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Fluency Practice
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Fluency Practice
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Fluency Practice
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Purposeful Practice
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Fluency Practice

1) Write down the centre and radius of the circle with equation x% + y2 = 36
2) Acircle has the equation x2? + y2 = 36. Work out its circumference.
3) Thecircle x? + y? = 25 touches each side of the square as shown. Work out the total shaded area.
." A
"f
., 0 , £
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Purposeful Practice
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Fluency Practice

A A A A A A
(10,5) (8,2) (20,4)

VA RGYARUYA

-
-
-

What is the gradient
between A and the origin?

What is the gradient of the
tangent?

What is the equation of the
tangent (so far)?

Substitute the co-ordinate
to find the value of ¢

Final Answer:
The equation of the tangent
is...
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Fluency Practice

A A A A A A
(4,8) (6,18) (5,25)

- >

[
p
4
p

What is the gradient
between A and the origin?

What is the gradient of the
tangent?

What is the equation of the
tangent (so far)?

Substitute the co-ordinate
to find the value of ¢

Final Answer:
The equation of the tangent
is...
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Fluency Practice

v

(21,-7)

(—4,-8)

N

\4

What is the gradient
between A and the origin?

What is the gradient of the
tangent?

What is the equation of the
tangent (so far)?

Substitute the co-ordinate
to find the value of ¢

Final Answer:
The equation of the tangent
is...
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Fluency Practice

\

v

_ A
(12:4 3) (—12,-72)

v

What is the gradient
between A and the origin?

What is the gradient of the
tangent?

What is the equation of the
tangent (so far)?

Substitute the co-ordinate
to find the value of ¢

Final Answer:
The equation of the tangent
is...
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Fluency Practice

A
(7,14)

-

-

What is the gradient
between A and the origin?

What is the gradient of the
tangent?

What is the equation of the
tangent (so far)?

Substitute the co-ordinate
to find the value of ¢

Final Answer:
The equation of the tangent
is...
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Fluency Practice

Rad. Grad. = 2

(4, 8)

Rad. Grad. =

Tan. Grad !
an.Grad.= =3

Tan. Grad. =

Rad. Grad. = Tan. Grad. =

J (3,9

Rad. Grad. =

Tan. Grad. =

1
Rad. Grad. = 2 Tan. Grad. =

>
>

Rad. Grad. = Tan. Grad. =

>

Rad. Grad.= —4 Tan. Grad. =

(312)1

Rad. Grad. = Tan. Grad. =
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Purposeful Practice

The graph x?+y? =18

y

is on the grid.

g

B N Wk

=3

> W N B

a

Draw & label the line that is parallel to y = 6 —x & touches the circle at one point.

Lines around Circles
Mark point A on the circle at (3, 3), y
then draw line OA from
the origin (O) to point A. 6
What is the 1]
equation of line OA? 4
2
x Plottheline y =6 —x {
LB -bla-B2-n 1
How are the gradients of T
these graphs related? 2
i i
y=6—xis 6

a to the circle.

@\
The graph x?+ y? =20 is on the grid.

Mark point B on the circle at (2, 4),
& draw line OB from the origin.

What is the gradient of the line OB?

What is the gradient of
a line perpendicular to OB?

Plot & label line CD - the line that
is perpendicular to OB &
passes through B.

Draw & label the line that is
parallel to CD & touches the circle at
one point.

Where on the circle will a tangent have a gradient of 2?

Vo ox2+y2=26

(2}

N

\

BN W s d

=

n B W N R

(2]

Sketch the line OD.

Y x2+y2=40

Find the equation of @
the tangent at (6, -2)

Find the equation of
x the tangent at (-2, 6)

Find the gradient of this radius, o]

is it positive or negative?. 5

/ 4

The tangent to the circle at D has 3

5

a gradient of % and passes f

through (-1, 5). { i
t65-4-3Dp-1 1711

We can express this as: =

1 2

=—=-x+c 3

y 5 3

N\ 4

N 5

Plot the tangent & 5
calculate its y-intercept. B
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Purposeful Practice
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Fluency Practice

Gradient of | Gradient of
Question Radius Sketch radius at tangent at Equation of tangent at point
point point
T
Example: Find the equation of the c ‘ J 3 4 4 25
0 g - - = = —=x+—=
tangent to x2 + y% = 25 at (4,3) ] 5 4 3 V 3 3

1. Find the equation of the tangent to
x?+vy?=5at(2,1)

2. Find the equation of the tangent to
x% +y? =100 at the point on the
circumference with x-coordinate 6

and a positive y-coordinate

3. Find the equation of the tangent to
x%2 +y? =45 at (—6,3)
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Fluency Practice

4. Find the equation of the tangent to
x2+y%—20=0 at (—4,-2)

5. Find the equation of the tangent to
x? +y? = 13 at the point on the
circumference with x-coordinate 3

and a negative y-coordinate

6. Find the equation of the tangent to
the circle with centre (0,0) and
diameter v/32 at the point (2,2)

7. Find the equation of the tangent to
x% +y? =25 at the point (5,0)
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Purposeful Practice

1| The diagram shows the circle with
equation x? + y2? = 25. What is the
equation of the tangent at the
following points?

C(-3,4)

B(4,3)

The tangent to the above circle at the point A(5,12) intersects
the x axis at the point B.

n Find the equation of the ianieni to ihe circle at the point A.

b| Find the area of triangle OAB.

The line [ is tangent at the point P(x, ) to the circle with

equation x? + y? = 1. The gradient of [ is — % Determine the
point P(x,y).
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Purposeful Practice
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Purposeful Practice

'Odd 1o iom Wl2L = 00d 1.y} UsAIH (p

"Joaw sjuabue) om) 8y} alaym ‘Y iod a8y} Jo s8jeuIpJ00D 8y} N0 YIOAA (9
'O pue d e D 0} sjusbue) ay} Jo suoienba ayj Jno 3Jop (g

"] PUB S JO S8n|eA ay} 1no YIoAA (e

‘0O>1pueQ < S

e mv "9j0410 8y uo Julod e si (7 ‘1)O

b

"9[0419 8y} uo julod e si (s ‘G)d

(0 ‘'0) uibo ayy s O
'0G = fi + ,x uonenba sey J 8joID

A

O 1B 9]2.410 8y} 0} Judbue) ay} Jo uonenba ay) 1IN0 YIOAA
"0 < 9 819yM ‘8[2J10 8} UO B (2 ‘$2-)O pue (0zZ- ‘'Gl-)d sjulod 8yl
"uIbBlIO By} UO paJjudd SI B0 Y

"0 198w sjuabue) ay) a1aym sjuiod ay) JO S8JBUIPIO0D Y} JNO YIOAA

"} Jo uaipelb e aney pue 9 0} sjuabue)] Yyjoq aJe Saul| JUSISIP OM |

'Z€ = fi + ,x uonenba sey J 8jou)

"] pue sixe-fi ay} ‘sixe-x ay} Aq pawuoy ajbuel ay) Jo eate ay} Jno YIoAA (p
"SIXe-X 9} S}@aw | Yoiym je juiod ayj JO S8JeUIpIO0d aY) IN0 YIOAA (9

‘sixe-fl 8y} s}@awW | Yoiym je juiod 8y} JO S8JeuIpJood a8y} Ino YIopA (q

"1 Jo uonenba ay} 1no iopA (e

\ / ‘d ¥e O 0} Jusbuey 8y} sI | aur
X ‘0 < qpuB Z| = DRy
//k yons ‘g uo saul| (q ‘v)d Julod
"SHUN G| JO SNIpel e sey pue
J uIBLIO By} U0 PaJUdD SI O Bj2JID

"sjulod om] 8say) JO $8]BUIPI00D 8Y) 1IN0 HJOAA

"0 Jo juaipelb e yum juabue) e aaey 9 uo sjuiod om |
2. = i + ,x uonenbs sey J 8jouI)

Page 42



Purposeful Practice
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Purposeful Practice
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2 Advanced Sequences
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Fluency Practice
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Fluency Practice

geometric series: what are the constant ratios?

(1)

(6)

294,912

(2)

(7)

21

189

5,103

27

729

)

(8)

80

1280

(4)

what are the first terms (a) and the ratios (r) of these geometric series?

(10)

35

21,875

(11)

441

1,058,841

(12)

1221

1,625,151

(13)

324

26,244

2,125,764

4,782,969

177,147

200

0.00125

)

(10)

(14)
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Fluency Practice

geometric series: what are the missing terms?

(1) 24 2 = @) - 4 - )

— 30 — — 8
54 — 72 1200 —
— 480 — — —_
32 1875 1
(6) 25 7)) = ®) — 9) 192 (10) 250

— 9.9 150 — -
102.4 11.979 216 81 54

what are ‘a’ and ‘r’ for these geometric series?

(10) ar=4 (11) ar?=144 (12) ar®=1792 (13) ar2=1728 (14) ar=1.6
ar* = 4000 ar® =729 ar® = 917504 ar® =729 ar’ =0.0001024
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Purposeful Practice

geometric series: find possible values of n and the corresponding constant ratios

(1)

(6)

(11)

n-—1
2n
3n+9

n-2
2n -2
3n+6

n+1
2n+7
3n-3

(2)

(7)

(12)

n-2
2n
3n+18

n-—1
n+1
3n-1

2n-3
2-3n
3n+8

3)

(8)

(13)

6

| 235 W
S
|

n+1
2n -1
5h-7

3n-2
4n -2
5n -1

(4)

(9)

(14)

n-2
2n + 2
3n+ 88

2n + 2
3n-1
4n -3

n-—4
3n-4
10n -4

®)

(10)

(19)

10 +n
35+ 2n

n-2
2n
3n+20

3n-2
3n+3
4n
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Fluency Practice
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Fluency Practice

Geometric Sequences

(a)

(b)

(c)

(d)

Find the next two terms in the
sequence 7,14, 28, 56, ...

Find the next two terms in the
sequence 40, 20, 10,5, ...

Find the first four terms of the
sequence with first term 2 and
common ratio 3

Find the first term and common
ratio for the sequence:

3,15,75,375, ...

(e)

(f)

(9)

(h)

Find the first term and common
ratio for the sequence:

160, 80,40, 20, ...

Find the next two terms in the
sequence 2,—4,8,—16, ....

Find the first four terms of the
sequence with first term 120
and common ratio 0.5

Find the first term and common
ratio for the sequence:
4,-8,16,—32, ...

()

6))

(k)

)

Find the first four terms of the
sequence with first term 5 and
common ratio —2

Find the first four terms of the
sequence with nth term

6 x 371

Find the nth term of the
sequence with first term 10 and
common ratio 4

Find the nth term of the
sequence with first term 250
and common ratio 0.2

(m)

(n)

(p)

Find the first four terms of the
sequence with nth term

400 x (%)n_1

Find the nth term of the
sequence with first term 8 and
common ratio —5

A tree starts with four branches. Every month each branch splits
into two. How many branches will the tree have after 5 months?

Find a formula for the number of branches b after n months.
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Fluency Practice

Q | Find the value(s) of x where... Answers

1 [x—1,2x + 5, and 4x + 8 are three consecutive terms of an arithmetic sequence

2 |x—1,2x + 5, and 4x + 8 are three consecutive terms of a geometric sequence

3 |x—4,x+ 2and3x + 1 are three consecutive terms of an arithmetic sequence

4 | x—4,x+ 2and3x + 1 are three consecutive terms of a geometric sequence

5 |x—3,x+ 1and 4x — 2 are three consecutive terms of an arithmetic sequence

6 |x—3,x+ 1and4x — 2 are three consecutive terms of a geometric sequence
x—1,x+4,2x + 7 are three consecutive terms of an arithmetic sequence
x—1,x 4+ 4,2x + 7 are three consecutive terms of a geometric sequence

9 | /x —1,1and+/x + 1 are three consecutive terms of an arithmetic sequence

10 | /x — 1,1 and v/x + 1 are three consecutive terms of a geometric sequence
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Fluency Practice
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*92uUanbas siy] Jo W)
4au ay3 JoJ uoissaidxa ue puld ‘sagnd
woJ) apew sulajjed sawos ale aJoH

TE—"2'§'9'S ()

TS— P TT9T 6T (3)
"ZES6T 0T S E (P)
TIZGITSST ()

" 61'SET6°S’S (a)
TBLSYTZLS 0T (B)

:S90UaNbas asay) JO W3] Yau ay3 puld

6762 ST L W)
‘G861 €T L (3)
"'GZET'S'T (P)
" ‘8h 1€ 8T 6 (9)
R A A WA AC)
TTZETLE (@)

:S90UaNbas asay3 JO W3] Yiu ay3 puld

"Z9HE YT T ()
"6 ‘8Z'ST Y (3)
“‘6Z'ST'S‘T— (P)
*‘9€22'21'9 (9)
IT YT p— (A)
€791 TT8 (B)

:S90UaNbas asay) JO W3] Yau ay3 puld

Page 69



Fluency Practice
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Fluency Practice

find the next two terms in these quadratic sequences

m 6,7,10,15,22,31, 7,7

@ M1,15,21,29,39,561,7,7

® -18,-14,-8,0,10,22, 7,7

@ -7,-8,-7,-4,1,8,7,7

¢ -10,-13,-14,-13 ,-10,-5,7?7, 7
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Purposeful Practice

two of the terms in these quadratic sequences are wrong

(1)

(4)

()

5,0,-1,-4,-1,0,5,12 ,21 ,40

10,6 ,4,4,6,12,16 , 24 , 32 , 46

5,1,-1,-3,-1,5,1,19, 29 , 41

7,117,3,-1,-3,-3,-1,3, 11,17

-26 ,-22,-20,-14 , -6 ,4 , 14 , 30, 46
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Purposeful Practice

fit a quadratic rule to these sequences

1 1
2
2) 1
3
3) 1
3
“4) 1
6
5) 1
1

11

18

11

18

27

11

18

27

38

27

11

38

51

27

38

18

51

66

....... n (6)
....... n (7)
....... n (8)
....... n ©)
....... n (10)

31

24

48

3

31

69

18

4 5
48 69
4 5
94 123
4 5
31 48
4 5
9 18
4 5
3 4
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Purposeful Practice

find a rule for the numbers of dots/circles in these quadratic sequences

1) centred hexagonal numbers

o e e e o

P

5) corner hexagonal numbers

L — . L L . . LI
e .' o -'n e ... I -.- e ¢ . . . . ¢ .:'o':.
. < o € ¢ o o CEE S ST A ¢ 4 4 e s . . . :o. .o:
N “ W # e w4 R A ) . . . . .. . .
e .. >0 LI S . ‘« 5 . . . . ...
2) centred pentagonal numbers 6) corner pentagonal numbers

3) centred heptagonal numbers

x:

4) centred octagonal numbers

r AR
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Purposeful Practice

The nth term of a sequence is in the form an? + bn Finding the nth Term of a Quadratic Sequence )
The 2" term in the sequence is 14.
The 4'" term in the sequence is 44. @ The nth term of a sequence is in the form an? + bn

Finda & b.

1) Form two equations . .
) 9 2) Solve the simultaneous equations.

The 2"d term in the sequence is 18.
The 4th term in the sequence is 52.

ina &b. Find a & b.
a(2)?+b(2) =14 16a + 4b = 44 4(2)+2b =14
4a+2b =14 —22 8a + 4b = 28 2b=6
— b=3
a(4)?2+ b(4) = 44 8a = ;6
a=
16a + 4b = 44
nthterm= 2n%2+ 3n
How can we
check our answer?
@ A sequence is in the form an? + bn @ A sequence is in the form an? + bn @ The 4t term in a sequence is 64.
The 3" term in the sequence is 30. The 2" term in the sequence is 22. The 5t term in a sequence is 105.
The 6t term in the sequence is 114. The 3" term in the sequence is 45. Find the 3 term in the sequence.

Find the nth term

Find the nth term
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Purposeful Practice

(a) A quadratic sequence begins 3, 15, | 51, 75,...
What is the the third term?

(b) The quadratic sequence beginning -3, 3, 11, 21, 33...
has nth term n2 + 3n — 7.
Find the nth term of the quadratic sequence that begins
3, 11, 21, 33...

(¢c) The first term of a quadratic sequence is 10, the fifth term is 25,
and the ninth term 45. Find the thirteenth term of the sequence.
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Fluency Practice
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Purposeful Practice
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Fluency Practice

Q Answers
1 | The nth term of a quadratic sequence is n? + n — 20. Work out which term has a value of 52.

2 | The nth term of a quadratic sequence is n? + n — 20. Work out the value of the 52" term.

3 | The nt" term of a quadratic sequence is n? + 2n — 5. Work out which term has a value of 58.

4 | The nt" term of a quadratic sequence is n? + 2n — 5. Work out the value of the 58th term.

5 | The nth term of a quadratic sequence is n?> — 6n + 7. Work out which term has a value of 23.

6 | The nth term of a quadratic sequence is n? — 6n + 7. Work out the value of the 23 term.

7 | The nth term of a quadratic sequence is 2n? — 6n + 7. Work out which term has a value of 7.

8 | The nth term of a quadratic sequence is 2n? — 6n + 7. Work out the value of the 7t term.

9 | The nt" term of a quadratic sequence is 3n? — 29n + 75. Work out which term has a value of 7.

10 | The nth term of a quadratic sequence is 3n? — 29n + 75. Work out the value of the 7th term.

11 | The nth term of a quadratic sequence is an? + bn + c. Work out which term has a value of 25a + 5b + c.
12 | The nth term of a quadratic sequence is an? + bn + c. Work out the value of the 10t term
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Fluency Practice

Using the Nth Term of Quadratic Sequences

u, =n?+3n-5 u, =3n*—n+1 U, =n?—2n u, =n?’+an—>
(a) (a) (a) (a)
Find the value of u, Find the value of ug. Find the 9t" term of the Find the value of us in terms of
sequence. a and b.
(b) (b) (b) (b)
Find the difference between the Find the sum of the 9" term Find an expression for the Find the value of u, in terms of
6" term and the 7" term. and the 10" term. (n + 1) term. a and b.
(c) (c) (c) (o)

A term of the sequence is 65
Find the value of n.

A term of the sequence is 103
Find the value of n.

Find an expression for the
difference between the n*" and
the (n + 1) term.

Given that ug = 25 and
u, = 70, find the values of a
and b.

Page 88




Fluency Practice

Using the Nth Term of Sequences

6n 4n+3 10 — 3n 4n?
U, = u, = u, = ——— =
Ton+7 " o on+1 " 24n YTz 18
(a) (a) (a) (a)
Find the value of ug as a Find the value of ug. Find the 6" term. Find the value of ug as a mixed
fraction in its simplest form. number.
(b) (b) (b) (b)

11
A term of the sequence is >

Find the value of n.

15
A term of the sequence is "y

Find the value of n.

7
A term of the sequence is -3

Find the value of n.

Find the term in the sequence
closest to 3.8

() (c) (c) (c)

Find the difference between the | Find the sum of the 4" term Find 2uyo — Uge Find the difference between the
5t" term and the 9" term. and the 14" term. 8" term and the 10" term.

(d) (d) (d) (d)

Find the first term in the
sequence that is greater than 4

Find the first term in the
sequence that is greater than
3.9

Find the first term in the
sequence that is negative.

Find the smallest value of n for
7
which u, > >
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3 Iterations
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Fluency Practice

Show that the equation x3 + 2.5x% — 1 = 0 has a solution between —1 and 0.

Show that the equation 2x3 + 5x2 — 5x — 1 = 0 has a solution between
— 3.5 and -3.
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Fluency Practice

Show that the equation x — /x — 1 = 0 has a solution between 2.6 and 2.7.

u Show that the equation 2x3 — 7x2 + 5x = 8 has a solution between 3 and

Page 94




Fluency Practice

[CCEA GCSE Summer 2021 M8.2 Q2 Edited]
A solution to the equation 4x — x3 — 2 = 0 lies between x =0 and x = 1

Find this solution correct to 1 decimal place.

x 4x — x3 -2
4x0—03—-2=-2
0.1 4%x0.1—-0.13 -2 =-1.601
0.2
0.3
0.4
0.5
0.6
0.7
0.8 4%x0.8 — 0.8 —2 =0.688
0.9 4%x09-0.93 -2 =0.871
1 4x1-13-2=1
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Fluency Practice

) [0CR GCSE Nov 2021 6H Q15]

(") show that the equation x3 —5x —1 =0
has a solution between x = 2 and x = 3.

B Find this solution correct to 1
decimal place.
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Fluency Practice

Show that the equation
x2—9x+4=0
can be rearranged to give

x =V9x — 4.

Show that the equation
2x3 —8x2+10x—4=0
can be rearranged to give
_ 4+8x%—2x3

x 10

Show that the equation
2x3+4x>-3x—-2=0
can be rearranged to give

’:/2+3x—4x2
X = )

2
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Fluency Practice

n We wish to solve the equation

3x3-10x24+9x—2=0
This can be rearranged to

—3x3 + 10x2 + 2

9
Starting with x, = 1, use the
iteration formula
—3(x,)3 +10(x)? + 2

X =

xn+1 = 9
to find the value of x,.

Give your answer correct to 3
decimal places.

We wish to solve the equation
x3—-5x24+3x+9=0
This can be rearranged to

x = Y5x2—3x—9
Starting with x, = 2, use the
iteration formula

Xps1= 15#x)?% —3%, =9
to find the value of x,.
Give your answer correct to 3
decimal places.
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Fluency Practice

B We wish to solve the equation
3x3+10x2+9x+2=0
("] Show that this can be rearranged to
—3x3 —10x% -2
9

X =

B Starting with x, = —2, use the
iteration formula
—3(x,)3 —10(x,)? — 2
Xn+1 = 9
to find the value of x;.
Give your answer correct to 3
decimal places.
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Fluency Practice

We wish to solve the equation
3x3 —10x24+9x—-2=0
[[] Show that this can be rearranged to

3\]10x2 —9x +2
x = .

3

u Starting with x, = 0, use the
iteration formula

3

to find the value of x,.
Give your answer correct to 3
decimal places.

3[10(x,,)? —9x,, +2
Xn+1 =
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Fluency Practice

[Edexcel GCSE Nov 2017 H3 Q15]

Show that the equation x3 + 7x — 5 = 0 has a solution between x = 0 and
x=1.

(2 marks)

Show that the equation x3 + 7x — 5 = 0 can be arranged to give x =

x2+47°

(2 marks)
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Fluency Practice

Starting with x, = 1, use the iteration formula x,,,, = x2—5+7 three times to find
n

an estimate for the solution of x3 +7x —5 = 0.
(3 marks)

By substituting your answer to part (c) into x3 + 7x — 5,
Comment on the accuracy of your estimate for the solution to x3 + 7x — 5 = 0.
(2 marks)
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Fluency Practice

[Edexcel GCSE Nov 2021 H2 Q16]

Use the iteration formula x,4; = 3/10 — 2x,, to find the values of x,, x, and x5.
Start with x, = 2

[3 marks]

B The values of x1, x, and x3 found in part (a) are estimate of the solution of an
equation of the form x3 + ax + b = 0 where a and b are integers.

Find the value of a and the value of b.
[1 mark]
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Purposeful Practice

Solving Quadratic Equations using Iteration

Quadratic Equation: x2—2x—1=0

(rearrange)

Iterative Formula: x,,; = {/2x, + 1

Initial Value: x1 =3

Xq 2.64575...
X3 2.50828...
Xy 2.45287... x =24
Xs 2.43017... Both ;olutions

are the same
Xg 2.42081... (to 1 dp).
X7 2.41694...
Xg 2.41534...

x =241

Xo | 2.41468.. Both solutions
X10 | 2.41440... are the same
X1, | 2.41429.. (to 2 dp).
X12 2.41424...
C

Find a solution for
this equation to 3 dp.

Choose your own initial value.

x2—4x—-7=0

A

For this quadratic equation find the solutions,
to 1 dp & to 2 decimal places.

x2—3x—-1=0

Iterative. Formula: x,,; = /3x, +1
Initial Value: x, =4

X2
X3 3.437...
X4

X5

X6

X7

Xg
Xqg 3.303...

X10

X11

X12

Find a solution for
this equation to 1 dp.

x2+4x—-13=0

Why do only some initial values work?

Find a solution for
this equation to 2 dp & to 3 dp.

x2—5x+2=0

Xn41 = +/5%Xp — 2

Initial Value: x; =5

X3

X3

X4

xs | 4.5991...

X6

X7

Xg

X9

X10

X11

X12

X13

Find a solution for
this cubic equation to 3 dp.

x}—5x+3=0

(Rearrange so x3 is by itself,
then take the cube root of both sides).
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Purposeful Practice
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Purposeful Practice

7 Here is a table of values for the curve with equation y = f(x).

X -3 -2 -1 0 1
f(x) -10 -3 2 15 82

The equation f(x) = 0 has at least one solution in the interval x = @ and x = b.

Using the table, write down the value of a and b. Explain your reasoning.

8 Show that the equation x* — 2x? — 7x + 1 = 0 has a solution between x = 3 and x = 4.
9 Show that the equation 5x* + x> — 8x + 4 = 0 has a solution between x = -2 and x = 1.

10 (a) Show that the equation —3x° + 2x*> + 4x + 5 = 0 has a solution a between x = 1.5 and x = 2.

1
4x+5)5

(b) Show that the equation —3x* + 4x + 5 = 0 can be re-arranged to give x = ( 3

(c) Starting with x, = 1.5, use the iterative formula
1
( 4x, +5 )3
xn+l =
3

Give your answer to three decimal places.

three times to find an estimate for a.

(d) The actual value of o = 1.5516 to four decimal places.
(i) Find the percentage error in your estimate in (c).

(i1) Explain how you could make your approximation in (c) more accurate.
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Fluency Practice

Heration 1: roots & intervas

1. Show that there is a root of the equation
x3+x—3=0 intheinterval (1, 2).

2. Show that there is a root of the equation
x%2 —5x + 2 = 0 in the interval (0.4, 0.5).

3. Here is a table of values for the continuous
function f(x):

X 1 2 3 4 5 6

19 (16 |11 | 04 (-05 (-1.6

f)

State two consecutive values of x between which
there is a solution to the equation f(x) = 0.

4. Here is a table of values for the continuous
function g(x):

x -3 | -2 | -1 0 1 2 3

1.24

2.33 [3.52 |2.16 [-0.24—-2.20 -2.20

g(x)

State two pairs of consecutive values of x between
which there are solutions to the equation g(x) = 0.

5. f(x) is a continuous function. Choose the correct
statement for each of the following:

(a) f(3) = 2.34

: Statements :

f(4)=-001 | !

I (D There is a root of !

(b) f(6) =—4 . f(x)=0intheinterval.

|

f(7) =-152 : () There is not a root of 1

: f(x) =0 inthe interval. :

(c) f(-1) =0.62 i .

£(0.5) = 0.74 1 (3) It is not possible to tell if 1

! thereis arootof f(x) =0 ,

d)fH<o 'L L i_”_”‘_e_"lt?"l’%'- _____ :
f@®8)>0

6. f(x)=x%—4x—3.
(a) Show that there is a root of the equation f(x) =0
in the interval (4, 5).
(b) Work out f(4.5).
(c) State an interval that is smaller than (4, 5) and
contains the root.

7. (a) a = 2.2 correct to 1 decimal place. State the
lower and upper bounds of a.
(b) Use the bounds as an interval to prove that a is
root of the equation x3 —x —9 = 0, correct to 1
decimal place.
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Fluency Practice

Heraton 2: recurrence relations

1. Given the recurrence relation x,,1 = 3x, — 2
and x, = 2, work out x;, x,, x3 and x,.

2. Given the recurrence relation x,,; = (x,)? -5
and x, = 3, work out x4, x5, x3 and x,.

3. Given that P,,; = 1.05B, and P, = 2000, work
out P, correct to 3 significant figures.

4. Given that U,,, = 1.02(U,, —50) and U, = 1500,
work out U; correct to 3 significant figures.

5. Match the recurrence relation rules to the correct
sequence of values (x,, x1, x5, X3):

A xp1=3x,—1 P: 3579

B: Xpyq =%, + 2 Q: 2, 5, 14, 41
Cox, = ()21 R: 2,5 8 11
D: xp41=%x,+3 S: 3, 6, 15, 42
E: xp41 =30, — 1) T: 2, 5, 26, 677

6. An approximate solution to the equation

x3 —8x + 4 =0 can be found using the iterative
formula:
3
xn3+4
Xne1 = " g 1 X0 = 0
Work out x4, x,, x3 and x,. Round each value to 4
decimal places where necessary.

. (a) Show that the equation x> —5x —2 =0 has a

root between x = —1 and x = 0.

(b) Starting with x, = 0, use the iterative formula:

Xn+1 = 5

three times to find an estimate for the root of
x3 — 5x — 2 = 0. Round your answer to 2 decimal
places.

. (a) Show that the equation x3 + x? = 10x — 6 has a

root in the interval (0, 1).

(b) Starting with x, = 1, use the iterative formula
Xn3+xn%+6

10
three times to find an estimate for the root of

x3 + x? = 10x — 6. Round your answer to 3
significant figures.

Xn+1 =
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Fluency Practice

Heration 3: rearrangement

1. Show that the equation x> — 8x — 5 = 0 can be
rearranged to each of these forms:

(@ x=YBx¥5 (b) x =5

8

(d) X =:j:’8i:5

2. (a) Show that the equation x> —4x — 5 =0 has
aroot in the interval (2, 3).

(€) x = x2-8

(b) Show that the equation x3 — 4x — 5 = 0 can
be rearranged to give x = Vax + 5.

(c) Starting with x, = 2, use the iteration formula

Xpiq1 = /4%, +5

three times to find an estimate for the root of
x3 —4x — 5 = 0. Round your estimate to 3
significant figures.

3. (a) Show that the equation x> +3x —2 =0 hasa
root between x = 0 and x = 1.

(b) Show that the equation x3 + 3x — 2 = 0 can be
rearranged to give x = 2

x243°

(c) Starting with x, = 0.5, use the iteration formula

2
X =
n+l ™ 5 243

twice to find an estimate for the root of
x3 + 3x — 2 = 0. Round your answer to 2 decimal
places.

4. (a) Show that the equation x> —4x —2 =0 hasa
root in the interval (—1, 0).

(b) Show that the equation x3 — 4x — 2 = 0 can be

x3-2
rearranged to give x = ~——.

(c) Starting with x, = —0.5, use the iteration formula

_ xp3-2
Xn+1 =~

three times to find an estimate for the root of
x3 — 4x — 2 = 0. Round your answer to 3 significant
figures.
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Heration 4: review

1. The expected number of birds in a colony t years
from now is P, where

P, = 600
Pt+1 = 1'025Pt

Work out the expected number of birds in the colony
3 years from now.

2. The value of an investment t years from now is £V,
where

Vo = 20,000
V,yq = 1.02V, + 2000

Work out the value of the investment 2 years from
now.

3. The expected value of a car n years from now is £c,,
where

co = 18,000
Cn+1 = 0.85¢, — 500

Work out the expected value of the car 2 years from
now.

4. (a) Show that the equation x3 —6x —6 =0 has a

root in the interval (2, 3).

(b) Show that the equation x3 — 6x — 6 = 0 can be

. 6x+6
rearranged to give X = "

(c) Starting with x, = 3, use the iteration formula

6xn+6
Xn

Xn+1 =

three times to find an estimate for the root of
x3 — 6x — 6 = 0. Round your answer to 2 decimal
places.

. (a) Show that the equation x> + 2x + 8 =0 has a

root between x = —2 and x = —1.

(b) Show that the equation x3 + 2x + 8 = 0 can be
rearranged to give x = 1/—2x — 8.

(c) Starting with x, = —1.5, use the iteration formula

Xn+1 = . —2x, — 8

three times to find an estimate for the root of
x3 + 2x + 8 = 0. Round your answer to 2 decimal
places.
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Purposeful Practice

solving cubic equations by iteration
example

find a solution to x> — 10x = 30 between 4 and 5
give your answer correct to 3 decimal places

use an iteration method
to try to find a solution

x*—-10x = 30

3
x= (30 +10x)
3
x,.; = V(30 +10x,)

3
do (30 + 10Ans)

carries forward the

previous answer, x,, , to
obtain the next one,

xn+]
the initial value, x;, is 4
4.150638865

takes 12 steps on a
calculator

rearrange this equation

the iteration equation

enter the smaller
number, 4 , then =

press the = button
repeatedly....

until you have a good
reason to stop

round this numberto 3
decimal places

4.151

(1)

)

(4)

©)

x3+2x = 40 between 3 and 4

x3+10x = 51 between 2 and 3
x3+2x =1 between 0 and 1
x3+4x = 10 between 1 and 2
x3+10x = 25 between 1 and 2

what happens?

explore further...
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Purposeful Practice

solving cubic equations by iteration

example: another rearrangement

find a solution to x> —4x = 10 between 2 and 3 (6) arace: use two rearrangements
give your answer correct to 3 decimal places to try to find a solution to:
5 x3—3x = 2 between 1 and 3
x3—4x = 10 L -
(although the solution is obvious)
3
x3=4x + 10 () X1 = V(2 +3x,)
X2 =4 + m (||) Xp+1 = ‘(3 + 2/X}1)
x
which iteration equation is faster - needs
fewer steps (iterations)?
Xpi] = \/(4 + 10/xn) the iteration equation
enter the ‘seed’ value i .
ofx; =2  [2=] (7)  find a solution to:
do V(4 + 10/Ans) x3—5x = 15 between 3 and 4 using:
3‘\/ 15 +5
i X = + 5x
(15 steps on a calculator) (i) n+l ( n)
2.760817834 2.761 .. - \/7
(II) Xn+l = (5 + 15/)(")
what happens if you which iteration equation is faster?
enter a ‘seed’ value of
x;==1or
x; =—27 why? (8) find a solution to:
what happens for seed .
values less than — 2 ? x3—5x = 2between 2 and 3 using two

different iteration equations
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Purposeful Practice

a different type of cubic equation

(9) find a solution to x3 + 3x2 = 4 withx, =3

Xp+1 = Y. +3

what happens forx; =—-4?

try to find a solution to x® + 3x2 = 4 with x; =3

using:
3
X,e; = V(@4 - 3x,2)

what happens ?

using different iteration equations

(10) find a solutionto x3 —8x = 3 with x; =2

x3—-8x =3

Xp+1 =

try other x4 values
find the (small) range of x, values for which the

sequence converges (tends to a limit)

find a solution to x3 —8x = 3 withx; =2
using

3
Xy = V@ + 8x,)
Xyep = (8 +3Ix,)
Yoy = = (8 +3/x,)
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Purposeful Practice

Area = 20 cm?

@ x—ZI

X

1) Form a quadratic equation (= 0).

2) Rearrange to form
an iterative function.

(Use a square root to form x,,, 1 =)

3) Use the function to
find the value of x (to 2 dp)

How can we check our answer?

Forming & Solving Equations using Iteration

x+1 Area = 15 cm?

D ———
x+2

Use iteration to find
the value of x to 2 dp

Why do we need to be careful
choosing an initial value?

®

Area = 28 cm?

«— >
3x

Use iteration to find
the value of x to 3 dp

Volume
=132 cm3 2x

x -2

Use iteration to find
the value of x to 3 dp

<>
b
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Fluency Practice

Prove It!
a) 2n+4(n+1)+4 b) 2(n+1)+4(n+2) c) 5(n+3)—-3(n—1) d 42n—-3)—-32n-1)
. ) . . A number (n)
is always even is always even is always even is always odd
An even number 2(n)
An odd number 2(n) + 1
e) (n+1)2—-n?2+1 f) (n+2)2—n? g) n*+ (n+1)2 h) n?2+ (n—3)2 i) 2n+1)2+3
is always even is always even is always odd is always odd is divisible by 4
) (m+ 12+ (n+2)? kf (n+3)2—(n+1)? ) (n—4)2—(n—2)>?
is always odd is divisible by 4 is even
m) (2n+1)3 n) (4n+1)2— (4n— 1)2 o) 2n—-1)?-3(n—-2)2-2(n—-10)
is always odd is divisible by 8 is a square number
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Fluency Practice

expanding quadratic brackets (n is a positive integer)

proofs (1) prove that (n + 6)(n + 3) is always 10 greater than (n+ 8)(n + 1)
(2) prove that (n + 1)(n + 2) —n(n + 3) is always 2
(3) prove that n(n + 1) + (n + 1)(n + 2) is double a square number
(4) prove that (n — 3)(n — 2) is always 2 greater than (n —4)(n-1)
(5) prove that (3n—1)(3n + 1) + 1 is 9 x a square number

(6) prove that (2n + 1)(2n + 3) + 1 is an even square number

(7) prove that (3n + 2)? is always 1 more than (3n + 1)(3n + 3)
(8) prove that (3n + 1)(3n + 2) — 3n(3n + 3) is always 2

(9) prove that (2n + 1)2 + (n + 3)? is always a multiple of 5
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Fluency Practice

Algebraic Proof with Multiples

(a)

(b)

()

Show that 4(x +3) + x — 2
is always a multiple of 5

Show that 3(7 + 2x) — 9
is always a multiple of 6

Show that 4(x + 7) + 2(1 — x)
is always a multiple of 2

(d)

(e)

(f)

Show that 7(2x — 1) — 5(x — 2)
is always a multiple of 3

Show that (x + 7)(x —2) —x2 —1
is always a multiple of 5

Show that (x +8)(x + 1) — x(x + 5)
is always a multiple of 4

(9)

(h)

(i)

Show that (x + 5)% + (x — 3)?
is always a multiple of 2

Show that
Bx+52x—-1D)+2x+1D(x+1)
is always a multiple of 4

Show that
Bx+2)?2—(x+4)Bx—2)+4(x—3)
is always a multiple of 6
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Fluency Practice

Answers. Even 2n/2k Odd 2n +
1/2k+ 1

Q | Prove algebraically that:

1 |the product of two consecutive integers is always even

2 |the sum of two consecutive integers is always odd

3 |the difference between two even numbers is even

4 |the difference between two odd numbers is even

5 | the sum of the squares of any two even numbers is a multiple of 4

6 | the sum of the squares of any two odd numbers is 2 more than a multiple of 4

7 |the sum of three consecutive even integers is even

8 |the sum of three consecutive odd integers is odd

g | the product of three consecutive even integers is even

10 | the product of three consecutive odd integers is odd

11 | the sum of the squares of any three consecutive even numbers is always 4 less than a multiple of 12
12 | the sum of the squares of any three consecutive odd numbers is always 11 more than a multiple of 12
13 |(@2n+ 1)2 — (2n + 1) is an even number for all positive integer values of n

14 | Bn+ 2)?2 — (n —1)? is an odd number for all positive integer values of n

15 n? — 2 — (n — 2)? is always an even number for all positive integer values of n greater than 1

16 n? — 1 — (n — 4)?% is always an odd number for all positive integer values of n greater than 1
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Purposeful Practice

triangular number proofs

(1) 1+3=4
3+6=9
6+10=16

general rule? proof?

2) 3-1=2
6 — 3
1 =

® 4o

4

general rule? proof?

(3) 1x3=3x1
2x6 =4x3
3x10 =5x6

general rule? proof?

4) 8x1+1=3x3
8x3+1=5x5
8x6+1=7x7

general rule? proof?

(6)

(7)

3-2x1=1
10-2x3=4
21-2x6=9

general rule? proof?

3x3+1=10
3x6+3=21
3x10+6 =36

general rule? proof?

3x3+6=15
3x6+10=28
3x10+15=45

general rule? proof?

9x1+1=10
9x3+1=28
9x6+1=55

general rule? proof?

©)

(10)

12+32=10
32+ 62 = 45
62 + 102 = 136

general rule? proof?

32_12=8
62-32=27
102 - 62 = 64

general rule? proof?

Th="%n(n+1)

—
O WOoONOOAWN-=-S

NN DNDNDNDNDNDDNDNDN -2 2
QO NP, WN L0000 NOOODOPE WN -~

Tn

10
15
21
28
36
45
55
66
78
91
105
120
136
153
171
190
210
231
253
276
300
325
351
378
406
435
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Purposeful Practice

consecutive numbers — setting up and using an equations to solve a problem

find three consecutive numbers that add up to 45
any number is n; the

find four consecutive numbers that add up to 38 next numberis n + 1

find five consecutive numbers that add up to 60

. find three consecutive even numbers that add up to 42
any even number is

2n; the next even find four consecutive even numbers that add up to 60

number is 2n + 2 etc ] find five consecutive even numbers that add up to 60

find three consecutive odd numbers that add up to 57 any odd number is

find four consecutive odd numbers that add up to 48 2n + 1; the next odd
number is 2n + 3 etc

find even numbers of consecutive odd numbers that add up to 72

i ) find three consecutive multiples of 3 that add up to 63
any multiple of 4 is

4n; the next multiple find four consecutive multiples of 5 that add up to 150

of 4is 4n + 4 etc find five consecutive multiples of 2 that add up to 94
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Purposeful Practice
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Fluency Practice

T+ X2+ X

I+ X7 + X XE — oX
X7 4 X X+ X
T —X X
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"X 10} S}WI| '@ S9N|eA 159} ‘UoIssaJidxa yoes 404
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Jaqunu Aue = x éuaym *annesaN
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Fluency Practice
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Purposeful Practice
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Fluency Practice

8(ax +2) = 24x + 16

5(2x + a) = 10x + 45

39x+1)=27x+a

6(5-x)=30—ax

4(7x +2)+a =28x+ 10

5(3x +4) + ax = 19x + 20

2x+9+4+ax-b=10x+ 6

a(7x-3) = 35x — 15

2(ax+5)+3(2x+b) =18x + 13

9(ax +b) +4(x — 2) = 13x + 37
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Fluency Practice

Algebraic Proof

(a) (b) (c)
Show that Show that Show that
3x(x+5)+2x(x —5)=5x(x+1) x+6)(x—2)+12=x(x+4) (x—4)2+6x—16 = x(x —2)
(d) (e) (f)

Show that
38—x)+2(5x—6)=ax+b
where a and b are integers to be found

Show that
(x+5)x-3)—x(x—8)=ax+b
where a and b are integers to be found

Show that
(x+6)?>+4(x—-9) =x(x+a)
where a is an integer to be found

(9)

(h)

()

Show that
2x+5x -1 +3(5-x)=ax?+b
where a and b are integers to be found

Show that
(x+4)%+ (x+2)(x —8) = ax(x + b)
where a and b are integers to be found

Show that
(3x + 4)? — (5x + 8)(x + 2) = ax(bx + ¢)
where a and b are integers to be found
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Fluency Practice

P 2 q v

slamsuy

GZ—X8+ X=GT+x2+(S—x)(4+x) | g

0T — XSE+ X6 = (8+x)xb+ (2 —x)(S+ %) |2

a+xoﬁ+Nﬁ\mxm+N§:+A:+me+xv ‘9

A+x[+x=¢+(O-0)(L+X) |5

Y+ x24T = (0T +x2)0+ (E+%)9 | v

J+xa=0T+ (T —-x¥)Z+ (T +x2)9 | ¢

Xp + ;%0 = (7 — x2)x€ — (€ — X)X07T | 2

q+x0=(S—%)9+(@B+x£)T | L
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Fluency Practice

)

2+ xLE+ xpy = (€ +x2)xv + (9 + x€)(T + X5)T

0l

)

C+X

]—-XxX=—F———
q— X+ ,XD

L.

24+ ,(IT+x)g=¢+x0+ ,X§

L.

8+ x77= (9 + x0)S+ (v + x¢)¥

L)

0T — X2+ ,xZ = xp + (9 —x)(S + xp)

8—x12= (9 + x9) — (I + xp)¢

8+ XIT+ ,X5=q+ O+ x)(T + xp)

S Q

24 ,(q+x)0 =6 — X7 + ;X2

K}

0+xq + 0+ X=(T-X)F+)(T+%)

)

2+ xq+ ,x0 = £+ (S —X)(€+ x27)
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Fluency Practice

Find the value of each letter in the identities below. Circle the answers at the bottom as you find them.

8(ax +2) = 24x + 16

-0

5(2x + b) = 10x + 45

b=

c(9x +d) = 18x + 26

c=|:|,d=|:|

e(2+ fx)=24x-8

e=[1r=[]

6(3x+5)+g=18x+ 44

g=[]

4(5x —3) + hx = 13x — 12

h-

iBx—3)=4x+]j

i=[]j=L]

12(6x + k) —lx = 71x + 4

k= |1=[]

(x+m)(x—2)=x%+5x—14

m=]

(x+4)(x—-7)=x%+nx—-28

n-0J

(x+ 0)(x + 20) = x% + px — 160

o=[1r=[]

Rx+1D(x—-5)=2x2+rx+q

q=[1r=[]

(x—5)2+10=x2-10x + 35

5=

(x+3)2-3=x?+tx+t

-0

x+wl—-v=x2+22x+71

w=v=-]

x2=5x+6=(x+w)il—-y

w=[1]y=[]

ax — 8
=4
4x+p

a=[]p=[]

X%+ yx + 44
e x4
x+ 11

y=[1]s=[]

(x+52%(x—2)=x3+ex?+5x+¢

e=[1¢=[]

(x—-mkx+8)=(x+6)?*-81

n=[1e=[]

Answers (One of the questions has multiple solutions. Which one? What are the other possible solutions?)

1

2 3 4

5

6 7 8

9 10 11 12

13 14 15 16

-1

-2 -3 —4

-5

-6 =7 -8

-9

N
Wik
e

=50 50
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Fluency Practice

Find the value of each letter in the identities below. Circle the answers at the bottom as you find them.
ax+12_2 7x+b _ 3x+5 cx—10 35x-5 12-9x _
4x+6 21x— 12 9x + 15 18x—12 42x+d xre )

»-01

c=|:|,d=|:|

e=[1r=[]

g=[]

v-0

r_x_Xx x+1 x_hx+20 2x+i+x+5_jx+22 kx—-8 4x—-11_ 1
3 g 12 7 2 140 5 3 15 6 8 12

x?4+mx  _ x
x2+7x+10 x+2

m=[]

x2—x—12 _x+3
x2—-9x+20 x+n

o=[1r=[]

x2+qx+r _ x*+3x—18
x2+x—20" x24+11x+30

q=[1r=[]

3x2—sx—5
—_—=3x+1

x+ux—18 _ x+9
2x2—x—6  wvx+3

wx?+12x—1 _ 11x*+yx—1
26x2+11x—1" 22x2+9x—1

x+3_x+a_x2+ﬁ

a=[1p=]

X+4 x2—16 10x —40

y=[1s=[]

5—x x+75146—2x—x2

e=[1]¢=[1

x—5 2x2—-18 2x—6
s=[] e=[] w=]v=[] w=[]y=[]
5 4 x =27 y x — 44 & 6{ 3 29 —x 1 1 n 126x + 2
= = + —+—t =
x x+1 x+2 x3+3x%2+2x

n=[1o=[]

Answers
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
-1 -2 -3 —4 -5 -6 -7 -8 -9 : : = —1= —22 -50 50
2 3 4 2 2
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Fluency Practice

versions

find the values of the letters in these (equivalent) ‘families’ of quadratic expressions

(1)

(4)

(x +2)(x + 6) + 3
(x+7)(x+a)+b
(x+cp2—d

(x +1)(x + 15) — ex

(x +Hx +9)

(x—3)(x—-5)-35
(x—1)x+a)+b
(x—c)2—d

X2 —4(2x +e)

(x +Hx-g)

(2)

®)

(x = 8)(x + 1)+ 14
(x-2)(x—a)-b
(x —4)(x —c)—d
(x—3)(x—2)—ex

(x-f)x—-g)

(2x + 3)(x + 8) + 11
(2x+ 7)(x +a)—b
(x+9)(2x +c)+d
(x-5)2x—7) +ex

(2x + f)(x + g)

)

(x = 2)(x — 10) + 15
(x+3)(x—a)+b
(x—cp—d

(x +5)(x +7) — ex

(x—f)(x—-9)

@2x + 1)(x +2)— 14
2x—1)(x+a)—b
(x +6)(2x—c) +d

2(x—3)(x +2) + ex

(2x —f)(x +g)
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Purposeful Practice

(1+x2)€ =(2-X)11 + (G + X2)G 40y} Mmoys
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Purposeful Practice

from exercises in algebra part three by HF Browne (1936)

solve the equations find two numbers such that
: the sum of their squares is
2,3 _4 five times their sum
X Y : and
5 6 the difference of their squares
~ B 7 is nine times their difference
the perimeter of a i the area of the \
right-angled triangle is 40 cm :  right trapezium
and the area is 60 cm?  is4 n
find the lengths of the sides i findn
‘ ] [
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Fluency Practice

Number and Algebra Proof Revision

(a) (b) (c) (d)

Show that 8% — 3% = 42 Show that V80 can be written Show that 0.75 = 2 Show that 35 = 12 = 1%

33
in the form kv/5 where k is an
integer to be found

(e) () (9) (h)
Show that 0.31 = ﬁ Show that 0.427 = % Shov;/ that st\évnt:itmtl?:rzrr?g;cnt g;dan
(7 - 5\/5) =a+bv3 number is always even.
where a and b are integers to
be found

(i) ) (k)

Show that the sum of three consecutive sh that 312 b itten in the f Show that

odd numbers is always a multiple of 3 ow that 7~z can be written in the form Bn+4)(n—3)+n(n-3)

c+ d\/§, where ¢ and d are integers to | is a multiple of 4 for all integer values of n

be found.
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5 Advanced Vectors
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Fluency Practice

1. ABC is a triangle. Find, in terms T

2

ofxand y : A

(a) BA (b) CB
(c) AC (d) CA

2. ABCD is a rectangle. Find, in terms

Y |

ofxand y : A

(a) DA (b) AC
(¢c) CA (d) BD

r Y

3. ABCD is a trapezium. Find, in terms
ofxand y :

(a) AC (b) DB
(¢) 4D (d) DA D
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Fluency Practice

State the value of each vector. A B n p % Y
b
" 2b
D >5a &

Q 0 T o

a.
b.
c.
d.

N

b. a.
C. b.
d. "
a= b= c =y
d.
d = P f =
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Purposeful Practice

Vectors and Coordinates

(a)

(c)

(e)

ABCD is a parallelogram.
= _ (—2 = _ (3
4B = (") and 4D = (})
Given that the coordinates of 4 are (3,1),

find the coordinates of points B, C and D.

ABCD is a parallelogram. BC = (3)

The coordinates of A are (2,7) and of B
are (8, 3). Find the coordinates of C and

D, and the vector DC.

ABCD is a trapezium. AB = 2DC.

= _ (3 =72 _ (-3
DC = (3)ana BC = (7°)
The coordinates of D are (2,8). Find the

coordinates of 4, and the vector AD.

A " A A
D D D :
B ; ) B
o > 0 s 0 - >
(b) (d) ()
fC‘D iséa paraHil)ograr;. ABCD is a rhombus. CB = (:i) fCDEj is a I'(E:Har heéagon.
AD = (1) and DC = (4) The coordinates of A are (—1,4) and of B | AB = (0) and FE = (2\/§>

Given that the coordinates of A are (0, 1),
find the coordinates of points B, C and D.

A

v

are (3,1). Find the coordinates of C and
D, and the vector DC.

A

D

A7

FC = 24B. The coordinates of A are
(5,2). Find the coordinates of B, C and D.

A

v
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Fluency Practice

1. Based on the picture, determine whether each of the given statements is true or false.

Ql

N

IS

bt

N

hS|
Il
S|

gl

3l

|

|
2l

~

<

>
Sl |‘ Ql
I I Il
N
< 3 2|
Slog
= ~~ ~
E = ©
=l
|
Il
ol 8l
S
g + + 3l
TN
o T ot
SIS
+ +
sl o
~~
= =2 a5
2
=
S
3
3| 4
ke
g 8
s 3
STRIS
2| [<B-<
+ g 8
5 =
w3 o S
| | o 2
al s oW g 8 S
[
Il Il Il o O +
ST ST~ 4 5 3l
—_ ~ — ] ~
o © o O o <
~

3. Given the vectors a, b and ¢, draw each of the following vectors.

=l

3|

b) 3b

SI

=l

Q

u]

Ql
|

S|
o

Ql

—2¢

f)

a+3b—c

g —2
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Purposeful Practice

4. Suppose that M is the midpoint of line segment AB. Let O be a point in the plane of AB. Let a denote the vector

pointing from O to A, let b denote the vector pointing from O to B, and m denote the vector pointing from O to

b
M. Prove that m = QT—i__. (Hint: Let z be the vector pointing from A to M. Express first x in tems of ¢ and b.

m=a+ x).
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Purposeful Practice

[fHL=aand GD=Db
how many other
vectors can you define
in terms of a and b?
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Fluency Practice

1. ABC is a triangle. M is the midpoint
of AC. Find, in terms
ofaand b :

(a) AC (b)CA
(c) AM (d) BM

2. ABCD is a trapezium. M is the midpoint
of AD. Find, in terms
ofaand b :

() DA (b) DM
(c) AD (d) MC

3. ABCD is a parallelogram. Find, in terms
ofaand b :

(a) OC (b) AC
(c) 4B (d) AD
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Fluency Practice

Defining Vectors

(a)

(b)

(c)

The diagram is made up of nine congruent
rhombuses.

0A =aand OB = b.

Define the following vectors in terms of a

and b.
(a) OF (g) OH
(b) OF (h) DP
() G (i M
(d) MP () MD
(e) AO (k) CB
(f) LD () NO

The diagram is made up of twelve
congruent parallelograms.

0A =2cand 0D = d.

Define the following vectors in terms of €

and d.
(a) EG (9) Mj
(b) BS (h) QF
(c) KJ () 1L

(d) RE 4) HB
(e) OF (k) TE
) JT () KD

The diagram is made up of nine congruent
equilateral triangles.

m?)=xandm))=y.

Define the following vectors in terms of x

and y.
(a) FD (g) FO
(b) HA (hy CE
() GH Gy Hi
(d) OC G) BG
(e) DB (k) HD
(f) O () IF
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Purposeful Practice

Vectors and Midpoints

(a) (b)

In the triangle OAB, 04 = 2a and A OABC is a trapezium, where 0A=a p b B

OB = 4b. C is the midpoint of the 2a c and AB = b. D is the midpoint of BC D

line AB. 0 and OC = 24B. a

Express the following in terms of 4b B Express the following in terms of ¢
a and b: aand b: 0

(a) AB (b) BA (a) OC (b) CB

(c) AC (d) BC (c) BC (d) BD

(e) OC (f) CO (e) AD (f) DO

(c) (d)

In the parallelogram OABC, 0A=a
and OC = c.
X is the midpoint of the line OB.

Express the following in terms of
aand c:

(a) CB (b) BA
(c) OB (d) XB
(e) XC (f) AX

What do the answers to (e) and (f) tell us about the points C, X
and A?

OABC is a quadrilateral.

W=a, O0C=cand CB = b.

X is the midpoint of OA and Y is the
midpoint of AB.

Express the following in terms of
a,b and c:

(a) 04 (b) OB
(c) CA (d) AB
(e) AY (f) XY

What do the answers to (b) and (f) tell us about vectors O_B) and
XY?
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Fluency Practice

Vectors Around Shapes

EEN ErR rEE EEE O Ene
ErE ERE BERE BRE BRE
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Purposeful Practice

The diagram shows the quadrilateral ABCD.

The point E is the midpoint of A and B. The point F is the midpoint of B and C.
The point G is the midpoint of Cand D. The point H is the midpoint of D and A.

B

AB=a BC=b CD=c

1. Express in terms of a, b and/or c:

DC

AD

2. Express in terms of a, b and/or c:

What do you notice?
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Purposeful Practice

Vectors and Ratio

(a) (b)
In the triangle OAB, 04 = 3a and A OABC is a trapezium, where 04 =
AB = 6b. The point C divides the line 2a and AB = 2b. OC = 24B and D
OB in the ratio 2 : 1. 3a 6b splits the line BC in the ratio 1 : 3. 2a
Express the following in terms of B Express the following in terms of
a and b: 2 a and b:

0 0
(a) OB (b) OC (a) BO (b) BC
(c) BC (d) AC (c) BD (d) DO
(c) (d)
In the parallelogram OABC, OA = a B %BC is a quadrilateral.
and OC = b. The point X divides the OA=a, OC=band CB =c.
line OB in the ratio 3 : 2. The point X divides the line OC in a

the ratio 2 : 1. The pointY
Express the following in terms of divides the line AB in the ratio
a and b: 3: 1. 0
Express the following in terms of a, b and c:

(a) AB (b) OB (a) 0X (b) XC
(c) 0X (d) BX (c) AB (d) AY
(e) AX (f) XC (e) AX f) XY
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Purposeful Practice

A B A
as a 2
X X
& G +
O b @) b
What is the ratio of OX: XB and AX:AC
A B A B
N
aa
N art X
X
> G S
@) b 9) b C

N is the midpoint of BC
What is the ratio of OX: XN and AX:AC

Ratio of BN:NC is 1:3

A
aa X
>
O b N

Ratio of ON:OC is 4:5
What fraction of AN is AX?
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Purposeful Practice

-

~
1) Vectors Around Shapes 3) Mis the midpoint of line XY.
M is the midpoint of line XY. N divides the line ZY in the ratio 1:2 XM =
ﬁ =
X X N
. y ZN =
YM =
a
. Express usinga, b & c.
oM =
a —_—
ZM =
N is the midpoint of line OM. 0
N c N
ON = Z  MN-=
(o} b Y
2) 4) 0zZ=2XY .
o ) ) ) OM = M divides the line XZ in the ratio 1:2 XZ =
M divides the line OY in the ratio 2:3 N divides the line YZ in the ratio 1:2
0Y = XM =
3b v
W = X Y—Z) =
X
YM = 2a YN =
’a 6b
YX = MN =
0 Z
o M What statements can you make about
9 the magnitude & direction of lines XY & MN? )
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Purposeful Practice

Vector Proofs M is the midpoint of the line.

1. A 2. A 3. A
2a 3a 4a
M M M
B B B
0 2b 0 b 0 3b

Prove AM = a + b Provem=%a+%b

Prove AM = ;b —2a

4, A
%
X
o Sb ®
AX:AB = 1:2
Prove AX = 2.5b — 1.5a

5. A 6. A 7. A 8. A
a 3a 3a
X X 2a
X X
0 B (6} B (0] B ) B
2b 6b 9b 3b

AX:AB =1:3 AX:XB =1:2 AX:XB =2:1 AX:XB = 3:2
Prove AX = %a + %b Prove AX = a + 2b Prove OX = —a — 6b Prove AX = 1.8b — 1.2a
—_— 1 1 b~ 4 4
9. Prove AM, =-b—-a 10. A ProveOY =-b —-a
A 4 4 3 9
2a
a M,
0
0 B 3b
b AX:XB =2:1
oYy:YxX =2:1
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Purposeful Practice

vector questions (i)

a parallelogram

B 2d

A

a regular hexagon

a triangle
M is the midpoint of PQ

P

32,2121 84

a parallelogram

_>

CDh= D F —>

e % % BA=

BD = —

> B CF =

DB = H

—> b HC =

CA= | '_; 2 b

G ¢ =Za-—
C a A

—> Ais the mid-point of CG B is the mid-point of CD

BC =

—> —>
AD = 2BC =

- a trapezium 2a

— A £a
EE) - M is the mid-point of AC > B
AE = N is the mid-point of DB T
N o 2b
C >

SISy 8v B
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Purposeful Practice

vector questions (ii)

a parallelogram a trapezium
C DC-= M is the mid-point of AC A E > B
—> N is the mid-point of CD
BC =
2c 3d NG
AC = M b
N b
CA=
A D N
E C . >
2a D
a parallelogram A'is the mid-point of CG — —
B is the mid-point of CD AD = CM =
MN

o

=

=N

~\

SV Q4
!
I

c A a triangle
M divides PQ in the
a regular hexagon ratio 1:2 P

o)

I
»
ov
1]

2,848+ 8

2,212 34
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Purposeful Practice

vector questions (iii)

ACDB is a parallelogram

F is the midpoint of CD.

work out the vectors:

DC = ?
DF = ?
AD =7
CB=7?
BF =2
2,
2b
C > D
3a >
find, in terms of a and b, the vectors:
1) CA
2)CB
3) DA

FEDCBA is a regular hexagon

write down, in terms of a and b, the vectors
()AB (i) FC

what fact can you deduce about AB and F_C’?
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Purposeful Practice

vector questions (iv)

a tangram puzzle

>

vy}
I

o

A
Py 5y 2 5¢ 2v 2 e By
1
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Purposeful Practice

gx:xyv oneil
9Y3 puld "aul| 1ySieJis e S| NAX 18Yl 0S g pue ¥ usamiaq s! X Juiod ay |

NN (3) 23: 3 (3)
[ () f1:14 (9) g9:9) (q) d17v (B)

sjuaw8as aul| ay1 Jo syi8ua| ay3 Jo o11ed 3Y1 1IN0 YO\

NOV (4) NHE (3)
dig (p) NN (2) 3a4 (9) D3H (e)
‘'SJ9Mmsue JnoA anoud ¢saull y3ieals uo 31| syuiod 3sayl 40 YdIymn
N N
) «—
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Purposeful Practice

A . .
a X Xis apoint such
that AX: XB = 1: 4
b B ) P

—_—

a. AB
b. AX
c. 0X
d. BX

(0]

=

[June 2009 2H Q23]

a) Find AB in terms of @ and b.
?

¢ Yisa pomtsuch N
a that VB = 247 b) P is on AB s_uc):h tI;\at AP:PB = 3: 2.
. Show that OP = < (2a + 3b)
b
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Purposeful Practice

[Nov 2010 1H Q27] M is the
midpoint of OP.

OACB is a parallelogram. R
is a point such that

AR:RB = 2:3. S is a point
such that BS: SC = 1: 3.

o

o

0 a r

RN B
a) Express OM in terms of a and b. H "m

X M M is the midpoint of
CD,BP:PM = 2:1
N

b) Express TM in terms of aand b
giving your answer in its simplest
form.

JEEEEER

©
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Purposeful Practice

™ ™ 0 QN SN

a 0o oo
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Purposeful Practice

Vector Proof — Parallel Lines

(a)

(b)

OACB is a parallelogram. 04 = a and

OB = b. X is the midpoint of AC and
Y is the midpoint of BC. Show that XY
and AB are parallel.

OACRB is a trapezium. 04 = 2a and AB = 2b. OC = 24B and
D is the midpoint of OB. Show that AD is parallel to BC.

2b B
A

2a

(c)

(d)

In the triangle OAB, OB = b and

0A = 3a. The point C divides the

line OAintheratio2: 1 andthe O
point D divides the line AB in the

ratio 1 : 2. Show that CD is

parallel to OB.

3a C

In the triangle OAB, OB = b and 04 = a. Point B is the
midpoint of the line OC and X is the midpoint of AB. The point Y
divides the line OA in the ratio 3 : 1. Show that YX is parallel to
AC.
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Purposeful Practice

V4 - Ad onelay} pury

G'I1=84X X0 o
&NH% o
QH% .
m“% °

“urexderp ayj uy

T

‘[orTered are Ad pue % jel) Moyg
x0xs=4o -
F:I1=dX XV o
QH% .
E=YO o

exderp ayj uy
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Purposeful Practice

axenbs e st 7OV o

“urexderp ay3 uj

v
70 10124 34} pury

€ 1=VX:-XO

L1:T=dA A0 o

D4 jo yurodprw ayy sty e

q= % o

e = % o

2renbs e ST (7OgY e
“wrexderp ay3 uj

Page 223



Purposeful Practice

‘U PUR 144 JO SULID) Ul Iomsue oA Surard \% 103094 3} purLy

%XSH% °
%XEH% °

D4 o yurodprur oy STy e
9=40 «

GH% .
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Purposeful Practice

Vector Proof — Collinear Points

(a)

(b)

OACB is a parallelogram. 04 =3a
and AC = 3b. Y is the midpoint of

OACB is a trapezium. OA=aand AB = b. OC = 34B and X
divides the line OB in the ratio 3 : 1. Show that the points 4, X

OB and X divides the line OC in the and C are collinear. b B
ratio 1 : 2. Show that the points A
A,X and Y are collinear.
a
c
0
(c) (d)

In the triangle OAB, 0X = aand AB = b. X is the midpoint of
OA and the point Y divides the line AB in the ratio 2 : 1.

ﬁ’) = ﬁ Show that the points
X,Y and C are collinear.

0—A)=4a—b,ﬁ=a+2b and OC = a+ b. AB = BD.
The point X divides the line AC in the ratio 6 : 1. Show that 0, X
and D are collinear.
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Purposeful Practice

M
0 0 : " B
T is the point on AB such that M is the midpoint of OA. N is the
AT:TB = 5: 1. Show that OT is midpoint of OB. Prove that AB is
parallel to the vector a + 2b. parallel to MN.
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Purposeful Practice

y
a—/b/
g F
ACEF is a parallelogram. B is the CD=a,DE =bandFC =a—b

midpoint of AC. M is the midpoint of BE.

i) Express CE in terms of @ and b.
Show that AMD is a straight line.

ii) Prove that FEis parallel to CD.

iii) X is the point on FM such that such that
FX:XM = 4:1. Prove that C, X and E lie on the
same straight line.
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Purposeful Practice

; | o
6a
- 3a
o} | g c
6¢

OABC is a parallelogram. P is the point on 0A =3aand AQ =aand OB = band

AC such that AP = gAC. BC = %b. Mis the midpoint of QB. Prove
that AMC is a straight line.

i) Find the vector OP. Give your answer in
terms of a and c.

ii) Given that the midpoint of CB is M,
prove that OPM is a straight line.
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Purposeful Practice

1) Prove AB is parallel to cD
A
2a
-b-2a
¢ 3b

4) Prove ABC is a straight line.

0
2a+5b
a
3b
B C

3
A

O

7) Prove ABCD is a parallelogram.

B
2a+b A
b-2a a—-2b
E
C
D F
3a

a+3b

Vectors: Proving Parallel & Straight Lines
2) Prove CDis parallel to AB

Aa+bB

2a-b 2b-a

5) Prove ABC is a straight line.
o}

5b -4a
3a-2b

2a-3b

3) Prove AB is parallel to cD
A B

3a—2b 3b-4a

3a-3b

6) Prove ABC is a straight line.

8) Prove ABC is a straight line.

a+6b

o]

b-1.5a

2b-a
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Purposeful Practice

(@)

(e)
‘71 pue y Jo sanjeA
29Ul pul} ‘umoys swedbelp 10399A 3y} Ul

qc — g

q qz + vy—
qn + vy
14 (q)

qr + oy

q +vg =y

4 (e)
‘71 pue y Jo sanjeA
33 pull ‘umoys sweibelp 10309A 3yl Ul

q9 + vy = qQ1 + vg + (q11 —vZ)Z (3)

qs + o1+ q —vZ = qY + Dg— (P)
qs — g+ q9 + vz = qri + ny (9)
qr +vz— = q5 — vy (9)

q9 + v = qy + vy ()

"q pue D JO SjudId1}}90d

Bunnenbs Aq 1 pue y Jo sanjeA ayj puld
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Purposeful Practice

Vector Proof — Equating Coefficients

(a)

(b)

(c)

OABC is a quadrilateral, where 0C = 3a,
OA=a+2band AB = Za—%b.The
point D is on OB and AC such that

OD: OB=A: 1land AD : AC = u: 1.
By finding two ways to express the vector

OD, find the values of A and (.

OABC is a trapezium, where 0C = 10a,

OA = a—4b and AB = 5a. M is the
midpoint of the line BC. The point X is on
OB and AM such that

OX: 0OB=A: 1and AX: AM = u: 1.
Find the values of A and u and the vector
0X in terms of a and b.

5a B

o

a—4b

10a

In the triangle OAB, OB = 5b and OM =
2a + 2b, where M is the midpoint of OA.
OC is the line OB produced and OB = BC.
The point X is on the line AB such that
AX : AB = A : 1. Given that MXC is a
straight line, find the value of A and the
vector MX in terms of a and b.

A

2a+2b B
5b
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Purposeful Practice

vector proofs

(1) a parallelogram (ABCD) (2) a parallelogram (ABCD)
2b
Cc e
B e B — C
a
BM:MD=1:1
AD:DE=k:1 CE:ED=1:1
G
A D
ME =3c—%a find the value of k show that AF : FC =21
; (4)
(3) a trapezium (ABCD)
DC:AB =2:1
A 2a > B
AM:MD=1:1 I
....... ob
A D
C 3a
AX: XC=1:2
show that CDN is a straight line DX:DB=k:1 find the value of k
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Purposeful Practice

vector proofs

(1) (2)

B
a\=4a
CB=4b
A
D
C E F
CM:MA=1:1 CA:AB=1:2
AB:BD=1:1 ED:DB=1:3 show that ADF is
a straight line
CN = kb find the value of k CE:EF=1:2

3) choose some other ratios to explore
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Purposeful Practice

vector proofs (i)

(1) a parallelogram (ABCD)

2d
5 7c  CE is twice CD
2% establish that
= ABDE is a
parallelogram
A
E

(3) aregular hexagon

you can assume that AD = 2BC

1Y

AP is twice AC

establish that EDP
is a straight line

(2) a triangle (PQR)
M is the midpoint of PQ Q
N is the midpoint of QR

P

prove that MN is 2
parallel to PR

a
and half the 2b
length of it -
R

(4) atrapezium (ABCD)

A %_a 3
M is the mid-point of AD -
e
.................. 29
o
D >
4a C

v

prove that CDN is a straight line
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Purposeful Practice

vector proofs (ii)

(4) a parallelogram (ABCD)

(5) a parallelogram (ABCD)

1=

find Iﬁ\?l where M is the
mid-point of DB

A

E is the mid-point of CD
BF:FE=2:1

(6) any quadrilateral (OABC)

any quadrilateral (OABC) is drawn and the
mid-points of the four sides are joined

establish that the resulting
shape is a parallelogram

establish that M is also
the mid-point of AC

establish that F is %5 of
the way along AC
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Purposeful Practice

prove the general result

AB:BC=1:1

ED:DC=1:3

AE:EF =2:1
c

B

prove
BD:DF=1:1
D
F

2 -10

-2

78910E|1121314r5>\16\ 10

-2
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Exam Questions
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