetic progression) and common ratio 7.

Then the first three terms of the geometric progression are a, ar and ar?, while the 1st, 4th and
6th terms of the arithmetic progression are a, a + 3d and a + 5d.

Therefore ar = a + 3d and ar? = a + 5d.

The next piece of information we are given is that the sum to infinity of the geometric progression
=12, hence a = 12(1 — ).

is 12, so
-

So we have three equations:

ar =a + 3d
ar’ = a + 5d
a=12(1 —r)

There are several ways to work out the value of a (as required for this question) from these
equations; here is one approach.

We can eliminate d from the first two equations by finding 5 times the first equation minus 3
times the second equation; this gives

Sar — 3ar® = 2a
so dividing by a yields 5r —3r? = 2, giving 312 — 5r 42 = 0. This factorises as (3r—2)(r—1) = 0,

sor=1lorr= % Since the geometric progression has a sum to infinity, we must have |r| < 1,

_ 2
SO’F—S.

Then the final equation gives a = 4, which is option D.
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9.12 Answer C TMUA 2023 - Paper 1 - Q4

To help us understand what is going on here, we will work out the first few terms.

= sin(nmT+ T sin(% sin(m + % sin(2r + % sin(3m + %
$sinfnm+5) _sin(E) | sn(r+5) | sn2r %) | smGre3)
omn 20 91 92 23
n=0
3/2  —/3/2 3/2  —3/2
VB2 VB2 Bl VB
1 2 4 8
3/1 1 1 1
2 \1 2 4 8
We see that the part in the brackets is a geometric series with first term ¢ = 1 and common
ratio r = —%, so0 its sum is

a 1 12
l—-r 1-(-3) 3/2

which is option C.

9.13 Answer E TMUA 2019 - Paper 1 - Q5

Let the first term of S be a and the common ratio r, as usual.

a(r® —1
The sum of the first n terms of S is g, so the second line of the question can be written
as "=
a(r®—1)  9a(r®—1)
r—1 r-1

which can be multiplied by (r — 1) and divided by a to give
- 1=9(°-1).

Writing R = 73, this becomes R?> — 1 = 9R — 9, so R? — 9R + 8 = 0. This factorises to
(R—1)(R—8)=0,s0 R=1or R=8, and hence r =1 or r = 2.

However, if r = 1, then the original equation is not valid; in that case, the sequence is constant,
the sum of the first 6 terms is 6a and the sum of the first 3 terms is 3a. We could only have
6a = 9 x 3a if @ = 0, but that is impossible as the 7th term of S is 360. So we must have r = 2.

The 7th term of S is ar®, so 360 = 2%¢ = 64a, and hence a = 3{% = % and so the answer is E.
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9.14 Answer H TMUA 2022 - Paper 1 - Q5

We write out the formulae for zs, x3 and 24 in terms of p and ¢, using the values 1 = 3, 2 =5
and x3 = T:

3
n=1 D= it
3+q
n=29 7= Stp
d+q
7
n=3: Ty = r+p
7T+q
Multiplying the first equation by 3 + ¢ and the second by 5 + ¢ gives
15+5g=3+p
35+Tg=5+0p
These are simultaneous equations for p and ¢; subtracting gives 20 + 2¢ = 2 so ¢ = —9 and
therefore p = —33.
Substituting these into the expression for x4 gives
T—33
ry=——=13
T T
so the answer is option H.
9.15 Answer E TMUA 2023 - Paper 1 - Q6

A coefficient is divisible by 12 if and only if it is a multiple of 22 = 4 and a multiple of 3. The
coefficient of 2% (for 0 < k < 12) is given by (f)?lg_k3k.

This is certainly a multiple of 3 when k& > 1.
This is certainly a multiple of 22 = 4 when k < 10.
We therefore only need to check £ =10, k =11 and k = 12.

When k = 0, the coefficient is (102) x 212 = 212 which is not a multiple of 3, and so not of 12
either.

When k = 11, the coefficient is (3) x 2 x 311, But (ﬁ) = (112) = 12, so this is a multiple of 12.

When & = 12, the coefficient is (g) x 312 = 312, which is not a multiple of 2, and so not of 12
either.

Therefore the coefficient is a multiple of 12 for 1 < k < 11, so 11 terms have such a coefficient,
and the answer is option E.
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9.16 Answer C

We work out the first few functions in the sequence to find a pattern.
fi(x) = 210
fo(x) = z(102") = 102'°
f3(z) = (1002") = 100z""
fy(z) = 2(10002") = 10°z*°
f5(z) = 2(10%2%) = 10*z*°
and so the pattern is clear: f,(z) = 10110,

The sum expands to
20
> fa(w) = 2"+ 102" + 10%2" + 10°%2" + - + 107210
n=1

=(1+10+102+"'+1019)SL‘10

1020 —1
_ 210
( 10 -1 )

TMUA 2016 - Paper 2 - Q6

where on the final line we have summed the geometric series with ¢ = 1, r = 10, n = 20 using

the formula
a(r" —1)

S =
" r—1

The answer is therefore option C.
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9.17 Answer A TMUA 2017 - Paper 2 - Q6

We calculate the first few values of u, in the hope that this will show a clear pattern.

‘We have
Uy = 1
1
Uy =f 4r.1dx
0
- 207}
=2
1
Uy = / 4x.2dx
0
= [40”];
=4
1
gy = dr.ddx
0
- [802);
=38

The pattern is now apparent: u, = 2", and so the answer is A.

If we wanted to prove this to be true, we could use induction. The result is clearly true when
n = (0, so assume that it is true when n = k. Then

1
Upy1 —/ 42.2% dz
0
_ k. 2711
= [2.2 T ]0

= 2.2k
— 2k+1

and so the result holds for n = k + 1. Hence by induction, u, = 2" for all n = 0.
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9.18 Answer B

TMUA 2017 - Paper 1 - Q7

Let the common difference of the arithmetic progression be d and the common ratio of the
geometric progression be r. Then we can write the first three terms of each as

P, g=p+d, p*=p+2d

and  p, p?=pr, ¢ =pr.

The second term of the geometric progression shows that r» = p (as p is non-zero), so the third

term gives ¢ = p?

Looking again at the arithmetic progression, using ¢ = p* now shows that the second and third

terms are

pP=p+d
P’ =p+2d

We can eliminate d from these by subtracting twice the first equation from the second, giving

p? — 2p® = —p. This rearranges to

This factorises as p(2p> —p — 1) = 0,

2p° —p* —p=0
and then to p(2p + 1)(p — 1) = 0. This has the three

solutions p =0, p= —% and p = 1. We were told that p < 0, so we must have p = —%.

Thus d = p? —p = —%—
is given, using the formula S,, =

and the correct answer is B.

9.19 Answer A

We can expand these two expressions
involving x%:

(1 + ka?)7

and

‘We therefore need

[

1

T30 6
Thus the correct answer is A.

hgsmaths.com
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(—%) = % and the sum of the first 10 terms of the arithmetic progression
sn(2a + (n —1)d), by

1 1
810—5 % 10 (2)( (—§>

3
0% =
+ ><8

95

8

— K

o(—1+

)-+(3)-

TMUA 2018 - Paper 1 - Q7

using the binomial theorem. We look just at the term

7

R (3)14(]{;532)34_...
TX6XD 34
3><2><1k$ L

o+ 35k

1
OXQXSX7k4$6+...
4x3Ix2x1

4 210K 28 + - -

35k = 210k*
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9.20 Answer B

We can list the terms of the two sequences to get a feeling for what is going on:

Sequence 1: 11, 14, 17, 20, 23, 26, 29, 32, 35, 38, ...
Sequence 2: 2, 7, 12, 17, 22, 27, 32, 37, 42, ...

TMUA 2018 - Paper 2 - Q7

We see that the first two common terms are 17 and 32; the next will be 47, and the common
terms are forming an arithmetic progression with first term 17 and common difference 15. (Note

that 15 is the lowest common multiple of 3 and 5.)

Therefore the 20th such number, N is 17+ 19 x 15 = 17 + 285 = 302. Finally, dividing 302 by 7

gives 43 remainder 1, so the answer is B.

9.21 AnswerD

TMUA 2018 - Paper 1 - Q8

Let us write the terms of the GP (geometric progression) as a, ar, ar? and so on. Then we are

told that
S =a+ar+ar®+---=

The squares of each term are a?

S 1—7

We can rearrange this final equation to a = 6 — 6r if we wish to.

6

(1)

. a2r?, a?rt, o®r% and so on. These themselves form a GP with

first term a? and common ratio 2. Therefore, given that their sum is 12, we have for this GP

Sm:a2+a27*2+a2'r4+---:72
1—7r

a2

We can write this last equation as ——— =12

()i —r)

But we can now substitute in equation (1) to give

a
(525) -

Thus we have simultaneous equations for a and 7:

so that 1171 =2, ora=2+2r

a=06—6r
a=242r
Subtracting these gives 4 — 8r =0, so r = % and a = 3

=12

We can now work out the sum to infinity of the cubes: the sequence of terms becomes a®, a®r3,
a®r% and so on, which as before is a GP; this time the first term is a® and the common ratio is

r3. Hence the sum to infinity is

B a’ 33 B

= 5 = — =
L—rd  1-(3)?

and the correct answer is D.
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9.22 Answer B TMUA 2022 - Paper 1 - Q8

T
-1
‘We use the formula S, = M and substitute into the given equation:
a(’r30 —-1) a(v‘zo - 1) B ka('rm -1)
r—1 r—1 o r—1

We can multiply this by » — 1 and divide by a to get
(%0~ 1) = (2 = 1) = k(20— 1),

which simplifies to

Factorising the left hand side then gives
1“20(1‘”10 _ 1) — ,11‘,(7“10 _ 1)
as 7 > 1, we can divide by 7’ — 1 # 0 to obtain
r? = k.

Therefore k is a 20th power, and the smallest possible value is 22, which is option B.

9.23 Answer C TMUA 2022 - Paper 2 - Q8
We first determine the number of terms in the whole sequence: there are 703—_1 +1=23+1=24
terms.

We next determine the number of pairs that sum to 74. The pairs are:
4470
7+ 67

34 + 40
37 + 37)

The final pair is excluded because the two terms have to be distinct to fit the rule in (). The
number of valid pairs is therefore % +1=10+1=11.

If a selection S does not satisfy the rule in (x), then it can have at most one term from each of
these pairs, so it has to leave out at least 11 terms. So it can have at most 24 — 11 = 13 terms.
Therefore if S has at least 14 terms, it must satisfy (*).

We also need to show that if S only has 13 terms, it might not satisfy (x). We can include 1, 37
and one term from each listed pair, giving 2 + 11 = 13 terms. These 13 terms do not contain a
distinct pair summing to 37.

Hence the smallest value of n which forces (*) to be true is 14, and the correct answer is option C..
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9.24 Answer D TMUA 2023 - Paper 2 - Q9

We first note that the interior angles in a pentagon sum to 3 x 180° = 540° (since a pentagon
can be cut up into three triangles). Therefore the mean interior angle is 540°/5 = 108°.

I The angles could be 108°, 108°, 108°, 107° and 109°: start with a regular pentagon and
slightly rotate one of the sides. These do not form an arithmetic sequence, so statement (x)
is false.

II  The contrapositive of a statement always has the same truth value as the statement itself,
so this is also false.

IIT  The converse of (*) states: if all the interior angles in P form an arithmetic sequence, then
at least one of the interior angles in P is 108°. If the interior angles in P form an arithmetic
sequence with common difference d, then the angles can be written as ¢ —2d, ¢ —d, ¢, ¢+ d,
¢+ 2d. (One could also write them as a, a +d, ..., a + 4d, but this approach is easier.)
Then the sum of the interior angles is 5¢ = 540°, so ¢ = 108°. Since one of the interior
angles is ¢, the converse of (x) is true.

Thus the answer is option D, III only.

9.25 Answer A TMUA 2017 - Paper 1 - Q11

We have x1 = 7, 20 = 3, z3 = 1. It is not at all clear what the pattern here is, so we calculate
the next few terms:

_23x1-53 _ —30

SRSV i R
23 x (—=5) —5H3  —168
5x(=5)+1 —24
so xg = 3, 7 = 1, zg = —5 and so on. Thus the terms repeat in a cycle with length 4, and as
100 = 25 x 4, we see that 21990 = —5, which is option A.
9.26 Answer A TMUA 2022 - Paper 1 - Q11
We have log;(317") = (1 — n) logy, 3, so the sum becomes
100 100
Zloglo(?’l_n) = Z(l —n)logyg3
n=1 n=1

100

= (logyp 3) Z(l —n).
n=1

Now the sum is actually an arithmetic series: expanding it gives

100
D (1 =n) =04 (=1)+ (=2) + -+ (—99)
n=1
=—0+1+2+---+99)
= —2x100(0 +99 x 1)
= —4950
using the formula S, = %n(?a + (n —1)d). (Alternatively, we could have used the formula for

the nth triangular number.)

Therefore the original sum evaluates to —49501og;, 3, which is option A.
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9.27 Answer A TMUA 2019 - Paper 2 - Q11

Let the first term of the series be a and the common difference be d, as usual. Therefore we

have
in(2a + (n — 1)d) = 20.

Multiplying by 2 gives
n(2a + (n — 1)d) = 40,

so we need to find integers n, a and d which satisfy this. We list values of n which are factors
of 40 and the corresponding value of 2a + (n — 1)d.

n | 2a+(n—1)4d

1 40 = 2a

2 20=2a+d
4 | 10 =2a+3d
bt 8 =2a+4d
8 5=2a+T7d

10| 4=2a+9d
20 | 2=2a+ 19d
40 | 1 =2a+ 39

With this table to hand, we consider the possibilities for each of the statements.

I n=1 gives a = 20, which is even.
n = 2 gives 2a + d = 20. If we take d = 2, this gives a = 9, and indeed 9 + 11 = 20, so this
statement need not be true.

IT  The table shows that we could have n = 1 and a = 20, or n = 5, a = 2, d = 1, giving
2434+ 4+5+6=20. So this statement need not be true.

III The example in the previous part, 2 + 3 +4 4+ 5+ 6 = 20 shows that this is not necessarily
true.

Therefore the correct answer is A.

9.28 Answer G TMUA 2020 - Paper 2 - Q11

From the nature of the pattern, we see that it sort-of repeats every 2 units along each axis. So
let us simplify this question by replacing 99 and 100 by 3 and 4 (an odd number and the even
number one more than it).

Looking at the portion of the graph we are given, we see the points (3,4) and (4, 3) are both
on the spiral (top right), (3, —4) and (4, —3) are too (bottom right), (—4, —3) and (-3, —4) are
both on the bottom left and if we continue the line at the top, (—3,4) is at the top left. However
(—4,3) is missed out: that is the gap at the end of one ‘loop’ as the spiral heads out to form

the next ‘loop’.

Therefore in the case of 99 and 100, (—100,99) will be missed, which is option G.
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9.29 Answer F TMUA 2016 - Paper 2 - Q12

The formula for S, in terms of a and d is S,, = %7:(2@4— (n—1)d). Substituting n =8 and n =6
gives
Sg = 4(2a + 7d)
Se = 3(2a + 5d)
so the condition Sg > 35¢ becomes
4(2a + 7d) > 3 x 3(2a + 5d).

Expanding the brackets gives 8a + 28d > 18a + 45d, which on rearranging gives —8a > 17d, or
d< —LXa.
17

If a is positive, then —%a is negative, so d must be negative. If a is negative, then —lia is
positive, so d could be positive or negative. So a can be positive or negative, as can d.
We therefore cannot deduce the sign of either a or d, and so the correct option is F.
9.30 Answer C TMUA 2017 - Paper 1 - Q13

The term in z* is (Z)a(baj)‘l = 5ablz?, so the coefficient of x? is 5ab?
The term in 22 is (g) a®(bx)? = 10a®b?22, so the coefficient of 22 is 10a3b?
It follows, since the coefficient of z* is 8 times that of x2, that
Sab® = 80a°b*
As a and b are non-zero, we can divide by 5ab?® to get b*> = 16a>. Since both a and b are positive,

we can take square roots to get b = 4a. (If we didn’t know about their signs, we could only say
that b = +4a.)

So the smallest possible value of a + b occurs when a = 1, b = 4, giving a + b = 5, which is
option C.

9.31 AnswerF TMUA 2020 - Paper 1 - Q13

We have not learnt a “trinomial theorem” for expanding expressions like (1+z+%2)7, so instead
we treat it as a binomial expression. If we write it as (14 (x+1?))7, we will then have a series of
complicated expressions like (z+y?)3 that we have to handle. But if we write it as (z+(1+y?))7,
we will be separating the x’s and the y’s, which is much simpler for our needs.

We have
(I4+z+y*)" =@+ 1+

7 7
:m7+(1)m6(1+y2)+---+(,

O)m%1+y%5+-~

so we need only consider the x? term; note also that (;) = (;) = % = 21. So the 2? term is

2122(1 + y?)5.

We next want the y* term of (1 4+ 3?)°, so we expand this too using the binomial theorem:

2\5 5Y. 2, (5, 4
(1+y)° =1+ )y

so the y* term is (5)y* = 10y

Therefore the z2y* term is 2122 x 10y* = 2102%y*, and the coefficient is 210; this is option F.
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9.32 Answer C TMUA 2021 -

Let us first work out the value of the integral in the summation (the summand). We have

/Orf(sc)da:_/Olf(:c)dm+/12f(m)d:c+--~+/?:lf(:c)da:

=0+ +A+1)++((r=1)+1)
=142+ +r
=1r(r+1).

We are thus being asked to evaluate

8
Z %’.‘“(T +1)

r=1
There are algebraic methods to do this (as mentioned below), but they are not on the specifica-
tion. The most straightforward approach here is to just perform the calculation manually:

Z%I"’n‘"-ﬁ-l =1+3+6+10+ 15+ 21+ 28 + 36 = 120,
r=1

which is option C.

In general, it turns out that
n
Ir(r+1) = % n(n+1)(n+ 2).
r=1
The expressrons r(r+1) and n(n +1)(n+ 2) are known as rising powers, and can be written as
r2 and n? respectively. On multiplying by 2, the formula then becomes

3=

which looks very similar to the calculus formula fo t2dt = %ac?’. There is a much longer discussion
of sums such as this in Graham, Knuth and Patashnik, Concrete Mathematics.

DJI»—ﬂ
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9.33 AnswerD

Let us write out the first few terms of the three sequences explicitly. Let the common ratio of T

be R and the common ratio of U be 7.

TMUA 2016 - Paper 1 - Q14

term 1 2 3 4 5 n
T 4 AR 4R? AR3 4RY 4R
U 4 4r 4r? 4r3 4rt 4pn—1
S 8 4R+4r AR>+4r? AR 4+ 4r® AR*+ 4r* AR 4 gl

We are given the first three terms of S, so

Therefore R+ r = 43_1 and R? 4+ r? = %. We can work out the values of R and r by guessing, or

we can work them out by solving these equations. We show the second approach here.

The first equation gives R = % — r, which we can substitute into the second equation to give

3 y2 5
(F—r)"+r" =15

so 2r% — 3r + 1 =0, hence 872 — 6r + 1 = 0, which factorises as (4r — 1)(2r — 1) = 0, giving

2
=1 1 -1 -1 i
r=gorr=gand R= 7 or R= 3 respectively.

We can therefore work out the sums to infinity of T and U, taking R = % and r =

4
sum to infinity of T = T = %
1—3
o 4
sum to infinity of U = T 8
T2

giving the sum to infinity of S as % +8 = 20 gince S is the sum of T and U. If we took the

3

values of R and r to be the other way round, we would have the series T and U swapped, but

their sum would be unchanged.

So the answer is D.
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9.34 Answer A TMUA 2020 - Paper 2 - Q14

Approach 1: direct reasoning

We can see from the example exactly what is needed for a sequence 1" to have property P: the
sum of the terms from the (m + 1)th term to the (2m)th term must be zero.
Consider now the two statements.

I We will have ad < 0if @ > 0 and d < 0. But if |d| is large enough, then the second term will
be negative and there is no hope of a sum of terms giving zero. For example, the sequence
1, =2, =5, ... has ad = 1(—2) = —2 < 0, but does not have property P. So this statement
is false.

IT In the given example, d is even and m is also even. But if m is odd, we would need the
middle term of the second half to be zero, and then it does not matter whether d is even
or odd, for example in the sequence (and this was constructed by working backwards): 4,
3,2, 1,0, —1, ..., which has property P taking m = 3. An even more extreme example is
the sequence 1, 0, ..., where d = —1 again and m = 1. Therefore this statement is false.

Hence the correct option is A.

Approach 2: algebraic approach

The sum of the first m and the first 2m terms of the sequence are given by
Sm = 3m(2a + (m — 1)d)
Som = 3(2m)(2a + (2m — 1)d)

and these are equal if and only if

sm(2a + (m — 1)d) = 3(2m)(2a + (2m — 1)d).

Dividing both sides by %m gives
2a + (m —1)d =2(2a + (2m — 1)d).
Expanding the brackets and rearranging gives
2a+ (3m —1)d = 0. (%)

I The equation (%) can be rearranged to make m the subject, giving

’n_l 2a+1
r—3 pi .

There is no reason why this should be an integer whenever ad < 0. For example, taking
a=1and d= -5 gives m = % x g which is not an integer. Therefore this statement is

false.

1T We can rearrange (x) to make d the subject:

but it is actually more helpful to rearrange it as

2a
3m—1——g.

To show that the statement is true, we need to show that whenever we have integer values
for a, d and m, d will be even; to show that the statement is false, we need to find an
example where d is odd. If we take d = 1, we need a value of a for which —2a is one less
than a (positive) multiple of 3; —2a = 2 and —2a = 8 both work, giving a = —1 and @ = —4
respectively. Similarly, if we take d = 3, we need a value of a for which —%‘1 is one less than
a (positive) multiple of 3; here, —2a = 2 x 3 = 6 would work, giving a = —3.

Any one of these counterexamples would show that this statement is false.

Again, we see that the correct option is A.

hgsmaths.com Worked solutions - 9 Sequences and Series

357



9.35 AnswerC TMUA 2021 - Paper 1 - Q15

We can write the integral out in full by substituting the value of g(z):
1 10

1
x)dr = "oy da
| @ fO;f(z )d
- f CE200) 4 £210) 4 £(2%0) 4 -+ H2%%) da
0

1 1 1 1
= f £(2%2) dx + / f(2'2) da + / f(2%z)dz 4 - - + / £(2%2) dz
0 0 0 0

So we can calculate the integral of g(x) if we can calculate the integral of each (2" 1x).

Now fol f(2%2) dx = fol f(x) dz is just the area under the graph of y = f(x) between x = 0 and
x =1, which is 1 (it is a right angled triangle with base and height both 1).

To work out fol f(2x) da, we consider the graph of y = f(2x). This is the graph of y = f(x) scaled
by a factor of 1/2 in the z-direction, so looks like this:

119

0 1
The area between x = 0 and x = 1 is again %

The graph of y = f(222) between = 0 and x = 1 consists of two triangles:

1 1Y

0 1

Helpfully, the area under this graph is still %: this is perhaps easiest to see by noticing that we
can draw a rectangle (actually a square) around the graph:

1 1Y

0 1

In each rectangular slice, half of the area is below the graph and half is above, so the total area
below the graph is %

This same reasoning will apply for each of the functions f(2" 1z). and so the total area is
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9.36 AnswerD TMUA 2017 - Paper 2 - Q15

From the question, it seems that we are expected to work out the first few values of the functions
f(n) and g(n), and to look for a pattern.

n f(n) g(n)
1 5 3
2 16 8
3 8 4
4 4 2
5 2 1
6 1 6
7T 4 3
8 2 8
9 1 4
10 4 2
11 2 1
12 1 6

So after the first three terms, f(n) repeats every 3 terms: for k > 1, f(3k+ 1) = 4, {(3k +2) = 2,
f(3k+3) = 1, while g(n) repeats every 6 terms, and we can write similar expressions for g(6k+r).

We could either calculate f(n) —g(n) for all of these terms, and find the repeating pattern there,

or find f(1000) and g(1000) separately. The latter approach seems like less effort, so we will go
for that.

Note that 1000 = 3 x 333 + 1 = 6 x 166 + 4. So £(1000) = 4, g(1000) = 2.
Thus £(1000) — g(1000) = 4 — 2 = 2 and the answer is D.

9.37 AnswerD TMUA 2020 - Paper 2 - Q15

It is very helpful to write out the values of the summands (the terms being added) in terms of
V3 and similar, and then work out the first few values of the sum.

k 1 2 3 4 5 6 7 8 9 10

s z & o & oo T B 3y 1O

sin(4F) e e L e U

posin(hr) [ M3 9v3 9¥3 Y3 g g Y3 oY 93 B
V3

We can see that the sum repeats every 6 steps, and that it equals 5> twice in every cycle of 6,
specifically when n = 1, 4, 7, 10, .... This sequence of n values are the numbers which are
1 more than a multiple of 3, and so the correct option is D.

hgsmaths.com Worked solutions - 9 Sequences and Series 359



9.38 Answer B TMUA 2023 - Paper 2 - Q15

Approach 1
Using the rule for working out the value of a base 2 number, we have
0.0011 = 0.001100110011 ...,
=0x2 4 0x22 41 %23 +1x27 1+ 0x 2P +0x2 041 x 2T+ 1 %278+ ...
Grouping these into sets of four consecutive terms gives
0.001i =(0x2 ' +0ox22+1x23F1x274+
(Ox2794+0x2 041 x27 T +1x27%)+...
—(O0x2'+0x2 71 x2% +1x27h +
27H0x 27 0 x 2 I x 27 I x 27 278 ) 4 -

11 11 11
= (Z4+=)4+2* (Z+=)+28(2+= )+
(8_%16)_+ (8_F16)_+ (8+16>+
3
:Ié1+24+2*+~~)

The term in brackets is an infinite geometric series with first term 1 and common ratio 274, so
its sum is

1 116

—4 1~ 1e°

1-2-4 1_ i 15
Therefore 3 16 5 )
00011 = = x = =2 =2
6 15 15 5

which is option B.

Approach 2

We have, on dropping zero terms and rearranging:

0.0011 = 0.001100110011 . .
=0x2 ' +0x2 7 +1x2 P +1x 2 +0x2 7 +0x2 0 +1x2 T +1x27%+...
_9 B9t 9T 98 L9l L g-12
I e R I I

(Technical note: we are allowed to rearrange this infinite series as all of the terms are positive.)

We can now calculate the sums of these infinite geometric series to get
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0.0011

Approach 8

2-3 2—4
= +

1—92-14 1-2-4
2 N 1
16 -1 16-—1
_3
15

1

We can adapt the method used to evaluate a base 10 recurring decimal.

Let z = 0.0011 = 0.001100110011....

Then writing a subscript ‘2’ to indicate base 2 and a

subscript ‘10" to indicate the usual base 10, we have

2 = (0.001100110011 ... ),

S0 16102 = (11.001100110011 ... )2
giving 1519z = 115

Now 113 = 1 x 2! +1 x 2° = 349, so we have (in base 10) 15z = 3, yielding z = é, which is

option B.

9.39 Answer B

We can expand the binomial expression

TMUA 2021 - Paper 1 - Q16

in ascending powers of x using the binomial theorem:

(a+b$)n —a" + (n)an_lb$+ (n) an_2b2$2 + (g)an—SbSSES 4t

1

2

( n l)abn—ll_n—l + bnxn
n —

The third term in ascending powers of z is (3)a" 2b%z? = 10527,

The fourth term in ascending powers of x is (g) a" 333 = 2103,

The fourth term in descending powers of x is (niﬁ) a3 = 21027

From the last statement, we see that n = 6. Then the first two statements give:

Now (g) =15 and (g) = 20, so

Dividing these two equations gives

and so (%)2 = %, which is option B.

hgsmaths.com

6
(2)a462-105
(§>a363_.210

alt! =7
21
3,3 _ 41
a’b’ = 5
a_2
b 3
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9.40 Answer A TMUA Specimen - Paper 2 - Q16

We start by calculating the first few terms of the sequence:

ap = 2

as =2+ (-1)'=1
a3 =1+ (-1)* =2
ag =2+ (-1 =1

as =1+ (-1)*=2

100

The pattern is now clear: every pair of terms is 2, 1 and sums to 3. So > ™,

50 pairs of terms, each of which sums to 3. Hence

ay 1s the sum of

100
> an, =50 %3 =150
n=1
and the answer is A.
Commentary: Note that this is not an arithmetic series, as there is not a common dif-
ference (that is, equal difference) between consecutive terms, and neither is it a geometric
series. So we cannot use the formulae for the sum of an arithmetic or geometric series.
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Finding the median of the first n terms depends on whether n is even or odd.

If n is odd, then the median of the first n terms is the middle term, which is x(,,1)/2, so it is
certainly an integer, whatever the sequence.

We can consider the three given statements in this case:

I  n+2isalso odd, so the median of the first n 42 terms is a term of the sequence, specifically
T(n43)/2, SO 1t 1s an integer.

1T 2n is even, so the median of the first 2n terms is midway between the nth and (n + 1)th

terms. This may or may not be an integer. For example, if the sequence is 1, 2, 3, ... and
n = 3, then the median of the first 2n = 6 terms is midway between 3 and 4, so is 3.5. This
is not an integer. (On the other hand, it might be: if the sequence were 2, 4, 6, ..., with

n = 3 still, then the median of the first 2n = 6 terms is midway between 6 and 8, which is
7; this is an integer.)

IIT There are n terms listed here, so the median of them is the middle one, which is certainly
an integer.
Thus in the case that n is odd, I and I1I must be true, but II need not be.

Next we consider the case of n being even. In this case, the median of the first n terms is

midway between x1, and x1 and we are told that this is an integer. If we call the common
2

§ﬂ+l’

difference of this arithmetic progression d, then midway between these is z1 + %d, 80 %d is an
2

integer. (Alternatively, note that both the middle two terms are even or both the middle two
terms are odd, so either all the terms of the arithmetic progression are even or all of them are
odd. This is equivalent to saying that the common difference is even.)

We again consider the three statements:

I Now n+2is even, and the median is midway between two terms (namely z1,,, andx1, 5),
2 2
so it is an integer since the common difference is even. (Alternatively, it is an integer because

either all of the terms are even or all of the terms are odd.)

II  We do not need to consider this statement, as we know it is not always true from before.
(Nevertheless, this statement is always true for this case, using the same reasoning as for I.)

IIT This time, we have n terms, and the common difference between consecutive pairs of them
is 2d. The median is midway between central two terms (as n is even), so is an integer
as d is an integer. Alternatively, the median is midway between z,, and x,2, s0 is 1,
which is an integer.

Therefore all three statements are true in the case that n is even.

Putting this together, statements I and IIT must be true, whatever the value of n, but state-
ment IT is not necessarily true. Hence the answer is F.
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9.42 Answer B

1

II

IIT

Since the highest common factor of @ and b is 7, they are both multiples of 7. So u; and us
are multiples of 7, hence us = w; + uo is a multiple of 7. Then w4 = us + ug is a multiple
of 7, and so on. So every u, is a multiple of 7 and this statement is true.

We have ug = w1 + ua = wi(l + ua/u1). As w; is not a factor of ua, the expression in
brackets is not an integer, so u; is not a factor of us.

Next, we have ug = us + uz = uy + 2us = ug (1 + 2ug/uq1). It is feasible that u; is a factor
of uy: it will be if 2ug/u; is an integer. We could take u; = 14 and up = 7 to achieve this.
(Explicitly, in this case we have uz = 21, uq = 28, and 14 is a factor of 28.)

So this statement may be false.

Following on from our calculations in II, we have us = ug + wg = (u1 + u2) + (ug + 2u2) =
2u71 + 3ug. The highest common factor of u; and ws is therefore the same as the highest
common factor of u; and 3us, and it is possible that this is 21 if w1 is a multiple of 21 but
uo is not. Let us check this explicitly: take u; = 21 and us = 7, so the highest common
factor of u; and us is 7, as required. Then us =2 x 21 +3 X 7 = 3 x 21, and so the highest
common factor of u; = 21 and us = 3 x 21 is 21. Therefore this statement may be false.

The correct answer is therefore option B, I only.
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9.43 AnswerD TMUA 2017 - Paper 1 - Q17

It seems that we need to calculate F(n) before we can find G(n). We could do this either using
integration or geometry. We start with an integration method:

F(n) = / (n—a)dx
[na — 3T ]
= %(n2 - %ng)

_1

0

We could reach the same conclusion by sketching a graph of the function:

Y
n
x
0 n
The area of this triangle is 1n2, so F(n) = 1 x 1n2 = 1n
2’ n "2 2

‘We now have:

G(n) = > F(r)
r=1
-3 i
r=1

n

ilEJ
=3 r
r=1

where for the last line we have used (3F(1) + 4F(2) +--) = 2(F(1) + F(2) +--)

Now b r=142+-+n= %n(n + 1), either using the formula for triangular numbers or
of the sum of an arithmetic series.

So G(n) = gn(n + 1).
Therefore
G(n) > 150
> in(n+1) > 150
<~ n(n+1)>600
So we can try values: 25 is a nice number to calculate with, so we start with options C and D:
24 x 25 = 600
25 x 26 = 650
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It seems from the given sketch that each of the circles passes through the origin, and that all the
circles are tangent to the line y = —x at the origin. This means that the shaded area between
C, and C,,4 is just the area of ()1 minus the area of C,,, as (), lies entirely within C,,1
except for the single point of tangency at the origin.

We can prove this. Firstly, the circle C,, passes through the origin as (z,y) = (0,0) satisfies
the equation of the circle. Next, we can solve the equation of the circle C,, simultaneously with
y = —z. Substituting y = —x into the equation of the circle gives

2?4+ 2% =2z + (—x)) =0
so 2x? = 0, which has a repeated root x = 0. Therefore this line is tangent to the circle at the
origin.
Next, we need to find the area of C},. We rearrange and complete the square to do this: we have
22 —2nx +y? —2ny =0
SO (x—n)?—n*+(y—n)?-n?=0
SO (x —n)*+ (y — n)* = 2n?

This shows that the centre of C), is at (n,n) and it has squared radius 2n?. Its area is therefore
2

2.
We deduce that the shaded area between C),.; and C), is
2m(n + 1)% — 2mn? = 27(2n + 1).

Summing this for n =1, 3, 5, ..., 99 (as we want the difference between circles € and Cs, and
between C3 and Cy, and so on), the total shaded area is

27(34 7+ 114 -+ + 199)

The sum here is an arithmetic series; we have first term a = 3, last term [ = 199, and n = 50
terms (as there are 50 pairs of circles), so the total area is

21 x in(a+ 1) = 7 x 50 x 202 = 101007

which is option E.
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The value of 2[*1 changes at every integer. We have

20 whenz =0

21 whenO<z<1
22 whenl<az<?2
23 when?2<z<3

299 when 98 < 2 < 99

\

We therefore break the integral up into unit intervals. The value of 2/=1 at the endpoints does
not influence the value of the integral, so we have

99 1 2 3 99
f zmdx_/ 2[‘”1da:+/ ZMdm—i—/ 2[x1dm+-‘-+/ 217 4y
0 0 1 2 98

1 2 3 99
:/ 21dm+/ 22d33+/ 23dm+--~+/ 299 dge
0 1 2 98

:21+22+23++299
as the integral of a constant is just the constant times the interval width. We now have a
geometric series with first term a¢ = 2, common ratio » = 2 and n = 99 terms, so the sum is

a(r" —1) _2'2¥ 1) 9100 _
r-1 2-1
which is option F.

9.46 Answer E TMUA 2023 - Paper 1 - Q18

The sum is an infinite geometric series with first term ¢ = 4 and common ratio r = % For this
series to have a finite sum, we require |r| < 1, so =7 < 2k < 7, that is —% < k< % Thus we
can only consider k = —3, —2, ..., 2, 3 out of the 11 possible values of k. (Note that there are
11 values: k = 0 is a possibility!)

In these cases, the sum is given by

a 4 28
1—r 1-2k/7T 72k

S =

We need to solve the inequality S > 3, so

28
T ok > 3.
Since 7 — 2k > 0 for all k < %, which are the only values of k of interest to us, we can multiply
by 7 — 2k to get
28 > 3(7 — 2k).

Expanding and rearranging gives 6k > —7, so k > —%. Therefore the values of k that satisfy

the conditions are —1, 0, 1, 2, 3, a total of 5 values out of the 11 possible values. Therefore the
required probability is %, which is option E.
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The first four terms are 4, 4r, 4r and 4r3. We are also given that 4, 4r and 4r® are three
successive terms of an arithmetic series. We thus have

dr =4+d
dr® =44 2d

where d is the common difference of this arithmetic series.

Therefore d = 4(r — 1) from the first equation, and d = 47(r? — 1) on subtracting the two
equations.

Equating these expressions for d gives
Ar —1) =4r(r? —1)
sor—1=r(r—1)(r+ 1) on factorising and dividing by 4.
Since 0 < r < 1, we can divide by 7 — 1 to obtain 1 = r(r + 1), so 72 +r — 1 = 0. The solutions

to this quadratic are
—1+V12+4  -1£+5
2 2

Since r > 0, we have r = %‘@, and so the sum to infinity (given by the standard formula
See = ﬁ) is
4 B 8
|- =B 2 (—1+5)
8
35
_ 8(3+5)
9-5
=2(3+5)

and the answer is D.
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We expand the first expression up to powers of z3 to find its coefficient. We can think of the
first expression as (1 + (22 + 322))% and use the binomial theorem to expand it. We note that
the first few binomial coefficients are

6 6 6 6 x5 6 6x95x4
:1‘ = 0 = :1 :—:2
O Qe Gt ()"

‘We thus have
(1+ (2 +32%))° =1+ (5) (22 + 322) + (5) 2z + 32?)% + (§) (2w + 32%)% + - - -
=14 6(2z 4 32%) + 15((22)% + 2(22)(32®) + ---) +20((2z)3 + ---) + - -

where we have stopped when the powers reach 3. We can read off the coefficient of 2% from this:
it is

15 x 2x2x 3+ 20 x 8= 340.

® similarly, and obtain

We can expand (1 — az?)
1+ (‘;’)(—amQ) + (g)(—aasQ)2 + oo =1-5az? + 10a%z* + - -

so the coefficient of z* is 10a?.
‘We are told how these two coefficients relate to each other: we have
340 = 2 x 10a*

so a2 = 17 and a = ++/17, giving the answer as option B.

9.49 Answer C TMUA 2019 - Paper 1 - Q19

We start by writing out the first few terms of the summation, and writing each of them in terms
of sin 10° or sin 100°:

kE=0: sinl0°

k=1: sin100°

k=2: sinl90° = —sin 10°

k=3: sin280° = —sin100°

k=4: sin370° = sin10°

k=5: sin460° = sin 100°

k=6: sinb50° = —sin10°

k=7: sin640° = —sin100°
and we see that we repeat every four terms. The first four terms sum to zero, as do the next
four, and so on.
In total, there are 91 terms, and 91 = 22 x 4+ 3, so the only terms which contribute to the final
sum are the last three. Therefore the whole sum is that from £ = 88, k£ = 89 and & = 90, giving

sin 10° 4 sin 100° 4 (—sin 10°) = sin 100°.

Hence the answer is C.
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2

We expand each of the terms up to the term in x* using the binomial theorem:

(1+ 22+ 32%)% =1 +6(2z + 32%) + 152z + 32%)* + . -
=14 12241827 + 15(4a? +--- ) +---
=1+12z+782% 4 -
(14423 =1+54a*) +-- =14 ---
so the whole expression is
(4—2)[(1+22+32%)° —(1+42®)°) = 4 — 2|1+ 122 + 787+ ) = (1 +---)]
=(4—-2H)(122 + 7827 + )
=4(122 + 78z + ) — -
= 482 + 3122 4 - -

so the coefficient of x2 is 312, and the answer is G.

9.51 Answer E TMUA 2021 - Paper 2 - Q20

It is helpful to get a feeling for what this sequence of functions looks like, so we will sketch the
first few. We are only interested in the range from —1 to 1 (because that is what the integral
asks for). The first function, f;(z) = |z| is standard:

Y

y = fi(x)

-1 0 1

Note that when x < 0, this is the graph of y = —x, and when z > 0, this is the graph of y = x.

We next have fa(z) = |fi(z) + z|. We can calculate this on the two regions x < 0 and « > 0
separately: when = < 0, we get fa2(x) = |—z+2z| = 0, and when = > 0, we get f2(z) = |z+2| = 22,
giving this graph:

-1 0 1

We can determine f3(x) and f4(z) in a similar way:
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WORKED SOLUTIONS - CHAPTER 10 - UNIT P9

Calculus 2

10.1 Answer A TMUA 2023 - Paper 2 - Q5

The graph of y = sin 2z is periodic with period m: it is the graph of y = sinx stretched by a
factor of % in the z-direction:

1

YT

So if R is true, we see from the graph that fok sin2xdx = 0 as the areas above and below the
x-axis cancel. Thus R is sufficient for S.

Conversely, if fok sin 2z dx = 0, the areas above and below the x-axis must cancel. We can see
from the graph that the only way to achieve this is if k is a multiple of 7, so that we have an
exact number of periods of y = sin2z. (The integral increases as k increases from 0 to 7, and
then decreases back to 0 as k increases from § to 7, and the same happens in every period.)

Therefore S implies R, or R is necessary for S.

It follows that the correct answer is option A: R is necessary and sufficient for S.
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10.2 Answer D TMUA 2020 - Paper 2 - Q16

We can check whether the calculation stands any chance of being correct by checking whether
line (V) is correct. We can work out the integral directly:

L([ea) =2 (o)

= = (3(20)* - a?)
d

= @(gms)

= Ta?

So an error has certainly been introduced somewhere.
From this, it is clear that line (IV) is also incorrect.

Line (I) is correct, as f; f(t)dt + [, f(t)dt = [ f(t) dt for all functions f(t) and real numbers a,
b and c.

Therefore the error must lie in line (II) or (III). We can work out the left hand sides of the
equations explicitly as we did for line (V):

so line (II) is correct. However,

so line (III) is incorrect. Hence the correct option is D.

The reason for the error is that the fundamental theorem of calculus is stated for the case where
the upper limit is x; if the upper limit is 2z, then the integral grows twice as fast as x increases,
so we actually have %( 021 t*dt) = 2(2z)* = 8z%.
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WORKED SOLUTIONS - CHAPTER 11 - UNIT P11

Proof and Logic

11.1 Answer C TMUA Specimen - Paper 2 - Q3

We can determine whether x = —4 and/or & = —1 are solutions by substituting them back into
the original equation.

Substituting x = —4 gives Vr+5 =+v—-4+5=1and x +3 = —4+ 3 = —1, so this is not a
solution.

Substituting x = —1 gives Vo +5=+v—-1+5=2and 2 +3 = —1+ 3 = 2, so this is a solution.
Where does x = —4 arise?

Working backwards, once we have reached the line (z + 4)(xz 4+ 1) = 0, it is clear that there are
the two proposed solutions.

The previous line is just the expansion of this; the equations 2 +5r+4 = 0 and (x+4)(z+1) =0
are algebraically equivalent, so step (3) is fine.

Likewise, = + 5 = 2% + 6z + 9 is algebraically equivalent to these, obtained by a simple rear-
rangement, so step (2) is fine. And indeed, x = —4 is a solution to this equation, as is easy to
check.

Therefore the extra solution was introduced at step (1), when we squared the equation: on the
first line, © = —4 gives the incorrect —1 = 1, while squaring this gives the correct 1 = 1. Hence
the correct answer is C.

We can go further, though, and ask how we could correct the solution. If we introduce implication
symbols between pairs of lines, it will be clearer what is happening. The symbol ¢ <= * indicates
that this line is equivalent to the previous line, while * = ’ indicates that this line follows from
the previous line, but not vice versa.

The argument now reads as follows:

Vi+5=1x+3
= r+5=a>+6z+9
— 2?45 +4=0
— (r+4)(z+1)=0
= z=—4orx=-—1
The first line is only a one-way implication, as a? = b® does not imply that a = b, for example

ifa=1and b= —1 (as in our case).

Since not every line is an ‘if and only if’ implication, all we can say is the following: if the
original equation is true, then x = —4 or x = —1. However, this argument does not show that
if x = —4 or x = —1, then the original equation is true. So to correctly complete the argument,
we must check whether these possibilities satisfy the original equation.
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11.2 Answer F TMUA 2018 - Paper 2 - Q3

A counterexample to this statement is an example which shows that it is not true.

So we counsider the journeys described, and determine whether or not the average speed for the
whole journey is, indeed, %(u +v).

Perhaps the simplest way to do this is to make a table. We know that average speed is distance
travelled divided by time, so we will need these for each part of the journey.

Filling in the information given, we end up with the following. We write d;, do and D for the
distances (in km) in the first part, second part and total, respectively. Likewise, ¢ stands for
time (in h), and we use V for the average speed for the whole journey (in km/h).

First part Second part Overall
dl tl u dg t2 v D T V
I 100 50 100 40
11 1 50 1 40
IT 80 50 100 40

We can now use u = dy/t; and so on to fill in the rest of the first and second part of the
journey, and then sum the distances and times for the overall journey. We can finally calculate
the average speed. This gives:

First part Second part Overall
dl tl U dg tg v D T vV
I 100 2 50 100 2.5 40 200 4.5 %

II 50 1 50 40 1 40 90 2 45
III 80 1.6 50 100 2.5 40 180 4.1 1800

In every case, %(u + v) = 45 so both I and III are counterexamples (as the fractions cannot be
simplified, so they cannot equal 45), and the answer is F.

11.3 Answer A TMUA 2019 - Paper 2 - Q3

It might be tempting to divide by a to get b = ¢, but a might be zero, and we cannot divide by
zero. Instead, we can rearrange and factorise to get ab — ac = 0, so a(b — ¢) = 0. From this, we
can deduce that a =0 or b — ¢ = 0 (or both).

I This might not be true; we could have b = ¢ instead.
IT  This might not be true; we could have b = ¢ = 1, for example.
ITIT This might not be true; we could have a = 0 instead.

So the correct answer is A.
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11.4 Answer C TMUA 2020 - Paper 2 - Q3

Lines (I) to (V) are algebraic manipulations; we need to check whether each manipulation is
correct.

Line (I) writes 4 = 2 x 2, which is correct.

Line (II) multiplies out the inner brackets, but does not do it correctly: the inner brackets should
expand to (9n + 1) — (3n — 1), which simplifies to 9n +1 —3n + 1.

The remaining manipulations are correct.

Thus the first error occurs on line (II), and the correct option is C.

11.5 AnswerC TMUA 2022 - Paper 2 - Q3

I  n=2is prime and n? + 2 = 6 is not prime, so this case satisfies the statement and is not a
counterexample.

II n =3 is prime but n? + 2 = 11 is prime, so this is a counterexample as it does not satisfy
the statement.

IIT n =4 is not prime, so it satisfies the statement and is not a counterexample.

Therefore only I provides a counterexample, which is option C.

11.6 Answer C TMUA 2023 - Paper 2 - Q3

‘We substitute the values into the two sides of the equation:
I V16 =/1=1and 1Y16 = 14 = 1, so this is not a counterexample.
I V28 =2%=16and 2v8 # 16, so this is a counterexample.

Il V3 =32=9and3v* =32 = 9, so this is not a counterexample.

Therefore the answer is option C, II only.

11.7 Answer A TMUA Specimen - Paper 2 - Q4

The statement is a ‘for all’ statement, and can be expressed as a conditional statement:
For every card, if it has a vowel on its front, then it has an even number on its back.

Thus a counterexample to this statement is a card for which ‘if it has a vowel on its front, then
it has an even number on its back’ is false. This is false if the card has a vowel on its front and
it does not have an even number on its back.

The only cards with vowels on their front are A and E; of these, E has an even number on its
back but A does not.

So the only counterexample is A.
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11.8 Answer C TMUA 2016 - Paper 2 - Q4

We work through the possibilities systematically.

. Urn P’s statement is true, so the urns each contain one or four balls. As Urn Q) has a false
statement, there cannot be two or four balls in the urns, and so there is one ball in each
urn. But then Urn S has a true statement, which is impossible.

. Urn Q’s statement is true, so the urns each contain two or four balls. As Urn P has a false
statement, there cannot be one or four balls in each urn, so there are two balls in each
urn. But then Urn S has a true statement, which is impossible.

. Urn R’s statement is true, so there are three or four balls in each urn. As Urn P’s statement
is false, there cannot be four balls in the urn, so there are three balls in each urn. This
means that Urn Q, Urn S and Urn T each have a false statement, and therefore this is
possible.

. Urn S’s statement is true, so the urns each contain one or two balls. As Urn P’s statement
is false, there cannot be one ball in each urn, so there are two balls in each urn. But then
Urn Q has a true statement, which is impossible.

. Urn T°s statement is true, so the urns each contain one or two balls. But then Urn S’s
statement is true, which is impossible.

Therefore the only urn which has a true statement is Urn R, so option C is correct.

11.9 Answer D TMUA 2019 - Paper 2 - Q4

A counterexample with have the antecedent (“N is a positive integer that consists of the digit 1
followed by an odd number of 0 digits and then a final digit 1”) true, and the consequent (“N is
a prime number”) false. We can now check each of the three offered values of N:

I The form of N is correct: there is 1 zero, and 1 is odd, so the antecedent is true. However,
the consequent is also true, so this is not a counterexample.

II  The form of N is not correct, as there are 2 zeros, so the antecedent is false. Hence this is
not a counterexample.

IIT The form of N is correct, as there are 3 zeros, and the consequent is false, as N is not
prime. Hence this is a counterexample.

The correct solution is D.

11.10 Answer G TMUA 2020 - Paper 2 - Q4

A counterexample is a positive integer N that is greater than 6 but it is not the case that N
can be written as the sum of two non-prime integers that are greater than 1.

. N =5 is not greater than 6, so is not a counterexample.
. N =7=2+5= 3+ 4 cannot be written in this way, so this provides a counterexample.
. N=9=24+7=346 =445 also cannot be written in this way.

Therefore both II and III provide counterexamples; the correct option is G.
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11.11 Answer C TMUA 2021

I
11

111

be = 200, a is a factor of 200, a is a factor of b, so not a counterexample.

be = 16, a is a factor of 16, a is not a factor of b and @ is not a factor of ¢, so this is a
counterexample.

bc = 84, a is a factor of 84, a is not a factor of b but a is a factor of ¢, so not a counterexample.

The correct option is therefore C.

11.12 Answer G TMUA 2023

The argument looks very convincing and there is no obvious error. However, writing down the
first few odd integers and underlining those which are prime shows that there is a problem:

1,3.5,7,9,11,13,15,17,19, ...

There are three consecutive odd numbers that are all prime right at the start (3, 5, 7), so the
student’s final answer in line VII is incorrect. We must therefore find the first error in the

argument.

I This line is correct: 17 and 19 are consecutive odd integers that are prime.

II  This is correct: consecutive odd integers differ by 2, and we can call the middle one n.

I Ifn=3k+1, then n+2=3k+3 = 3(k+1), which is a multiple of 3, so this line is correct.

IV If n =3k + 2, then n — 2 = 3k, which is a multiple of 3, so this line is correct.

V  All integers are either multiples of 3, one more than a multiple of 3 or two more than a
multiple of 3; a number which is three more than a multiple of 3 is itself a multiple of 3.
Similarly, a number which is four more than a multiple of 3 is one more than the next
multiple of 3 (in algebraic notation: 3k +4 = 3(k + 1) + 1), and so on. So this statement
is correct.

VI 1In each case, one of n + 2, n — 2 and n is a multiple of 3. But our example of 3, 5, 7 shows

that the last part of this statement is false: 3 is a multiple of 3, but is prime.

So the first error is on line VI, which is option G.
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11.13 Answer C TMUA 2016 - Paper 2 - Q5

We can rewrite the statement (x) in the form
If a whole number n is 1 less or 5 less than a multiple of 6, then n is prime.

A counterexample to this statement is a whole number n which makes this if statement false,
that is, it is a whole number n that is 1 less or 5 less than a multiple of 6, but which is not
prime. So we list these numbers and check whether they are prime:

n  Prime?
1 no
5 yes
7 yes
11 ves
13 ves
17 ves
19 ves
23 yes
25 no
29 ves
31 yes
35 no
37 yes
41 yes
43 yes
47 yes
49 no

Thus there are 4 numbers which are counterexamples in this range, and so the answer is C.
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11.14 Answer B TMUA 2017 - Paper 2 - Q5

We note from the context of the statements that 91 = 7 x 13 shows that 91 is not prime. It also
shows that 91 is a multiple of 7 and a multiple of 13.

We use a counterexample when we are trying to disprove a statement of the form ‘if A then B’;
the counterexample will be a case where A is true but B is false. We can also use counterexamples
to disprove statements of the form ‘for all x, A is true’: a single example of an x for which A is
false shows that the statement is false.

We first rewrite each of the statements given into an explicit ‘if ...then’ statement or an explicit
‘for all’ statement.

(With experience, this is not actually necessary; once you have seen enough statements, it
becomes clear what a counterexample ‘looks like’. But for the purposes of reaching this point,
it can be useful to go through these formal steps.)

1 The word ‘when’ in this context has the same logical meaning as ‘if’, so the statement can be
rewritten as ‘if p is an odd prime, then 10p? + 1 and 10p? — 1 are both prime’.

So if 91 = 7 x 13 is to provide a counterexample, we need an odd prime p with 10p> +1 = 91
or 10p? — 1 = 91, since in that case, ‘10p? 4+ 1 and 10p? — 1 are both prime’ will be false. It is
clear that p = 3 achieves this, for then 10p? + 1 = 91.

2 We can write this statement as an explicit ‘for all’ statement, as ‘Every prime. ..’ suggests

this meaning. The statement becomes: ‘For all primes p where p > 5, p = 6n + 1 for some
integer n’'.

So a counterexample would be a prime p with p > 5 but for which p = 6n+1 is false. However,
91 is not prime, so 91 = 7 x 13 does not provide a counterexample. The fact that 91 = 6n+ 1
for n = 15 is immaterial, and the fact that the statement is false (as 11 =6 x 2 — 1) does not
help either.

3 We can again write this as an explicit ‘for all’ statement; the English is better with the
equivalent ‘for each’, though: ‘For each n which is a multiple of 7 greater than 7, n is not
prime.’

If we now look at 91 = 7 x 13, we see that 91 is a multiple of 7 greater than 7. However,
91 is not prime, so 91 is an example of where the statement does hold, rather than being a
counterexample. In fact, the given statement is true, so there cannot be any counterexamples,
and we need not have looked at 91 = 7 x 13 at all.

So the answer is B.
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11.15 Answer A TMUA 2018 - Paper 2 - Q5

Commentary: With a question such as this, it is very wise to try drawing a sketch.
We are told that the two diagonals of Q@ are perpendicular, so it makes sense to start by
drawing the two diagonals.
If statement I is necessarily true for (), it means that it is always true, no matter how we
choose to draw @ (subject to the condition that it has perpendicular diagonals), and likewise
for statement I1.
We could therefore either try proving these statements or start by looking for counterexamples.

Following the above comments, we start by drawing two perpendicular lines, and mark vertices
on them with the aim of finding a counterexample to each statement. This turns out not to be
that difficult after some playing around.

To make a diagonal not be a line of symmetry, we simply need the off-diagonal vertices to be
different distances from the diagonal. So this will do it:

For II, to make the midpoints of the sides not be the vertices of a square, we can make the
quadrilateral be “long and skinny”:

So neither I nor IT is necessarily true, so the correct answer is A.

Commentary: It turns out that the midpoints of the sides of () are always the vertices of
a rectangle, and for a general quadrilateral, they are always the vertices of a parallelogram,
with sides parallel to the diagonals of the original quadrilateral.
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11.16 Answer B TMUA 2019 - Paper 2 - Q5

Saying that ‘either a or b is divisible by n’ is necessary for (x) is the same as saying that if
ab is divisibly by n, then either a or b is divisible by n. We can look for a counterexample or
proof for this assertion.

On the surface of it, it seems surprising: when a product is divisible by a number, why should
one of the two factors also be? We know something similar to this for a product which equals
zero, and we may know that if a product is divisible by a prime, then one of the factors must
be. But there is no mention of zero or primes here. So let us try a simple example where n is
not prime, such as n = 4 (the smallest non-prime other than 1). Then the statement becomes:
if ab is divisible by 4, then either a or b is divisible by 4. A small amount of exploration finds
counterexamples, such as a = 2, b = 2 or a = 6, b = 2. So the condition is not necessary
for (x).

What about sufficiency? Saying that ‘either a or b is divisible by n’ is sufficient for (*) is the
same as saying that if either a or b is divisible by n, then ab is divisibly by n. We can again
look for a counterexample or proof for this assertion.

This time, though, a proof is clear: if a is divisible by n, then a is a multiple of n, so ab is also
a multiple of n (as b is an integer). This means that ab is divisible by n. The same is the case
if b is divisible by n, so the condition is sufficient.

The correct answer is therefore B.
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11.17 Answer F TMUA 2022 - Paper 2 - Q5

I Let us sketch a line through (1,2) with a negative y-intercept:
y

It is clear from this sketch that if the line has a negative y-intercept, it must have a positive
a-intercept. (A more formal proof goes as follows: since y < 0 when 2 = 0 and y > 0 when
x = 1, there must be some value of x with 0 < x < 1 where y = 0. Therefore the x-intercept
must lie between 0 and 1.)

II  The converse of P reads: If the x-intercept of L is positive, then the y-intercept of L is
negative. This is the case if the z-intercept is between 0 and 1, as in the previous sketch,
but if the x-intercept is greater than 1, this is no longer true:

Y

So the converse of P is false.

IIT The contrapositive of P has the same truth value as P itself, so the contrapositive of P is
true.

Therefore only I and III are true, and the correct answer is option F.
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11.18 Answer B TMUA 2019

We work through these in turn:

A A counterexample here is a case for which the antecedent (the ‘if’ part) is true but the
consequent (the ‘then’ part) is false. In this case, taking a = 12, b = 16, ¢ = 20 to match
122 + 162 = 20% does not satisfy the antecedent, as they do have a common divisor of 4.
Even if we were to divide all three by 4 to get 3% + 42 = 52, we would still not have a
counterexample, as two of them are odd and the other is even. (The statement is actually
true, so there are no counterexamples.)

B A counterexample in this case is an example to show that there is a solution. Since 16 = 42,
we can rewrite 122 4+ 162 = 20% as 4% + 122 = 202, so this does provide a counterexample.

C Since neither 12 nor 20 is a perfect square, we cannot use this fact to obtain a counterexample.
(And that is quite a relief, since Fermat proved that this statement is true! It is the simplest
case of Fermat’s Last Theorem.)

D We note that 122 + 162 = 20? satisfies the antecedent, but as 16 is the arithmetic mean of 12
and 20, this does not provide a counterexample. (The statement is false, and a counterex-
ample is 5% + 122 = 132.)

The correct answer is therefore B.

11.19 Answer H TMUA 2020

To show that a condition is sufficient, we must explain why having the condition means that
the parallelogram must be a square. To show that a condition is not sufficient, we must find an
example of a parallelogram that satisfies the condition but is not a square.

For condition I, if PQRS is a rhombus that is not a square, then it satisfies the condition but
is not a square. So condition I is not sufficient.

For condition II, the same example works: the diagonals of a rhombus intersect at right angles
even when the rhombus is not a square.

For condition III, we know that the adjacent angles ZPQR and ZQRS sum to 180°, so if
condition III is satisfied, they must each be 90°, a right angle. But a rectangle that is not a
square satisfies this condition and is a parallelogram.

Therefore none of these conditions is sufficient, and the correct option is H.
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11.20 Answer F TMUA 2022 -

Searching for small counterexamples to the claim does not find any; the first few differences are
all prime. So we do have to check the proof in detail, as it might be correct.

The algebraic expansion on line I is correct.
The expression in line II is also correct, using the expansion from line I.

For line I1I, if we could write 322 + 3z + 1 = (ax + b)(cx + d) with real coefficients a, b, ¢ and d,

d

then we would have real roots of the equation 32> + 3z + 1 = 0, namely z = —g and x = —7.

But the discriminant is 32 —4 x 3 x 1 = —3 < 0, so this is impossible. So this statement is true.

Line IV is more tricky: just because the algebraic expression is not factorisable into algebraic
factors does not mean that the integer it represents for any particular value of x is not factorisable
in integers. As a simpler example, the algebraic expression z? + 1 is not factorisable into real
algebraic factors, yet substituting integers for x shows that the integer value can sometimes be
factorised: taking x = 3 gives 32 + 1 = 10 = 2 x 5, for example. So this line of the argument is
not valid.

Line V does follow from lines II and IV.

Therefore the proof is wrong, and the first (and only) error occurs on line IV (option F).

It is worth noting that the ‘opposite’ argument does work: if an algebraic expression does
factorise as (ax + b)(cx + d) with a, b, ¢ and d integers, then the value of original expression
always factorises (as an integer) when x is an integer, just by substituting the value of x into
the factorised form. (It is possible, though, that one of the factors is 1, so the integer may be
prime for some value(s) of x.)

It also turns out that in this case, if we search far enough, we do find a counterexample to the
claim: 6% — 5% = 216 — 125 = 91 = 7 x 13. (It might have been the case that the claim was true
even though the attempted proof had an error.)

11.21 Answer C TMUA Specimen

We could start by trying a few examples to get a feeling for the statement.
. n =0 gives 0+ 1+ 2+ 3 = 6, so () is true in this case.

. n=1gives 1 + 2+ 3 +4 = 10, so () is false in this case.

. n =2 gives 24+ 3+ 4+ 5 = 14, so (x) is false in this case.

. n =3 gives 34+ 4+ 5+ 6 = 18, so () is true in this case.

Of the given options, this exploration shows: A is false; B is false (as (%) is false for n = 1);
C may be true; D is false (as (x) is true for n = 3), and E is false.

So by elimination, the correct answer must be C.
We can also prove this. The sum of the four consecutive integers is
n+n+1)+n+2)+ (n+3)=4n+6.

This is a multiple of 6 whenever 4n is a multiple of 6. An integer is a multiple of 6 if and only
if it is a multiple of both 2 and 3. 4n is always a multiple of 2, and is a multiple of 3 when n is
a multiple of 3 and for no other value of n. Hence option C is correct.
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11.22 Answer B TMUA 2016 - Paper 2 - Q8

A useful way to approach this question is to sketch the graph of these inequalities; we shade the
invalid regions. (You might find it helpful to rewrite the inequalities as y > 6 —x and y < x+4.)
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The boundaries of the regions intersect when x +y = 6 and x — y = —4; adding these equations

gives 2x = 2, so x = 1 and y = 5, that is, they intersect at (1,5).
Therefore for every point in the white region, condition 1, x > 1, is satisfied.
However, there are clearly points for which condition 2, y > 5, is not satisfied, for example (7, 0).

Finally, (z + y)(x —y) > —24 is not immediately clear. This is obtained by multiplying the
two inequalities together, but is this permissible? We could try finding a counterexample to
this condition. = 4+ y > 6 means that x + y is always positive, so a counterexample must have
xr —y < 0 (that is, y > x) to give a product less than —24. We could take y = x + 3, giving
x —y = —3, and then if we had x +y > 8, the product would be less than —24. (Recall that the
first inequality is equivalent to  + y > 6, so we may do this.) So we have a counterexample:
take x = 5, y = 8, giving x +y = 13, and (z + y)(x — y) = —39 < —24. Hence this third
condition is not true for every point in the region.

Therefore the answer is option B.

11.23 Answer D TMUA 2018 - Paper 2 - Q8

I Every valid code begins with a ‘U’ and ends with a ‘D’, so the reverse code begins with
a ‘D’, meaning it immediately dips below sea level. So it is never a valid code, and this
statement is false.

IT  As with I, the first letter of this substituted code will always be ‘D’, which will never give
a valid code, so this statement is false.

IIT The new ‘U’ at the beginning of the code and ‘D’ at the end mean that the whole middle
part of the profile is lifted one unit higher than the original profile. So this will never dip
below sea level, and will always be a valid code. So this statement is true.

Therefore the correct answer is D.
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11.24 Answer E TMUA 2019 - Paper 2 - Q8

When thinking about inequalities involving negative numbers, we must take care to reverse the

sign of any inequality when multiplying or dividing by a negative number. In this case, all three
of a, b and ¢ are negative.

I We start with ¢ < b < ¢ and multiply by a < 0 to obtain
a? > ab > ac
so this statement must be true.

I Sincea < 0and ¢ <0, a+¢ < 0. Since b < 0, it follows that b(a+¢) > 0. So this statement
must be true.

11T We start with ¢ > a (since a < ¢). Dividing by b < 0 then gives

<

>la
SHES

and so this statement must be false.
The correct answer is E.
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11.25 Answer D TMUA 2023 - Paper 2 - Q8

Let us start with a triangle and see how many such straight lines it has. If we take an acute-
angled triangle, then it has three such lines (shown in red), which are the altitudes of the triangle,
going from each vertex perpendicular to the opposite side:

Therefore statement I11 is true.

But can the student draw a triangle for which there are fewer than 3 such straight lines? There
is always such a straight line (altitude) from every vertex in an acute-angled triangle, so the
only hope for fewer than 3 such straight lines is to consider an obtuse-angled triangle. There is
only one usable altitude in this case, and that is from the obtuse angle; the other two altitudes
land outside the triangle:

So it may appear that there is only one such line in this case. However, we are not restricted
to altitudes! Instead, we can split the obtuse angle into a right angle and an acute angle in two
different ways, giving another two lines:

:

Neither of these lines can meet the side opposite the obtuse angle perpendicularly, as if they did,
we would have a triangle with two right angles, so they are always distinct from the altitude.

So in this case, we also get three such staight lines.

Hence the correct answer is option D, I1I only.

11.26 Answer E TMUA Specimen - Paper 2 - Q9

If a statement is false, then its negation is true.

The negation of ‘for all z, P’ is ‘there exists x such that not P’ So in this case, a negation is

There exists a day next week such that it is not the case that Fred will do at least
one maths problem.

‘It is not the case that Fred will do at least one maths problem’ is equivalent to ‘Fred will do less
than one maths problem’; assuming that one cannot do a fraction of a maths problem, this is
equivalent to ‘Fred will do no maths problems”. So the whole negation can be written as ‘Some
day next week, Fred will do no maths problems’, which is option E.
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11.27 Answer D TMUA 2016

We work through the conditions in the order given. We recall three relevant conditions for these
two triangles to be congruent:

. side-side-side (SSS): all three corresponding pairs of sides are equal in length

. side-angle-side (SAS): two corresponding pairs of sides are equal in length, and the corre-
sponding included angles are equal

. angle-side-angle (ASA): two corresponding pairs of angles are equal, and the corresponding
sides between these angles are equal in length

(1) If we knew that either AC = XZ or the angle B equals the angle Y, then they would
certainly be congruent by SSS or SAS. We know that the areas are equal, so we have
%AB.BC sin B = %XY.YZ sinY, and so sin B = sinY. This does not imply that B =Y
though: we could have ¥ = 180° — B, for example:

B=Y C=Z7
(2) We now have an angle at the end of the given side, so we can use the equal-area property
to work out a second side: the angle ZABC is included between AB and BC, and likewise
for XY Z. Therefore, as the areas are 1 AB.BCsin(£ZABC) and $XY.Y Zsin(£XY Z), it
follows that BC' =Y Z. The triangles are therefore congruent by SAS.

(3) We now have two pairs of corresponding equal angles, and so the third pair of corresponding
angles is also equal and the triangles are similar. Since the areas are equal, they must be
congruent.

Hence conditions (2) and (3) each imply that the triangles are congruent, and the answer is
option D.

11.28 Answer D TMUA 2017

Commentary: This is Fermat’s Last Theorem for the case n = 3; it was first proven by
Euler in the 18th century. The attempted proof here, though, is deeply flawed, as we will
see.

Line I is fine: this is a simple rearrangement.
Line II is fine: this is a standard algebraic identity which is easy to check.

Line III is problematic. It is certainly true that a < aande—b<ce+b<+b0% < 2 +ch+1
It is therefore plausible that @ = ¢ — b and a? = ¢? + ¢b + b2, but it is far from necessary. Of
course we cannot give an explicit example to show this, as there are no sets of positive integers
a, b and ¢ with a®+03 = ¢®. But we can observe that if c—b = 1, we must have a® =2+ bc—|—b3,
and this possibility has not been considered; alternatively, we could consider a case where a is
not prime such as a = 6; then we can write a® = 6 = 3 x 72, and we could have ¢ — b = 3 and
¢+ ¢b+b? = 72. Either way, it does not necessarily follow that a = ¢ — b and a® = ¢* + ¢b + b,
so this step is wrong.

The correct answer is D.
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11.29 Answer F TMUA 2018 - Paper 2 - Q9

Given the choices, we first check to see what the proposed solutions z = 2 and = = % work in

]
the original equation.

When z = g the left side is 4 x % X 4/2 % g —1= % and the right side is IOX%—SZ % so this
is a valid solution.

When z = % the left side is 4 x % X 4/2 X g—l = 20 and the right side is 10 x g —5=20s0
this is also a valid solution.

This therefore eliminates options B, C and D.

There may, though, be additional solutions. Let us work through the argument step-by-step,
looking for steps which are not reversible; these are often the cause of errors when attempting
to solve equations.

Step (I) is just factorising the right hand side, so is fine.

Step (IT) involves squaring. In general, squaring an equation is not reversible, as we do not know
whether to take the positive or negative square root when going backwards. However, if we do
have a solution to the original equation, it will still be a solution when we square it; the worst
that can happen is that we introduce new solutions. Since the two solutions found do work, this
step is fine, as is the conclusion (though the author of the attempt should have checked that
this is the case).

Step (III) involves dividing by 2z — 1. But what if this is zero? In that case, we would have

T = % Trying this in the original equation makes the left hand side 4 x % X4 /2 % % —-1=0,

while the right side is 10 x % —5=0. S0z = % is another solution.

The correct option is therefore F.

(The remaining steps are rearrangements, and are all valid.)

11.30 Answer D TMUA 2019 - Paper 2 - Q9

If the next person must sit next to someone, there cannot be three spaces between one person
and the next. But if there are only two spaces between them, someone sitting down in one of
those spaces must sit next to someone. So the smallest number of people will be achieved when
all of the gaps are exactly two spaces, except perhaps for the final person to the first person.

So counting the seats around the table as 1, 2, 3, ..., we place people in seats 1, 4, 7, 10, ..., 37,
40. (The final person is sitting immediately next to the first person, but that does not matter.)
There are 14 seats in this list, so the answer is D.

11.31 Answer A TMUA 2022 - Paper 2 - Q9
The statement (*) does not restrict us to positive real numbers x, so whatever the value of k,
we can always find a large negative number z with x < k and 2?2 > k.

We can even be explicit about this (though that is not required to answer this question): if
k <0, we can take z = k — 1 in which case 2% > 0 > k, and if k& > 0, we can take z = —Vk so
r<0<kanda?=Fk>k.

Therefore (*) is true for no real values of k, and the correct option is A.
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11.32 Answer E TMUA 2016 - Paper 2 - Q10

A key point in this question is that & and y are permitted to be positive or negative.

To show that a condition is not sufficient, we need to find values of = and y where the condition
holds but x > y. To show that a condition is sufficient, we must prove it to be the case.

We can argue algebraically or graphically; we start with an algebraic approach.
A If y = -2 and x = 1, the condition holds but z > .

B We do not even need to look at negative cases here: if x and y are both positive, we can take
fourth roots and deduce that y < z, for example y = 1 and = = 2.

Clfz=2andy=1,thenz ' <y !butz >y

1 -1

Positive values of r and y do not work, but if we take x = 1 and y = —1, then y= < x

but x > y.

E This looks quite plausible: if we raise this inequality to the power of 5 (which we are allowed

to do, as f(z) = 2°

is an increasing function), we get 2° < y3. We can now take cube roots
1
(again, this is permissible as f(z) = x3 = /r in an increasing function) to give z < y. So

this condition is sufficient.
F Arguing as in part E, gj < 8 implies ¥ < x, so this is not sufficient. Alternatively, we can
just substitute in the values z =1, y = —1.
Thus the answer is option E.
We can also see this by looking at the graphs of the functions f(z) = 2%, f(x) = 2~ and
f(x) = 231 if these are strictly increasing functions, then x < y if and only if f(z) < f(y), while
if they are strictly decreasing functions, then x < y if and only if f(x) > f(y).

These are sketches of the graphs of these functions:

Y Yy Y

f(x) =2t f(z) =2t f(x) = x5

Neither of the first two functions is strictly increasing or strictly decreasing (for f(z) = x !, note
that the function decreases when x < 0, but f(—1) < (1), so it is not a decreasing function).
The third function is strictly increasing, so the answer is option E.
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11.33 Answer A

We sketch a quadrilateral for ease of reference.

A

D

P Q
The sides P} and SR are equal in length, which is certainly necessary if PQRS is a par-
allelogram, and PS being parallel to QR is also necessary. If these are both the case, then
on first glance it may seem that PQRS must be a parallelogram. However, if we draw two
parallel lines and ask how we can join them with two equal-length sides. We discover there
are two ways:

S R S R

P Q P Q
So this condition is necessary but not sufficient.
As before, P() = SR is necessary, and P being parallel to SR is obviously necessary, so
the whole condition is necessary.
Unlike in the previous part, though, this is also sufficient: if two sides of the quadrilateral
are both equal and parallel, the remaining two sides must also be equal and parallel. (This
may seem obvious, and it can be proven using geometric or vector methods; see below for
details.)
This condition is not necessary, as not all four sides of a parallelogram need to be the same
length. It does mean that the parallelogram is a rhombus, so it is a sufficient condition.

The diagonals of a parallelogram need not be equal in length, so this is not a necessary
condition. It is also not sufficient.

The correct answer is therefore A.

We now give two proofs that condition B is sufficient, that is, if PQ} = SR and P( is parallel
to SR, then PQRS is a parallelogram.

We first give a vector proof. Since PQ} = SR and they are parallel, P_Cj = 5@; we call this

vector a. Let PS = b, as shown in this diagram:
S o R
b
P a Q
Then

Q=GP+ P+ S (-a) +bazb

SO @ = ﬁ , showing that PS and QR are equal and parallel, and thus PQR.S is a parallelo-
gram.

And here is a geometric approach. We are given that P() = RS and that they are parallel.
Draw in the diagonal (), as shown.
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P Q
Then ZPQS = ZRS(Q as they are alternating angles.

Therefore triangles PQS and RSQ are congruent by side-angle-side, as PQ = RS (given),
QS = SQ (common side) and ZPQS = ZRSQ.

Thus ZQSP = ZSQR, so SP is parallel to QR (by alternating angles) and PS = RQ.
Hence PQRS is a parallelogram.

11.34 Answer F TMUA 2020 - Paper 2 - Q10

One result about inequalities is that if p < g and r < s, then p+ r < g + s. This is because
p+r<g+r<qg+s

where the first inequality follows by adding r to p < g and the second follows by adding ¢ to

r < s.

Since we have a +b < ¢+ d and a + ¢ < b+ d, we can therefore add these to get
2a+b+c<b+c+2d.

Subtracting b + ¢ from both sides gives 2a < 2d, so a < d. Hence I must be true.

A similar approach does not seem to work to show b < ¢, which suggests that perhaps we should

look for a counterexample. If d is much larger than a, then the values of b and ¢ should not

make much of a difference to the inequality if they are both small. So let us try ¢ = 1, d = 100,

b=2,¢c=1. Then we do indeed have 0 < 1+2 <1+ 100 and 0 <1+ 1 < 2+ 100, so the first
two inequalities hold but b > ¢. Therefore II might not be true.

For 111, we note that a+b>0and c+d >a+b >0, so adding a + b > 0 and ¢+ d > 0 gives
a+ b+ c+d >0, and thus IIT must be true.

The correct option is F.

11.35 Answer E TMUA 2021 - Paper 2 - Q10

To be a counterexample, we need the antecedent (the ‘if’ part) to be true but the consequent
(the ‘then’ part) to be false.

n nis prime a, multiple of 3 or 5

1 false -
2 true true
3 true true
4 false -
5 true false
6 false -
7 true false

Therefore n = 5 and n = 7 are both counterexamples, and the smallest counterexample is n = 5,
which is option E.

hgsmaths.com Worked solutions - 11 Proof and Logic

392



11.36 Answer G

1

II

111

We can find a counterexample to this statement: taking x = 2 and n = 1 shows that this
statement is false.

This is true; if x < 0, we can take n = 1, and if x > 0, we can take n to be the smallest
integer greater than x.

This is true; we can take x = 0. (If, though, we replaced ‘positive integers’ with ‘integers’,
the resulting statement would be false.)

Therefore 11 and III are true, and the correct option is G.

11.37 Answer A

Substituting = = 0 gives 2* — 222 — 3 = —3 < 0, so the final conclusion on line VI is at least
plausible. We will check the argument line-by-line.

I

11

11T

IV

VI

This is obtained by adding 4 to both sides, and this is reversible. This line is correct.

This is an algebraic rearrangement: (22 — 1)2 = 2* — 222 + 1 is an identity, so this line is
correct.

We have u? < 4 if and only if —2 < u < 2. Taking u = 2? — 1, we see that this line is
equivalent to line II, so this step is correct.

This looks suspicious, as one of the inequalities has been dropped. The statement 22 —1 < 2
certainly follows from —2 < 22 — 1 < 2, but the claim is that they follow from each other.
Can we deduce —2 < 22 — 1 < 2 from 2% — 1 < 27

Perhaps surprisingly, it turns out that we can. The function 2> — 1 has a minimum value
of —1, so we always have 22 — 1 > —1, and therefore —2 < 22 — 1 is true for all 2. Hence
the statement in line III does follow from 2% — 1 < 2, and this line is correct.

This is obtained by adding 1 to both sides, which is reversible, so this line is correct.

Similarly to our observation in line III, 2% < 3 is true if and only if —V3<ux< \/5, so this
line is correct.

Thus the entire argument is correct, and the correct option is A.
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11.38 Answer C TMUA 2021 - Paper 2 - Q11

We start by checking that each step works.
Line (II) follows from line (I) by expanding the brackets.
The algebraic expression in line (III) expands as 2?2 + 2zy + y* — 4y, so it follows from line (II).

Line (IV) follows from line (III) by multiplying by x?y?. Since 2%y? > 0, the inequality keeps
the same direction, so this is a valid deduction.

However, how does line (V) follow from line (IV)? It assumes that @ = zy(z +y) and b = zy in
order to make the deduction.

This argument has therefore shown that if a = xy(x + y) and b = xy, then a®> — 46> > 0, or
even more explicitly: if there exist real numbers x and y such that a = zy(x + y) and b = xy,
then a® —4b* > 0. However, the problem posed is the converse: ‘show that if a® —4b® > 0, then
there exist real numbers x and y such that a = zy(x + y) and b = xy.

So this attempt has proved the converse, though the argument would have been slightly better
presented if the student had explicitly stated ‘assume that x and y are real numbers with
a=xy(x+y) and b= ay’.

The correct option is therefore C.

11.39 Answer C TMUA 2022 - Paper 2 - Q11

The angle SPQ is a right angle if and only if the triangle SPQ satisfies Pythagoras’s theorem,
that is, if and only if
SP? 4+ PQ? = SQ°.

Since PQRS is a kite, its diagonals intersect at right angles, so both SOP and POQ are right-
angled triangles. Therefore, again by Pythagoras,

SP? = 27 4 2*
PO? = 2% + 4%

Substituting this, along with SQ = y + z, into the above equation gives the following necessary
and sufficient condition for angle SPQ to be a right angle:

2242yt =(y+ 2>
Expanding and simplifying, this is equivalent to
222 = 2yz
or z% = yz.
Therefore option C gives a necessary and sufficient condition.

(One should also check that none of the others are necessary and sufficient; we could take x = 2,
y =4, z = 1: this satisfies option C but none of the others.)
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11.40 Answer G TMUA 2023 - Paper 2 - Q11

I This is the converse of (%), so is not equivalent to (x).

IT  We can rewrite this as an ‘if... then’ statement, noting that ‘A only if B’ means the same
as ‘if A, then B’. So this becomes ‘if 2% +1 is not prime, then k is not a power of 2’. This
is the contrapositive of ‘if k is a power of 2, then 2* + 1 is prime’, which is the statement
in I, namely the converse of (x). So this statement is equivalent to the converse of (*) but
not equivalent to (x) itself. (The contrapositive of the converse, which is the same as the
converse of the contrapositive, is called the inverse of the original statement.)

IIT ‘A is a sufficient condition for B’ is the same as ‘if A, then B’, so this statement can be
rewritten as ‘if 2% + 1 is prime, then k is a power of 2’. (Note the subtlety of language
here: the condition A is ‘2¥ 4+ 1 is prime’ and B is ‘k is a power of 2°, but they are written
in the order ‘a sufficient condition for B is A’.) This is equivalent to (x) (and is in fact just
a different way of saying the same thing).

The correct option is G.

Commentary: It turns out that statement I is false. It was conjectured by Pierre
de Fermat in the 17th century, who noted that 22" + 1 is prime for n = 1, 2, 3 and 4.
Such primes are called Fermat primes. The smallest counterexample to statement I is

22° 41 = 641 x 6700 417, which was discovered by Leonhard Euler in the 18th century.
It is not known whether 22" + 1 is prime for any n > 4.

11.41 Answer F TMUA 2018 - Paper 2 - Q12

The negation of ‘for any N, P’ is ‘there exists N such that not P’. So none of options A-D
can be a negation of the original statement, but all of E-H still have the potential to be.

In this case, the statement P is ‘there is a postiive integer K such that N(Km + 1) — 1 is not
prime for any positive integer m’; this is a statement of the form ‘there exists’, and we wish
to negate it. The negation of ‘there exists K such that @’ is ‘for all K, not Q’, so we are
looking for a statement which continues with ‘for all positive integers K’, and this eliminates
option H. (‘For any’ and ‘for all” are equivalent ways of expressing this.) So we are now looking
at options E, F and G.

The statement ) that we wish to negate is ‘N(Km + 1) — 1 is not prime for any positive
integer m’, which we can rewrite with the quantifier (‘for any’) at the start of the statement to
give ‘for any positive integer m, N(Km + 1) — 1 is not prime’. And the negation of ‘for all m,
R’ is ‘there exists m such that not R’, which in this case is ‘there exists a positive integer m
such that it is not the case that N(Km + 1) — 1 is not prime’, so option G is not correct.

Now ‘not not S’ is equivalent to S, so this becomes ‘there exists a positive integer m such that
N(Km+1)—1is prime’. The only option which matches this is option F, and this is therefore
the correct answer.
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11.42 Answer C TMUA Specimen - Paper 2 - Q13

Let us indicate the runners by their initials, and write A > B to mean that A beat B.

We are given F' > G, H > L, L. > G and R > (, which combine to give F > G, H > L > G,
R > G. So G came last, and the other four runners could have come in any order, except
that H > L. There are 4! = 24 ways of ordering these four runners. In half of them, H > L,
while in the other half, L. > H. (More precisely, we can pair every finishing order with H > L
together with the finishing order in which H and L are swapped, so there are the same number
of finishing orders with H > L as there are with L > H.)

So the number of possible finishing orders is % = 12, and the answer is C.

11.43 Answer E TMUA 2016 - Paper 2 - Q13

Working through the lines of the argument one at a time:

1. This looks like it might be the contrapositive of the statement we are aiming to prove; let
us check this. The original statement is:

If a divides be, then a divides b or a divides ¢
so the contrapositive is
If not (a divides b or a divides ¢), then not (a divides bc)
which simplifies to
If not (a divides b) and not (a divides ¢), then a does not divide be

or
If @ does not divide b and a does not divide ¢, then a does not divide be
So line 1 is correct.
2. “Suppose ...” starts the proof: we suppose the antecedent of the “if” statement. The part
about remainders is correct; this is what it means for a to not divide b.
3. This is an expression of division with remainder: b = ax + r could be read as “b divided
by a is x remainder r.” So this line is correct.
4. A small amount of algebra shows that this line is correct.
This is not clearly correct: what happens if rs > a, for example? We will return to this
line in a moment.
6. This is clearly a correct assertion.
7. If line 5 were correct, then this would be correct.
Since we are told that the statement is false, the error must lie in line 5. We have already
identified one possible problem, but we can do even better by finding a case where the remainder
when dividing be by @ is 0, showing that a does divide be. Let us take, for example, @ = 6. Then
if r =2 and s = 3, we have rs = 6 = a, so that the remainder is 0. An explicit example would
then be a =6, b =2 and ¢ = 3.

The correct answer is therefore E.
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11.44 Answer B TMUA 2017 - Paper 2 - Q13

One way to think about this is to write it as a column addition. If we write a x 1073 as
0.00ajas ..., where a = aj.asas ... (as a decimal expansion), and similarly for the other num-
bers, the sum becomes:
0.00 a as ...
+ 0.0 by by by ...
U.Cl Coy C3 C4 ...

We see that, as ¢; > 1, there must be a carry from the hundredths column to the tenths column,
and hence by =9, s0 b =2 9. If b =9 exactly, then there cannot be a carry; we would just get a
sum of 0.09ajas ... in that case. So we must have b > 9, and IT must be true.

There is no need to have a; = 9; we could, for example, have a; = 8 and by = 3 and still have a
carry. So I is not necessary true.

Comparing a and b to ¢, we know that 1 < ¢ < 2, as ¢; = 1. We saw that a; = 8 is possible, so
a > 8 is possible, and a < ¢ (statement III) is not necessarily true.

We have already shown that b > 9, so since ¢ < 2, b > ¢ (statement IV) is never true.

So the answer is B.
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11.45 Answer A TMUA 2021 - Paper 2 - Q13

Manipulating inequalities algebraically requires care. For example, we cannot (in general) mul-
tiply two inequalities together and obtain a valid inequality (which is what statement IT has
done). Neither can we subtract two inequalities (which is where statement I comes from).

In this case, one approach is to sketch the region R described by the pair of inequalities and then
determine whether the inequalities in statements I-III are satisfied in the whole of R. Another
approach is to search for counterexamples for each statement, that is, values of x and y that do
not satisfy the statement but do satisfy the original inequalities. This, however, might be harder
to do, and if the inequalities are true, it may take a while to discover this. So let us sketch the
given inequalities.

The inequality y — x < 3 can be rearranged as y < x + 3, so it is the region below y = = + 3.
Similarly, y — 22 < 1 can be rearranged as y < x + 1, so it is the region below the quadratic
y = 22 + 1. The region R is therefore the shaded area shown here (excluding the boundaries):

Y

We can now consider the three statements.

I Tt is clear that this is not true in general, as the region R extends in all directions. For
example, the point (10,0) lies in R (it is easy to check that this satisfies the original
inequalities: 0 — 10 < 3 and 0 — 10? < 1) but & = 10 does not satisfy —1 < x < 2.

II If we take x = 0, the inequality becomes y* < 3, but (0, —2) is in R and (—2)? = 4. So this
statement is not true for all points in R.

III  We could take, for example, (6,6) as a point in R with y > 5, so this statement is not true
in general.

The correct option is therefore A.

11.46 Answer E TMUA 2022 - Paper 2 - Q13

For each fixed value of x, we can think about this expression as being a function of y. We can
write the expression as (1 — z)y + &, which is just my + ¢ where m =1 — 2z and ¢ = z. This is
the equation of a straight line graph, so it takes every real value, both positive and negative, as
long as m # 0.

The case m = 0 occurs exactly when x = 1, and in this case, the expression becomes (1—1)y+1 =
1, so it is always 1, for every value of .

Therefore (x) is true for all except exactly one value of z, namely = 1, and the correct answer
is option E.

hgsmaths.com Worked solutions - 11 Proof and Logic

398



11.47 Answer C TMUA 2023 - Paper 2 - Q13

We work through them sequentially:

A If x > 0, then B may be false, C may be false, D may be false and E may be false
B If x =1, then A is true, C is true, D is true and E is true

C If x =0o0r 2 =1, then A is true, B may be false, D is true and E is true

D If x > 0 or 2 < 1, then A may be false (for example if z = —1), B may be false, C may be
false and E may be false

E If x >0 and x <1, then A is true, B may be false, C may be false and D is true

The correct option is therefore C, which is sufficient for exactly three of the other four statements.

11.48 Answer E TMUA Specimen - Paper 2 - Q15

1 If we multiply the original inequality @ = b by —1, we obtain —a < —b, since multiplying by
a negative number reverses the inequality. This is equivalent to —b > —a, so this statement
must be true.

2 We can rearrange this inequality as a® — 2ab+ b* > 0, and then factorise the left hand side to
get (a—b)? = 0. As 2 = 0 for every real number x, this statement must be true. (Note that
the condition a = b is irrelevant here.)

3 This is related to the original inequality by multiplying it by ¢. If ¢ = —1, then this inequality
states —a = —b, which will not be the case unless « = b. For example, a =2, b=1,¢=—1
provides an example where a = b but ac = be is false. So this statement might not be true.

Hence the correct option is E.

11.49 Answer C TMUA 2016 - Paper 2 - Q16

There are several pairs of similar triangles in this diagram.

We note that SUX and SPQ are similar, RXT and RPQ are similar, and XSR and X@QP are
similar.

The last pair is the most helpful to start with, as we know the lengths of two corresponding
sides: SR = 3 and QP = 12, so the scale factor is %2 = 4. Thus the height of XQP (from X)
is 4 times the height of XSR (again from X).

It follows that UP = 45U, and so SP = 55U. Since SUX is similar to SPQ@Q, and SP = 55U,
we must have PQQ =5UX,so UX = %PQ = % Likewise, XT = 1—52 so UT = % = 4.8 and the
correct answer is C.

We could alternatively have used the similarity of triangles PUX and PSR, and of triangles
QXT and QSR; we would reach the same result.
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11.50 Answer D TMUA 2022 - Paper 2 - Q16

For each of these, we can try to construct a counterexample, and if that doesn’t work, we may
understand why the statement must be true.

For simplicity in the explanations below, let’s write

Apin = minimum of ay, ..., a1go
Brin = minimum of by, ..., bioo
Chin = minimum of ¢, ..., 10

and similarly for A, ete.

I Let’s suppose that B, = 0 and Cl,, = 0. Can we then make the minimum of the a,s
greater than zero?

Yes, we can: if we take by = 0 and the rest of the b,s to be 100, and we take c;oo0 = 0 and

the rest of the c¢,s to be 100, then we can have a, = 100 for every n, so the minimum of
the a,s is 100.

Therefore this statement is not necessarily true.

II If we try the same example as in I, we find that A,,;;, = 100, which is greater than By.i, +
Chnin, 80 the inequality holds in this case.

But to get a counterexample, we want to make Amin small. Helpfully, the condition a, <
by + ¢, allows us to make each a, as small as we like. So if we take a, = 0, b, = 1 and
¢, = 1 for all n, then the condition will be satisfied for each n, but we will have Ay, = 0
and Bmin = Cin = 1, 50 Amin < Bmin + Chnin in this case.

Therefore this statement is not necessarily true either.

IIT Both of the counterexamples we used for I and II satisfy this statement. It is not obvious
how to construct a counterexample: every simple example satisfies this statement. So let
us instead try to prove it.

Each a, satisfies the condition a, < b, + ¢n. Now by, < Bpax and ¢, < Cpax for each n,

80 @y < Bpax + Cinax for each n. But this means that the maximum of all of the a,s also
satisfies this condition, that is Apax < Bmax + Cmax. s0 the given statement must be true.

Therefore only statement III must be true, and the correct answer is option D.
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11.51 Answer E TMUA Specimen - Paper 2 - Q17

We are being asked to negate the statement ‘n is an S-number’, that is, to negate the statement

for every factor m of n with m > 1, the number m is a multiple of some number
in S.
The negation of ‘for every m, P’ is ‘there exists m such that not P’, a negation is

there exists a factor m of n with m > 1 such that it is not the case that the number
m is a multiple of some number in S.

(Note that ‘a factor m of n with m > 1’ is the condition on the numbers m which are being
considered by the ‘for every’, so it is not changed by the negation.) ‘There exists’ is the same
as ‘for some’, so the correct answer is either D, E or F.

We next need to simplify the second half of our new statement, namely ‘it is not the case that
the number m is a multiple of some number in S°. If it is not the case that ‘the number m is a
multiple of some number in S, then it must be that m is not a multiple of any number in S, or
equivalently, that no number in S is a factor of m.

Therefore a full negation is

for some factor m of n with m > 1, there is no number in S which is a factor of m,

so the correct answer is E.

11.52 Answer F TMUA 2017 - Paper 2 - Q17

We begin with the original statement with S replaced by 1™

T is stapled if and only if for every whole number a which is in T', there exists
a prime factor of a which divides at least one other number in 7T'.

Therefore, negating this:

T is not stapled if and only if it is not the case that for every whole number a

which is in T, there exists a prime factor of a which divides at least one other

number in 7.
We can negate the outer ‘for every’ to get ‘there exists ... such that it is not the case
that ...":

T is not stapled if and only if there exists a whole number a which is in T such

that it is not the case that there exists a prime factor of a which divides at least

one other number in 7.
So the answer is one of E, F, G, H.
Our current phrasing is ‘it is not the case that there exists’; we could convert this into ‘for
every ..., it is not the case that ... ) but none of these options use this wording. Instead, E,
F and G use the wording ‘there is no prime factor’, which is the same as ‘there does not exist a
prime factor’, which in turn is the same as ‘it is not the case that there exists a prime factor’.
So we can rewrite the previous statement as:

T is not stapled if and only if there exists a whole number a which is in 7" such

that there is no prime factor of a which divides at least one other number in 7.

Hence the correct answer is F.
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11.53 Answer C TMUA 2018 - Paper 2 - Q17

We work through the given statements in turn.

A This is a statement about numbers of the form N2. If we write N as a product of prime
factors, then N2 will have the same prime factors, but each to double the power. For example,
if N =3x 17 x41% then N? = 32 x 17% x 41%. So each prime factor occurs to an even power
in its prime factorisation, so it is a squaresum.

Alternatively, we can ignore the theorem completely, and note that N2 = N? + 02, so N2 is
a squaresum.

So this statement is true.

B If N is a squaresum, then each of its awkward prime factors occurs to an even power in
its prime factorisation, by the theorem. Likewise, each of the awkward prime factors of M
occurs to an even power in its prime factorisation. The prime factorisation of NM is the
product of the prime factorisations of M and IV, so each awkward prime occurs to an even
power in the prime factorisation of N M, and therefore NM is a squaresum.

Thus this statement is also true.

C If NM is a squaresum, then each of its awkward prime factors occurs to an even power in
its prime factorisation. But it is not clear why that would mean that each of the awkward
prime factors of M and N each occur to an even power in the factorisations of M and N.
And we can find a counterexample to this statement: 23 is awkward, so if N = M = 23 then
NM = 23?% is a squaresum, but neither N nor M is.

So this statement is false.

D As N is not a squaresum, some awkward prime factor occurs to an odd power in its prime
factorisation. If we multiply N by this awkward prime factor, then the result will have this
awkward prime factor to an even power. But N might have more than one awkward prime
factor occurring to an odd power, so we multiply by all such awkward prime factors. The
result will be a number with every awkward prime factor occurring to an even power. Thus
letting k be the product of all the awkward prime factors of N which occur to an odd power,
kN is a squaresum.

Hence this statement is true.

The only false statement is C.

11.54 AnswerD TMUA 2019 - Paper 2 - Q17

As exactly one of the options was correct, if option X is implied by option Y, then option Y
cannot be correct (as then option X would also be correct).

Option A implies option B: if A is correct, then the statement is true if and only if =z > 1,
which means the statement is true if > 1 and the statement is true only if z > 1, so option B
is also correct. Therefore option A cannot be the correct option.

For the same reason, option C cannot be correct, as it implies option D.

We must therefore consider options B and D. Let us assume that option B is correct and ask
whether option D follows from it. Option B tells us that whenever = > 1, the statement is true,
so certainly whenever > 2, the statement is true. Therefore option D follows from option B,
and option B cannot be the correct option. The opposite direction does not follow, though: the
statement could be true for all x > 2, but be false for = = %, for example.

Therefore the correct option must have been option D.
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11.55 Answer G TMUA 2020 - Paper 2 - Q18

Let us write f(z) — g(x) explicitly:
f(x) —g(z) = (aax®+ba? +cx+d) — (pz® + gz’ +rz+s) = (a—p)a® + (b— @)z’ + (c— 1)z + (d—s).

We are given that this cubic is positive for every real z. But a cubic always crosses the z-axis!
The only way to reconcile this is if the cubic f(x) —g(z) is not actually a cubic, because a —p = 0.

So we have a — p = 0 and statement I is false. We can also now write
f(z) —g(z) = (b— @)z + (c — )z + (d — s).

If this function is always positive, then there are two possibilities: either b — ¢ is nonzero and
the quadratic has a negative discriminant, or 6 — g = 0 and this is not actually a quadratic. The
second option looks quite like statement II: if b — g = 0, that is, b = ¢, then we have

f(z) —glz) = (c—r)x+ (d—s).
Since a linear function always crosses the z-axis, this cannot be always positive unless ¢ —r = 0,
in which case the function is actually just the constant f(z) — g(x) = (d — s). (To be more

precise, this is still a linear function, just with zero z coeflicient.) Therefore, if f(x) — g(z) > 0
for all real x, it follows that if b = q, then ¢ = r, and so statement II is true.

We have reached the end of this line of reasoning, and we have not stumbled upon anything that
looks like statement II1. But d and s are the constant coefficients in the polynomials f and g, so
if we take x = 0, we have f(0) = d and g(0) = s. Since f(0) —g(0) > 0, this shows that d —s > 0,
or d > s, hence statement III is true.

The correct option is G.
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11.56 Answer F TMUA 2016 - Paper 2 - Q19

We first note that the object fits within a 3 x 3 cube. We begin with the plan view of the object:
all of the cubes must be within three layers fitting within this L-shape.

Let us show the three layers:

? ? ?

? ? ?

T T 7 T 7 TP 7
bottom layer middle layer top layer

We have used ‘7’ to indicate that we do not yet know where there are cubes. We do, however,
know that there must be a cube in at least one of the three layers for each of the five positions.

Next, let us look at the front elevation. This tells us that in the left hand column, we can see
two cubes. Since there is only one possible location for the cubes in this column, the first two
layers must have a cube and the third not. Likewise, for the middle column, there is only a cube
in the bottom layer. In the right hand column, there must be at least one cube in each layer,
but it is not yet clear where these would be, as there are three possible positions in each layer.
We now know the following:

? ? ?
? ? ?
Y|Y|? Y | x| 7 X | x |7
bottom layer middle layer top layer

Next, let us consider the side elevation. The left hand column, which corresponds to the bottom
row of the plan view layers, has height 2, which means that the bottom right corner of the top
layer cannot have a cube. The middle column, which corresponds to the middle row of the plan
view layers, has height three, so all three of these cubes must be present (as there is only one
possible position in the middle row). Finally, the right column, corresponding to the top row of
the plan view layers, has height one, so only the bottom layer has a cube in this position.

‘We thus reach this position:

X X

Y Y
Y[|Y | ? Y | x| ? X | x| x
bottom layer middle layer top layer

One of the ‘7’ cubes must be present, to give the required plan view, and the other one may or
may not be — it makes no difference to any of the views. So there are either 8 or 9 cubes, and
the answer is option F. (Note that we would need the corner of the bottom layer to be ‘Y’ if it
is a single object.)
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11.57 Answer E TMUA 2020 - Paper 2 - Q19

The person in the centre gives us a lot of information. If they are a truth-teller, then all four
neighbours are liars, but if they are a liar, then at least one neighbour is a truth-teller. Since
we are only interested in the number of truth-tellers and not their positions, we can assume the
person directly ‘above’ them is a truth-teller. So we have these two possibilities (where T means
truth-teller and L means liar):

L T
L T L L
L

In the first possibility, each corner position has two neighbours, both of whom are liars, so they
must be occupied by truth-tellers. In the second possibility, the top two corners must be liars,
giving these possibilities:

T L T L T L
L T L L
T L T

Case 1: 5T,4 L

In the right-hand possibility, the corner liars already have one neighbour who is a truth-teller,
so the other neighbour could be either a truth-teller or a liar. This gives four possibilities for
the left side and right side people: both liars, both truth-tellers or one of each in either order.
By reflecting the grid, we only need to consider one case of one liar, one truth-teller, so we now
have these three possible ways of continuing the grid:

L T L L T L L T L

Every truth-teller is surrounded by liars, and every liar must have at least one truth-teller as a
neighbour, so we can fill in some of the bottom row in each of these three possibilities:

L T L L T L L T L
L L L T L T L L T
T T L L T L
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We can now fill in the final square in each of these, and check that the three people in the

bottom row are consistent with the rules:

L T L

L T L
L L L
T L T

T L T

L T L

Case 2: 3T,6 L

We therefore have four cases. The smallest number of truth-tellers is in cases 2 and 4, with
3 truth-tellers, and the largest number is in case 1 with 5 truth-tellers. Therefore the correct

option is E.

hgsmaths.com

Case 3: 4 T,5 L
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11.58 Answer D

For ease of explanation, we say ‘Mr X is true/false’ as a shorthand for ‘Mr X’s statement is
true/false’.

Of these statements, Ms Q and Mr T give the most explicit information, so we start with them.
They cannot both be true, as they contradict each other, though they could both be false. So

we look at these three possibilities in turn.

Ms Q true, Mr T false.

Since Ms Q is true, Ms S is also true, which means that either Mr P or Mr R is true (as
Mr T is false).

If Mr R is true, then Mr P is also true, contradicting Ms S. So Mr R must be false.

Since Ms S is true, Mr P must be true; this does not pose a problem with Mr R being

false, as it could be that Mr R’s first name is not Robert. We must, though, check whether
Mr P’s statement being true is consistent with the remaining statements.

We have Mr P, Ms Q and Ms S true and the other two false, giving three true statements.
Thus Mr P’s statement is, indeed, true, and this is a possible set of truth values for the
statements.

Ms Q false, Mr T true.
Since Mr T is true, Ms S is false, and so either Mr P, Mr R or both must be true (as Mr T
is already true).

If Mr P is true, there are two true statements from Mr P, Ms Q, Ms S and Mr T, which is
an even number, so Mr R must also be true. This is consistent, as Mr R says that Mr P’s
statement is true, which it is.

If Mr R is true, then Mr P must also be true, and this is feasible as we have just seen.
So in this case, we have Mr T, Mr P and Mr R all true, with the other two false, giving

three true statements.
Both Ms @ and Mr T false.

Then exactly one statement made by a woman must be true, hence Ms S must be true.

This requires exactly one of Mr P and Mr R to be true (as Mr T is false). If Mr R is true,
then Mr P would also be true, which is not possible.

If, on the other hand, Mr P is true and Mr R is false (say his first name is not Robert, as
before), then we would have only Mr P and Ms S being true, and that is an even number
of true statements. So this is not possible (as Mr P says there are an odd number of true
statements).

Hence we must have one of the first two possibilities, and there are exactly three true statements;
the answer is option D.

Commentary: You might find this question easier to work out using a little table with
ticks and crosses, for example something like:

MrP MsQ MrR MsS MrT
ve X v
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11.59 Answer E TMUA 2016 - Paper 2 - Q20

We can find the interior angle of a regular polygon with n sides as follows. The exterior angle
is 3%%° 5o the interior angle is 180° — @. Therefore the given condition can be written as

1500 - 200 9 (1800 - 30 ) .

n 4 m

We start by dividing by 180° for simplicity, giving

2 3 2
1—-——=—-11—-——].
i) 4( 'rn)

Now multiplying both sides by 4 and expanding the brackets gives

)

n m

which rearranges to

§—Ezl. (%)

n o m
We will look at two methods of solving this equation, starting with a case-based approach.
‘We know that n and m must each be at least 3. If n > 8, then % < 1, and so this cannot give a

solution to (*). So we need only consider n = 3, 4, 5, 6 and 7. For each of these, we can solve
the equation to find m; if m is an integer greater than 2, we have a solution.

n m
33
4 6
5 10
6 18
742

There are four pairs of n and m, and the answer is E.

A second approach to solving () is to multiply both sides by mn to eliminate the fractions; this
gives

8m — 6n = mn.
We can rearrange this to give mn + 6n — 8m = 0, and we can factorise the left hand side by
adding or subtracting a constant to get

(m+6)(n—8) = —48.

So we need to find two integers which multiply to —48. Since m and n are both positive, we
must have n —8 <0 and m + 6 > 9 (as m = 3), so the possibilities are:

m+6 n—8 m n

12 —4 6 4
16 -3 10 5
24 -2 18 6
48 -1 42 7
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11.60 Answer B TMUA 2017 - Paper 2 - Q20

We can write this out in a grid to see what the current state of knowledge is.

Position
1123|145
Tried a|lb|c|d|e
c|d|ble|a
ela|d|b|c
Possible |b | c|a|a|b
d|le|e|c|d

So positions 1 and 5 contain b and 4 in some order, while positions 2, 3, 4 contain either cea or
eac in that order.

We certainly do not know the correct password yet.
We could sensibly try bcead as our next attempt. What might we be told in response?

If we have the b and d in the correct order, these 2 letters will be correct, otherwise neither is
correct.

If we have the middle three letters cea in the correct order, then these 3 letters will be correct,
otherwise none of them is.

So:

) if both are correct, the computer will tell us that 5 letters are correct, and we are done;

. if the outer pair are correct but the middle ones are not, the computer will tell us that
2 letters are correct, and we can deduce that the correct password is beacd;

. if the outer pair are wrong but the middle ones are correct, the computer will tell us that
3 letters are correct, and we can deduce that the correct password is dceab;

) if both are wrong, the computer will tell us that 0 letters are correct, and we can deduce

that the correct password is deacb.

Since the four cases give four distinct responses by the computer (0, 2, 3, 5 correct letters),
we can distinguish between them, and therefore deduce the correct password with just this one
further attempt.

The correct answer is B.
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11.61 Answer C TMUA 2020 - Paper 2 - Q20

It is helpful to write all six statements as ‘if ... then’ statements:

A if x > 0 then f(z) <0
B if f(x) > 0 then = <0
C if x > 0 then f(x) > 0
D if x < 0 then f(z) <0
E if f(z) > 0 then z >0
F if x <0 then f(z) > 0 and if f(z) > 0 then z < 0

If F' is true, then B is also true, so F is false.

Let us suppose that A is true. Then its contrapositive is also true. The contrapositive of A is:
if f(z) > 0 then = < 0, which is statement B. So A and B are either both true or both false.
Since exactly one statement is true, A and B must both be false.

Similarly, D and E are contrapositives of each other, so they must both be false as well.
The only statement left is C, so that must be true.

Furthermore, C contradicts A, so A (and B) must be false; C is independent of D (knowing that
C is true does not give any information about whether D is true or false), and C contradicts F,
so F must be false.

Therefore having C true and the other five statements false is consistent; the function f(r) = |z|
is an example of a function for which C is true and the other five statements are false.
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WORKED SOLUTIONS - CHAPTER 12 - UNIT S3

Statistical Calculations

12.1 Answer C TMUA 2022 - Paper 2 - Q6

Suppose P is true. Since there are an odd number of integers in the list, there is a unique middle
one (when they are written in increasing order), so this is the median. Therefore Q is true, and
P is sufficient for Q.

Now suppose that Q is true. It does not follow that n is odd; here is a counterexample: if the
list is 2, 2, then n = 2 and the median is 2, so Q is true, but P is false. (In general, any list with
n even and the middle pair of numbers equal is a counterexample.) Therefore P is not necessary

for Q.

The correct answer is option C.

12.2 Answer A TMUA 2018 - Paper 1 - Q17

It is not obvious how to begin this question — there are lots of wordy descriptions. We also don’t
know how many pieces of data there are in each of the two sets.

So let’s try naming things.

Let the first set of data have n pieces of data, and the second set have m pieces of data.
Since the mean of the first set of data is 15, the sum of the data is 15n.

Likewise, the sum of the second set of data is 20m.

When we exchange one piece of data from the first set with one piece of data from the second
set, the overall total stays the same, but the totals of the two sets change. We are told what
happens to the means, so the total of the first set is now 16n and of the second set is 17m.

Since the overall total is the same, we have

15n + 20m = 16n + 17Tm
We can simplify this to give n = 3m

Therefore the overall total is 15n + 20m = 45m + 20m = 65m and there are n +m = 4m pieces
of data.

65m 65

T = 16% and the answer is A.

Commentary: At the end of this, we are still no wiser about how many pieces of data
there were to begin with. All we know is that the first set contains three times as many
as the second set.

Thus the mean of the combined set of data is
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12.3 Answer E TMUA 2020 - Paper 2 - Q17

Let us write the six integers as two sets of three, each set in increasing order:
a, 8, b ¢, 9, d
We know the middle integers are 8 and 9 because these are the medians.

The first set of three has a mean of 10 and so they must sum to 3 x 10 = 30, therefore a4 b = 22.
Likewise, the second set sums to 36 and so ¢+ d = 27.

We also know that a <8 < band e <9 < d.

Here are tables of some of the possibilities for ¢ and b and for ¢ and d; the two tables are
independent of each other:

a b c d
8 14 9 18
7 15 8 19
6 16 7 20
5 17 6 21
4 18 5 22
3 19 4 23

The range of the set of all six integers is the larger of b and d minus the smaller of ¢ and c.

As all six integers are distinct, we cannot have a = 8 or ¢ = 9 or ¢ = 8. We also want b and d
to be as small as possible while a and ¢ are as large as possible to get a small range.

Let us try a = 7, b = 15. Then we cannot have ¢ = 7, so we try ¢ = 6, d = 21. This gives a
range of 21 — 6 = 15.

If we now try a = 6, b = 16, we can take ¢ = 7, d = 20, and this gives a range of 20 — 6 = 14,
which is smaller.

If we next try a = 5, b = 17, we can again take ¢ = 7, d = 20, but now the range has grown
to 20 — 5 = 15 again. And if we go smaller with the choice of a, say a = 4, b = 18, then the
smallest range we can obtain becomes even larger: 20 —4 = 16. The range will keep growing as
we take smaller values for a.

So the smallest possible range is 14, which is option E.
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12.4 Answer E TMUA Specimen - Paper 2 - Q18

We can approach this algebraically or just by reasoning about numbers.

We begin with an algebraic approach. Let the five numbers be, in increasing order, a, b, ¢, d, €,
so that the median is ¢. The range is 20, so e —a = 20 or @ = e — 20. Also, the mean is zero, so
a+b+c+d+e=0.

Sincec<d<e, a=e—20and a < b < ¢, we see that the sum of the five numbers is at least
(e—20)+(e—20)+c+c+c=3c+2e—40
Since the sum is zero, this means that 0 = 3¢ + 2e — 40, or that 3¢ < 40 — 2e, so 3¢ + 2e < 40.

But e<e,s0be<3c+2e <40, 50 c <8 Wecan have c=d=e =8 and then a = b= —12, so
the largest possible median is 8, option E.

Alternatively, we can just reason as follows. Let’s say that we have five numbers

a b ¢ d e

arranged in increasing order, with mean 0 and range 20, and let’s suppose that the median is as
large as possible.

We ask if there is any way of increasing ¢ while keeping the mean equal to 0 and the median
equal to 20.

If ¢ < d, then we can increase the median without changing the mean or range by replacing each
of ¢ and d by their mean. So we must have ¢ = d.

Similarly, if d < e, we could increase both ¢ and d by a small amount and decrease e and a by
the same small amount. As long as d and e don’t swap order in this process, the mean and
range will not change, but the median will increase. (So we must take this small amount to be
at most 3(e — d).) Therefore we must have c = d = e.

Now consider a and b. If a < b, we can do a similar trick: we increase a, ¢, d and e by a small
amount k& and decrease b by 4k; this preserves the mean and range while increasing the median.
(So that @ and b don’t swap places, we require k to be at most (b — a).) It follows that a = b.

We therefore have a = b and ¢ = d = e. Since the range is 20, the numbers must be a, a, a + 20,
a+20, a+20. Their sum is 5a+60 = 0, so a = —12 and a+ 20 = 8, which is the largest possible
median.
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WORKED SOLUTIONS - CHAPTER 13 - UNIT P13

Numerical Methods

13.1 Answer E TMUA 2019 - Paper 1 - Q8

A This translates the graph upwards (in the positive y-direction) by 1 unit, so the trapezia will
just be 1 unit taller. The approximation will therefore still be an underestimate.

B This stretches the graph by a factor of 2 in the y-direction, and the trapezia with it, so the
approximation will still be an underestimate.

C This translates the graph by 1 unit leftwards (in the negative z-direction), and correspond-
ingly calculates the area between —1 and 0 rather than between 0 and 1; the trapezia are
correspondingly translated leftwards by 1 unit, and so we will still get an underestimate.

D This reflects the graph in the y-axis, and correspondingly calculates the area between —1
and 0. The trapezia are correspondingly reflected, so we will still get an underestimate.

E The graph is reflected in the x-axis and then translated upwards by 1 unit. Whether the
approximation using the trapezium rule is an over- or underestimate is not affected by the
vertical translation, as we noted in A, so we may as well not translate the graph at all, giving
just fol (—f(z)) dz. Let us sketch an example using just two intervals:

Y Y

The original (blue) trapezia give an underestimate for the integral. The red trapezia give
an underestimate for the area of the region, but since the integral is negative (the graph lies
below the z-axis), the trapezium rule gives an overestimate for the integral (for example, it
may estimate —0.6 instead of the correct —0.65, and —0.6 > —0.65).

Hence the correct answer is E.
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13.2 Answer B TMUA 2021 - Paper 1 - Q10

The interval has width 2 — % = %, so each strip will have width % The boundaries of the
three strips will be at %, 1, % and 2. The trapezium rule then gives the estimate (writing
f(x) = 2logg x):

2

f(z)do ~ § x $(f(3) + 26(1) + 2£(3) +£(2))

m»—o\

‘We can now work out the individual function values:
f(%) = 210g10 % = 210g103 —_ 210g10 2

Therefore we get the approximation
2
/ f(z)dz ~ § x §(—2logyn2+ 2 x 0+ 2(2log,, 3 — 2log;( 2) + 2log;, 2)
1
2

= logi3 —logg 2
=log; 3

which is option B.
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13.3 Answer B TMUA 2023 - Paper 1 - Q10

Though integrating functions like this is not on the syllabus, the question assumes that we can
calculate the value of this integral. There is also a hint from the options offered that it may
have something to do with circles, as they all involve 7.

Let us therefore consider the graph y = v/4 — 22. Squaring this gives y? = 4 — 22 or 22 + 9% = 4.
This is the equation of a circle with centre at the origin and radius 2. However, as the graph
involves taking the square root of this, the resulting graph is just the upper semicircle (on and
above the z-axis).

_I2 t t é t o

The integral is from @ = —2 to x = 2, which is the whole diameter, so the integral is the area of
the semicircle, that is, % x 7 x 22 =27,

We now need to calculate the area as determined by the trapezium rule with 4 strips. We can
draw a table of values:

x  |-2 -1 0 1 2
Vi—22| 0 V3 2 V3 0
The trapezium rule then approximates the area as

IxIx(04+2xV3+2x24+2xV3+0)=1x (44+4V3) =2+2V3.

The positive difference (as the trapezium rule underestimates the area) is therefore

2m — (24 2V3) =2(7 — 1 - V3)

which is option B.
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13.4 Answer D TMUA 2020 - Paper 2 - Q12

The trapezium rule can produce an overestimate even if the function’s gradient goes from neg-
ative to positive, for example with the function f(x) = 22 + 1 between 2 = —1 and = = 1:

Y

-1 0 1

Therefore neither the condition f'(z) > 0 for all  with a < = < b nor the condition f'(x) < 0
for all x with a < x < b is necessary for the trapezium rule to produce an overestimate. This
rejects the ‘only if’ options (B, C, E, F), leaving us with only A and D.

The above quadratic can also be used to help distinguish between these two options. We have
f'(z) = 2z and t"(x) = 2. Thus for —1 < z < 0, {’(z) < 0 and {”(z) > 0 and the trapezium rule
(with one strip) gives an overestimate. So D appears plausible.

On the other hand, we could reflect the quadratic to change the sign of {”(x): consider the
function f(z) =1 — 22

-1 0 1

We now have f'(z) = —2z and {”(z) = —2. So when —1 < z < 0, we have f'(z) > 0 and
f"(x) < 0, yet the trapezium rule (with one strip) produces an underestimate. This shows that
A cannot be correct.

By elimination, the correct option must be D.

It is also possible to justify this: a function with f”(x) > 0 is ‘bending upwards’ (the technical
term is conver). Any time we draw a chord between two points on the graph, the chord will lie
above the graph (except at the endpoints), so the trapezium rule estimate will be an overestimate
of the integral. In fact, this argument makes no assumptions about the sign of either f(x) or of
f'(z); having t”(x) > 0 for a < x < b is sufficient for the trapezium rule to give an overestimate
(but it is not necessary).
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13.5 Answer D TMUA 2019 - Paper 2 - Q13

It will help us to draw a sketch of this situation, remembering that we do not know that values
of a and b. The exact shape of the graph does not matter; the only thing that is important for

this question is that it is symmetrical about the y-axis, since sin?(—xz) = (—sinz)? = sin? z.

+Y
m '

a b

I We can now add to our sketch the trapezium rule calculation for the integral [ __ba sin® z da:

Y

i N4 N AN

—b —a a b

We see that the strips are just a reflection of the original 4 strips. Since the original
approximation was an overestimate, this approximation is also an overestimate.

II  We note that cos?z is related to sin?x by the identity sin?z + cos?z = 1, so cos’z =

1 —sin? 2. Thus the graph of y = cos® z is a reflection of the graph of y = sin?  in the line
Yy = % (why?). Therefore the sketch of the graph and trapezia for f; cos® x dx is:

)

N AN

a b

2 2

Since cos” x = 1 —sin” z, we can also draw on the original trapezia, coming down from the
line y = 1:

Y

********* AN

We can see from this sketch that the blue and red trapezia exactly sum to ff sin? z dx +

b . L . .
fa cos? x dz; since the blue trapezia give an overestimate, the red ones must give an under-
estimate.

Hence this statement is also necessarily true.

Therefore the correct answer is D.
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13.6 Answer B TMUA 2017 - Paper 1 - Q15

We can either proceed by sketching the graph or by using a general theorem about the trapezium
rule. We start with sketching. The simplest case of the trapezium rule is where we only have
one trapezium, so that is what we will draw.

Y

N\

We see here that the trapezium rule underestimates the area of y = f(z)

For the case y = f(x + 1) the graph of y = f(x) is translated one unit to the left:
y

y=1fxz+1)

Again, the trapezium rule gives an underestimate.
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For the third case, we need to reflect this graph in the line y = 6, which gives the following
graph:

We see that this time, the trapezium rule gives an overestimate.

So the correct answer is B.

An alternative approach is given by noting that the trapezium rule gives an overestimate of the
area under the graph of y = f(z) if {”(z) > 0 throughout the range and an underestimate if
f”(x) < 0 throughout. In our case, {’(z) = —4, so the trapezium rule gives an underestimate
for (1). For case (2), {"(z + 1) = —4 again, so we still have an underestimate. For the third
case, the equation of the graph is y = 12 — f(x + 1), so the second derivative is —{"(z + 1) = 4,
and therefore we have an overestimate.
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