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1 Similarity with Area and Volume
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Worked Example Your Turn

Cuboids A and B are similar. Cuboids A and B are similar.

A A

4 cm 4cm

B B

8 cm 12 cm

Write down the scale factor for: Write down the scale factor for:
Length A > B Length A 2> B
LengthB 2> A Length B 2> A
Surface Area A 2> B Surface Area A 2> B
Surface AreaB 2 A Surface Area B 2> A
Volume A 2> B Volume A 2 B
Volume B 2 A Volume B 2 A
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Worked Example Your Turn

Cuboids A and B are similar. Cuboids A and B are similar.
Find x. Find x.
2cm [/ A 2cm [/ A
4 cm 4 cm
xcm B X cm B
12 cm 8cm
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Worked Example Your Turn

Cuboids A and B are similar. Cuboids A and B are similar.
Find x. Find x.
xcm r A xcm [/ A
4 cm 4 cm
6 cm B 4 cm B
12 cm 8cm
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Worked Example Your Turn

Cuboids A and B are similar. Cuboids A and B are similar.
The surface area of cuboid A is 72 cm?. What is the surface The surface area of cuboid A4 is 72 cm?. What is the surface
area of cuboid B? area of cuboid B?
4 cm 4 cm
B B
12 cm 8cm
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Worked Example Your Turn

Cuboids A and B are similar. Cuboids A and B are similar.
The surface area of cuboid B is 72 cm?. What is the surface The surface area of cuboid B is 72 cm?. What is the surface
area of cuboid A7 area of cuboid A?
4 cm 4 cm
B B
12 cm 8cm
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Worked Example Your Turn

Cuboids A and B are similar. Cuboids A and B are similar.
The volume of cuboid A is 432 ¢cm?3. What is volume of cuboid The volume of cuboid A is 432 cm3. What is volume of cuboid
B? B?
4 cm 4 cm
B B
12 cm 8cm
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Worked Example Your Turn

Cuboids A and B are similar. Cuboids A and B are similar.
The volume of cuboid B is 432 cm?3. What is volume of cuboid | The volume of cuboid B is 432 cm3. What is volume of cuboid
A? A?
[/ A [/ A
4 cm 4 cm
B B
12 cm 8cm
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Worked Example

Your Turn

A and B are mathematically similar solids. The surface area of | A and B are mathematically similar solids. The surface area of

Ais 100 cm?. The surface area of B is 64 cm?. Work out the
ratio of the volume of A to the volume of B.

Ais 120 cm?. The surface area of B is 480 cm?. Work out the
ratio of the volume of A to the volume of B.

Dr Frost 324i
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Worked Example

Your Turn

A and B are mathematically similar solids. The volume of A is
500 cm?3. The volume of B is 256 cm3. Work out the ratio of
the surface area of A to the surface area of B.

A and B are mathematically similar solids. The volume of A is
120 cm3. The volume of B is 960 cm3. Work out the ratio of
the surface area of A to the surface area of B.

Dr Frost 324h
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Fill in the Gaps
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Fill in the Gaps
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Fill in the Gaps

Cuboid A Cuboid B
Height of A Height of B Surface area | Surfacearea | Volumeof A | Volume of B
(cm) (cm) of A (cm?) of B (cm?) (cm?3) (cm?®)
15 45 120 60
90 180 2000 12000
2 20 700 12000
18 70 1750 32
10 4.3 68.8 7.2
6.8 12.5 6.6 178.2
45 125 42 656.25
11.36 15.2 54 221.184
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Worked Example Your Turn
A and B are two solid shapes that are mathematically similar. A and B are two solid cones that are mathematically similar.
The shapes are made from the same material. The cones are made from the same material.
The total surface area of shape A is 62.5 cm?. The total surface area of shape A is 75 cm?2.
The total surface area of shape B is 22.5 cm?. The total surface area of shape B is 27 cm?.
The mass of A is 375 g. Find the mass of B. The mass of B is 81 g. Find the mass of A.
Dr Frost 324m
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Worked Example Your Turn
A and B are two solid cuboids that are mathematically similar. | A and B are two solid prisms that are mathematically similar.
The surface area scale factor from A to B is 2.25 The surface area scale factor from A to B is 0.64
|
|
|
q 1
! I
AT 7B
Find the ratio of the volume of cuboid A to the volume of Find the ratio of the volume of prism A to the volume of
cuboid B prism B
Dr Frost 324k
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Worked Example

Your Turn

Shapes A and B are similar.

The volume of B is 1462.5% greater than the volume of A.

Find the percentage increase from the surface area of
shape A to the surface area of shape B.

Prisms A and B are similar.

The surface area of B is 44% greater than the surface area
of A. Find the percentage increase from the volume of
prism A to the volume of prism B.

Dr Frost 324I
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Worked Example

Your Turn

The surface area of two mathematically similar solids are in the | The surface area of two mathematically similar solids are in the
ratio 16: 49. The volume of the smaller solid is 128 cm3. Work | ratio 9: 25. The volume area of the smaller solid is 108 cm3.

out the volume of the larger solid.

Work out the volume of the larger solid.
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Worked Example

Your Turn

The volume of two mathematically similar solids are in the
ratio 64: 343. The surface area of the smaller solid is 32 cm?.
Work out the surface area of the larger solid.

The volume of two mathematically similar solids are in the
ratio 27: 125. The surface area of the smaller solid is 36 cm?.
Work out the surface area of the larger solid.

Dr Frost 324j
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Worked Example

Your Turn

a)

b)

The scale of amapis 1 : 3000000

On the map, the area of Toonhill Valley is 6.4 cm?.
Calculate the actual area of Toonhill Valley.

Give your answer in square kilometres.

The scale of amapis 1 : 400000
The area of Lake Troycou is 646.4 km?2.

Calculate the area of Lake Troycou on the map in cm?.

a)

b)

The scale ofamapis1: 70000

On the map, the area of Fort Prisetomb is 50.6 cm?.
Calculate the actual area of Fort Prisetomb.

Give your answer in square kilometres.

The scale ofamapis1: 60000
The area of Saint Ralhay is 10.8 km?.
Calculate the area of Saint Ralhay on the map in cm?.

Dr Frost 324n and 3240
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Worked Example

Your Turn

In the diagram ABC and AED are straight lines and BE is
parallel to CD.

C D

The length AB is 20 cm and the length BC is 27.5 cm.
The area of triangle ABE is 83.2 cm?.
Work out the area of triangle ACD.

In the diagram ABC and AED are straight lines and BE is
parallel to CD.

D

C B A

The length AB is 10.5 cm and the length BC is 18.9 cm.
The area of triangle ABE is 45 cm?.
Work out the area of triangle ACD.

Dr Frost 324p
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Worked Example

Your Turn

The diagram shows two similar quadrilaterals OABC and

owXy.
Y

0 4 w
The length of AB is 4 cm and the length of WX is 7 cm.
The area of quadrilateral 0ABC is 9.6 cm?.

Find the shaded area.

The diagram shows two similar trapeziums OABC and OW XY .

Y X
C\\ \B
0 A w

The length of 0A is 7 cm and the length of AW is 6 cm.
The area of trapezium OABC is 27.44 cm?.
Find the shaded area.

Dr Frost 324r
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Worked Example

Your Turn

The diagram shows two similar quadrilaterals OABC and
owXxy.

O A w

The length of AB is 7 cm and the length of WX is 18 cm.
The area of quadrilateral OW XY is 324 cm?.

Find the shaded area.

The diagram shows two similar trapeziums OABC and OW XY .

Y X

C

O A /4

The length of 0A is 6 cm and the length of AW is 8 cm.
The area of trapezium OWXY is 235.2 cm?.
Find the shaded area.

Dr Frost 324s
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Extra Notes
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2 Volume and Surface Area of Non-Prisms
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Volume of Spheres

4
Volume of Sphere = 3 X 1 X Radius?

Wl
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Worked Example Your Turn
Calculate the volume of the following sphere. Give your Calculate the volume of the following sphere. Give your
answer in terms of T and to 1 decimal place. answer in terms of T and to 1 decimal place.
Dr Frost 405f
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Worked Example

Your Turn

Calculate the volume of the following hemisphere. Give your
answer in terms of T and to 1 decimal place.

-

[ N N ]
- ——

~

Calculate the volume of the following hemisphere. Give your
answer in terms of T and to 1 decimal place.

| N N |
- -~

- ~

Dr Frost 405h
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Worked Example Your Turn
Find the radius, x, given that the volume of the following Find the radius, x, given that the volume of the following
sphere is 113.1 cm3. Give your answer to 1 decimal place. sphere is 904.8 cm?3. Give your answer to 1 decimal place.
Dr Frost 405g
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Worked Example Your Turn

Find the diameter, x, given that the volume of the following Find the diameter, x, given that the volume of the following
hemisphere is 56.5 cm3. Give your answer to 1 decimal place. hemisphere is 452.4 cm3. Give your answer to 1 decimal
place.

Dr Frost 405i
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Surface Area of Spheres

Surface Area of Sphere = 4 X 1t X Radius?

SA = 4r2
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Worked Example

Your Turn

Calculate the surface area of the following sphere. Give your
answer in terms of T and to 1 decimal place.

[ N |
- -~

- ~

=
6cm

Calculate the surface area of the following sphere. Give your
answer in terms of T and to 1 decimal place.

| N N |
- -~

- ~

=
24 cm

Dr Frost 406k
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Worked Example Your Turn

Calculate the total surface area of the following hemisphere. Calculate the total surface area of the following hemisphere.
Give your answer in terms of r and to 1 decimal place. Give your answer in terms of T and to 1 decimal place.

—_—--_.~

-

- ~

Dr Frost 406l
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Worked Example Your Turn
Find the radius, x, given that the surface area of the following Find the radius, x, given that the surface area of the following
sphere is 113.1 cm?. Give your answer to 1 decimal place. sphere is 452.4 cm?. Give your answer to 1 decimal place.
Dr Frost 406m
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Worked Example Your Turn

Find the diameter, x, given that the total surface area of the Find the diameter, x, given that the total surface area of the
following hemisphere is 84.8 cm?. Give your answer to 1 following hemisphere is 339.3 cm?. Give your answer to 1
decimal place. decimal place.

Dr Frost 406n
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Worked Example Your Turn

A sphere has a surface area of 36w cm?. Work out the volume | A sphere has a surface area of 144w cm?. Work out the
of the sphere. Give your answer in terms of = and to 1 decimal | volume of the sphere. Give your answer in terms of m and to 1
place. decimal place.
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Worked Example Your Turn
A sphere has a volume of 36 cm3. Work out the surface area | A sphere has a volume of 288w cm?3. Work out the surface
of the sphere. Give your answer in terms of w and to 1 decimal | area of the sphere. Give your answer in terms of r and to 1
place. decimal place.
Dr Frost 4060
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Worked Example Your Turn
The diagram shows a solid quarter sphere, centre O. The diagram shows a solid quarter sphere, centre O.
The volume of the solid is 9750 cm3. The volume of the solid is 3500 cm3.
Work out the surface area of the solid. Work out the surface area of the solid.
Give your answer to 1 decimal place. Give your answer to 1 decimal place.
Dr Frost 406p
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Pyramids

A pyramid is a 3D shape with flat faces. The base of a pyramid is a polygon and is used to describe the pyramid (e.g. a square-
based pyramid, triangle-based pyramid etc). Its sides are triangles which meet at the top.

Triangular Square Rectangular Pentagonal Hexagonal
4 Faces 5 Faces 5 Faces 6 Faces 7 Faces
4 Vertices 5 Vertices 5 Vertices 6 Vertices 7 Vertices
6 Edges 8 Edges 8 Edges 10 Edges 12 Edges
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Frayer Model — Pyramid

Definition Characteristics
Examples Non-Examples
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Volume of Pyramids

1
Volume of Pyramid = 3 X Area of Base X Vertical Height
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Worked Example

Your Turn

Calculate the volume of the following rectangular-based
pyramid.

5cm

pyramid.

Calculate the volume of the following rectangular-based

10 cm

Dr Frost 405a

Page 56




Worked Example Your Turn

Calculate the volume of the following triangular-based Calculate the volume of the following triangular-based
pyramid. pyramid.

5cm 10 cm
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Worked Example Your Turn

Find the height, x, given that the volume of the following Find the height, x, given that the volume of the following
rectangular-based pyramid is 20 cm3. rectangular-based pyramid is 160 cm3.

X cm X cm

Dr Frost 405b
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Worked Example Your Turn

Find the height, x, given that the volume of the following Find the height, x, given that the volume of the following
triangular-based pyramid is 10 cm3. triangular-based pyramid is 80 cm3.

X cm X cm
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Surface Area of Pyramids

1
Total Surface Area of Pyramid = 3 X Perimeter of Base X Slant Height + Area of Base

1
TSA = EPs+A
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Worked Example

Your Turn

The diagram shows a square based pyramid JKLMX. The vertex, X, of the
pyramid is directly above the centre of the square base.

X

36 cm

L
()

J 256cm M

The length of each side of the base is 25 cm. The distance from X to the
midpoint of each of the sides of the base is 36 cm. Find the total surface
area of the pyramid.

The diagram shows a square based pyramid JKLMX. The vertex, X, of the
pyramid is directly above the centre of the square base.

X

27 cm

L
()

J 17cm M

The length of each side of the base is 17 cm. The distance from X to the
midpoint of each of the sides of the base is 27 cm. Find the total surface
area of the pyramid.

Dr Frost 406a

Page 62




Worked Example

Your Turn

The diagram shows a square based pyramid ABCDV. The vertex, V, of the
pyramid is directly above the centre of the square base.

14

11 cm

A T7cm D

The length of each side of the base is 7 cm. The length of each slanted
edge is 11 cm. Find the total surface area of the pyramid. Give your
answer to 1 decimal place.

The diagram shows a square based pyramid ABCDV . The vertex, V, of the
pyramid is directly above the centre of the square base.

4

35cm

A 23cm D

The length of each side of the base is 23 cm. The length of each slanted
edge is 35 cm. Find the total surface area of the pyramid. Give your
answer to 1 decimal place.

Dr Frost 406b
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Worked Example

Your Turn

The diagram shows a square based pyramid ABCDV. The vertex, V, of the
pyramid is directly above the centre of the square base.

4 2%m D

The length of each side of the base is 25 m. The height of the pyramid
is 24 m. Find the total surface area of the pyramid. Give your answer to 1
decimal place.

The diagram shows a square based pyramid ABCDV . The vertex, V, of the
pyramid is directly above the centre of the square base.

The length of each side of the base is 15 cm. The height of the pyramid
is 31 cm. Find the total surface area of the pyramid. Give your answer to
1 decimal place.

Dr Frost 406¢
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Volume of Cones

1
Volume of Cone = 3 X Area of Circle X Height

1
V= §Ttr2h
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Worked Example Your Turn
Calculate the volume of the following cone. Give your answer Calculate the volume of the following cone. Give your answer
in terms of m and to 1 decimal place. in terms of m and to 1 decimal place.
A A
10 cm 20 cm
v v
Dr Frost 405c
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Worked Example Your Turn

Calculate the volume of the following cone. Give your answer Calculate the volume of the following cone. Give your answer
in terms of m and to 1 decimal place. in terms of m and to 1 decimal place.
5cm 10 cm
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Worked Example Your Turn
Find the height, x, given that the volume of the following cone | Find the height, x, given that the volume of the following cone
is 94.2 cm3. Give your answer to 1 decimal place. is 754.0 cm3. Give your answer to 1 decimal place.
A A
X cm XCcm
v v
Dr Frost 405d
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Worked Example Your Turn
Find the radius, x, given that the volume of the following cone Find the radius, x, given that the volume of the following cone
is 94.2 cm3. Give your answer to 1 decimal place. is 754.0 cm3. Give your answer to 1 decimal place.
A A
10 cm 40 cm
v v
Dr Frost 405e
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Worked Example Your Turn

Find the slanted height, x, given that the volume of the Find the slanted height, x, given that the volume of the
following cone is 37.7 cm3. Give your answer to 1 decimal following cone is 301.6 cm?3. Give your answer to 1 decimal
place. place.

X cm X ctm
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Worked Example Your Turn

The diagram shows a solid cone. The base of the cone is a The diagram shows a solid cone. The base of the cone is a
horizontal circle, centre O, with radius 9 cm. The curved horizontal circle, centre O, with radius 4.5 cm. The curved
surface area of the cone is 260 ¢m?. Calculate the size of angle | surface area of the cone is 130 cm?. Calculate the size of angle
AVB. AVB.
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Surface Area of Cones

Curved Surface Area of Cone = m X Radius X Slanted Height

CSA = mrl

Total Surface Area of Cone = m X Radius X Slanted Height + m X Radius?

TSA = 1trl + Ttr2
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Worked Example Your Turn
Calculate the total surface area of the following cone. Give Calculate the total surface area of the following cone. Give
your answer in terms of T and to 1 decimal place. your answer in terms of T and to 1 decimal place.
5cm 10 cm
Dr Frost 406d
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Worked Example

Your Turn

Calculate the total surface area of the following cone. Give
your answer in terms of T and to 1 decimal place.

A

4 cm

Calculate the total surface area of the following cone. Give
your answer in terms of T and to 1 decimal place.

A

12 cm

Dr Frost 406e
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Worked Example Your Turn
Find the slanted height, x, given that the total surface area of Find the slanted height, x, given that the total surface area of
the following cone is 75.4 cm?. Give your answer to 1 decimal | the following cone is 301.6 cm?. Give your answer to 1
place. decimal place.
X ctm X ctm
Dr Frost 406f
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Worked Example Your Turn

Find the perpendicular height, x, given that the total surface Find the perpendicular height, x, given that the total surface
area of the following cone is 75.4 cm?. Give your answer to 1 area of the following cone is 301.6 cm?. Give your answer to 1
decimal place. decimal place.

A A

X cm Xcm

\/ \/

Dr Frost 406h
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Worked Example Your Turn

The diagram shows a cone with height 24 cm. The diagram shows a cone with height 27 cm.

N N

24 cm 27 cm

vV WV
The volume of the cone is 2000 cm?. The volume of the cone is 3400 cm3.
Find the total surface area of the cone. Find the total surface area of the cone.
Give your answer to one decimal place. Give your answer to one decimal place.
Dr Frost 406i
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Worked Example

Your Turn

The diagram shows a cone with diameter 22 cm.

& AN

22 cm

The total surface area of the cone is 1200 cm?2.
Find the volume of the cone.
Give your answer to one decimal place.

The diagram shows a cone with diameter 24 cm.

pa AN

24 cm

The total surface area of the cone is 1500 cm?.
Find the volume of the cone.

Give your answer to one decimal place.

Dr Frost 406j
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Fill in the Gaps

Radius Vertical | Slanted Volume Vol t Curved Total Surface Volume :
Height | Height | in terms of o’ume 0 | surface Area Area Total Surface
r 3 s.f. . .
h l (4 intermsofw | intermsof & Area
5cm | 12cm | 13cm | 100w cm?3 901 cm? 10:9
6 cm 8cm | 10cm 607 cm?
30 mm | 34 mm 8040 mm?3
0.7m 24m
9cm 15 cm
14
2m — 1 cm3
5
20 mm 240 mm?
157 cm? 241 cm?
17cm | 320w cm? 8:5
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Frustums

A frustum is a pyramid/cone with part of the top chopped off.
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Volume of Frustums
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Worked Example

Your Turn

Calculate the volume of the following frustum.

5cm

3cm

6cm

Calculate the volume of the following frustum.

10 cm
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Worked Example

Your Turn

Calculate the volume of the following frustum. Give your
answer in terms of T and to 1 decimal place.

Calculate the volume of the following frustum. Give your
answer in terms of T and to 1 decimal place.

» »
n 4 A A
1\ 1\
/7 \ /7 \
A A
30 cm 60 cm
20 cm 40 cm
v \4 \ 4 v
Dr Frost 407c¢
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Worked Example

Your Turn

Calculate the volume of the following frustum. Give your
answer in terms of T and to 1 decimal place.

»
A
/1 \
/7 \
/ \

50 cm

Calculate the volume of the following frustum. Give your
answer in terms of T and to 1 decimal place.

Page 89




Surface Area of Frustums
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Worked Example

Your Turn

Calculate the total surface area of the following frustum.

5cm

3cm

6cm

Calculate the total surface area of the following frustum.

10 cm
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Worked Example

Your Turn

Calculate the total surface area of the following frustum. Give
your answer in terms of T and to 1 decimal place.

.
n 4
/1 \
/7 \
I_—‘
A
30 cm
20 cm
v \4

40 cm

N 4
FAY
FARY
I__\
N
v

Calculate the total surface area of the following frustum. Give
your answer in terms of T and to 1 decimal place.

60 cm
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Worked Example

Your Turn

Calculate the total surface area of the following frustum. Give
your answer in terms of T and to 1 decimal place.

»
A
/1 \
/7 \
/ \

50 cm

Calculate the total surface area of the following frustum. Give
your answer in terms of T and to 1 decimal place.
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Worked Example Your Turn

Calculate the volume of this composite shape. Calculate the volume of this composite shape.

Page 96




Worked Example Your Turn

A child's toy is in the shape of a cone with a hemisphere on A child's toy is in the shape of a hemisphere with a cone on
top, as shown below. The toy is 48 cm wide and 62 cm high. top, as shown below. The toy is 30 cm wide and 39 cm high.

62 cm
¥ U\V
48cm "~ 30cm
Calculate the volume of the toy. Give your answer correct to Calculate the volume of the toy. Give your answer correct to
two significant figures. two significant figures.

Dr Frost 407d
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Worked Example Your Turn

Calculate the total surface area of this composite shape. Calculate the total surface area of this composite shape.
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Worked Example

Your Turn

The diagram shows a solid formed from a hemisphere, a
cylinder and a cone.

el

—— —

VLec——e———

N

I
I
]
<& >€ >
6 cm 9cm 7 cm
Find the total surface area of the solid.
Give your answer to one decimal place.

The diagram shows a solid formed from a hemisphere, a
cylinder and a cone.

———
——

|
|
|

/[ ——

N

10 cm ~

pa N L
7\ 7N\

“7em  12cm

Find the total surface area of the solid.
Give your answer to one decimal place.

Dr Frost 406q
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Extra Notes
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3 Arcs, Sectors and Segments
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Arc Length and Perimeter of Sectors and Segments

Arc Length of a Sector =

L=——Xmd

A
Perimeter of a Sector =

0

ngle

Angle

X 1 X Diameter

X 1t X Diameter + 2 X Radius
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Worked Example

Your Turn

Find the arc length of the sector.

W

4m

Give your answer correct to 1 decimal place.

Find the arc length of the sector.

Give your answer correct to 1 decimal place.

Dr Frost 318a
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Worked Example Your Turn

Given that the arc length of sector below is 12 cm, work out its | Given that the arc length of sector below is 13 cm, work out its
angle, marked g on the diagram. angle, marked z on the diagram.

12 cm
13 cm

15 cm
Give your answer correct to 1 decimal place.

9cm

Give your answer correct to 1 decimal place.

Dr Frost 318c
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Worked Example

Your Turn

Given that the arc length of sector below is 5 cm, work out its
radius, marked g on the diagram.

5cm

43°

q
Give your answer correct to 1 decimal place.

Given that the arc length of sector below is 13 cm, work out its
radius, marked z on the diagram.

13 cm

53°

Z
Give your answer correct to 1 decimal place.

Dr Frost 318d
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Worked Example

Your Turn

Work out the perimeter of the sector.

O

2m

Give your answer correct to 1 decimal place.

Work out the perimeter of the sector.

6mm

Give your answer correct to 1 decimal place.

Dr Frost 318b
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Fill in the Gaps
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Fill in the Gaps
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Fill in the Gaps

wog'9y wo(t

wo (ZT + 1)

woy,

aoe|d *sapIs
|ewdap *1d Jo sw9} ySiess
101 uj J919WILIdd jo
JEIENTIEY] yi8ua

‘y18us) aay

aoe|d ‘sapis
|ewidap ‘1d Jo sw9) ySiess

101 ul J1939WIad j0 ‘ya8ua| 21y

1919Wdd yi8ua

— |on

— |

*3J041d
3joym 3y
Jo uonoeuy

‘Jlojswelq

woQT

— |

- waOt

Wogr

‘912412

ajoym ay) | uadwelq

jJo uonodelty

Page 114



Worked Example

Your Turn

A shape is formed from the sectors of two circles with centre O.

OPQ and OSR are straight lines.

0 R

PQS
8.96 cm 3.2cm
0]

The length of 0S is 3.2 cm.

The length of OQ is 8.96 cm.

Angle POS is 120°.

Calculate the perimeter of the shaded region.
Give your answer to 1 decimal place.

A shape is formed from the sectors of two circles with centre O.
OPQ and OSR are straight lines.

0
6.72 cm
P
0]
2.4 cm
R

The length of OS is 2.4 cm.

The length of 0Q is 6.72 cm.

Angle POS is 125°.

Calculate the perimeter of the shaded region.
Give your answer to 1 decimal place.

Dr Frost 318e
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Worked Example Your Turn

Calculate the perimeter of the shaded segment APB. Calculate the perimeter of the shaded segment APB.
0 0
AL a6 Ziem 54cm 720 54cm
’ \—/ ’ ! \/ ’
P P
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Area of Sectors and Segments

Area of a Sector =

0
A=—— XTtrz

360

X 1t X Radius

2

I

eO
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Worked Example Your Turn
Find the area of the sector. Find the area of the sector.
' 2cm
U 3cm
Give your answer correct to 1 decimal place. Give your answer correct to 1 decimal place.
Dr Frost 319a
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Worked Example Your Turn
Given that the area of sector below is 9 cm?, work out its Given that the area of sector below is 103 cm?, work out its
angle, marked y on the diagram. angle, marked p on the diagram.
y p
4 cm 14 cm
Give your answer correct to 1 decimal place. Give your answer correct to 1 decimal place.
Dr Frost 319b
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Worked Example

Your Turn

Given that the area of sector below is 17 cm?2, work out its
radius, marked x on the diagram.

76°

Give your answer correct to 1 decimal place.

Given that the area of sector below is 97 cm?2, work out its
radius, marked g on the diagram.

76°

Give your answer correct to 1 decimal place.

Dr Frost 319c
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Fill in the Gaps
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Worked Example

Your Turn

A metal component for a machine is formed from the sectors of two
circles with centre 0. The area of sector OAD is 7.7 mm?2.

B
7.68 mm

0]
3.2mm

D

C
OAB and ODC are straight lines.
The length of OD is 3.2 mm.
The length of OB is 7.68 mm.
Calculate the area of the shaded region.

A metal component for a machine is formed from the sectors of two
circles with centre 0. The area of sector OAD is 4.3 mm?Z.

B
6.72 mm
0]
2.4 mm
D
C

OAB and ODC are straight lines.

The length of 0D is 2.4 mm.

The length of OB is 6.72 mm.

Calculate the area of the shaded region.

Dr Frost 319d
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Worked Example Your Turn
AOB is a sector of a circle, centre O and radius 4 cm. AOB is a sector of a circle, centre O and radius 14 cm.
A A
0] 4cm B 0 14 cm B
The perimeter of the sectoris 10 cm. The perimeter of the sector is 44 cm.
Work out the area of the sector. Work out the area of the sector.
Dr Frost 319e
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Worked Example Your Turn
AOB is a sector of a circle, centre O and radius 18 cm. AOB is a sector of a circle, centre O and radius 11 cm.
A A
0 18 cm B 0] 11 cm B
The area of the sector is 320 cm?. The area of the sector is 35 cm?2.
Work out the perimeter of the sector. Work out the perimeter of the sector.
Give your answer correct to 2 decimal places. Give your answer correct to 2 decimal places.
Dr Frost 319f
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Fill in the Gaps

Angle

Sketch Radius Angle 360 Circumfer'ence Arclength Area ‘.’f whole Area of
(stmplified) of whole circle circle shaded sector
o 1
6 180 - 127 6m
=] ]
45° 12n
3
6 —
4
6 21
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Fill in the Gaps

Angle X
Sketch Radius i 360 Clrcumfer.ence i Area ?f whole Area of
(simplified) of whole circle circle shaded sector

6 3ém 12m
7 330° 127
8 330° 24m
9 24m 21
10 6r 36
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Worked Example Your Turn
The radius of the circle is 6 cm. The radius of the circle is 15 cm.
Q8 106°
Find the area of the shaded region. Find the area of the shaded region.
Dr Frost 467i
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Worked Example Your Turn
The radius of the circle is 9 cm. The radius of the circle is 10 cm.
Find the area of the shaded region. Find the area of the shaded region.
Dr Frost 467j
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Worked Example Your Turn
The area of the shaded region is 289 cm?. The area of the shaded region is 225 cm?.
P L 5
1282 n
0 R
Find the length of the arc PQR. Find the length of the arc PQR.
Dr Frost 467k
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Fill in the Gaps

Angle 6°

Radius r cm

Arc Length

Area of Sector

Area of Triangle

Length of Chord

Area of Segment

Perimeter of Segment

Sector Area =

Triangle Area =

Cosine Rule

Perimeter = Chord + Arc

AI‘C_Le;gth 11"20 l ab sin C az = bz + CZ —2bccos A Area = Sector - Triangle
6=1.5° | r=10cm o 1 1’ @ =107 + 102 — 2(10)(10) cos(L.5) | — 75— 49.87 - 13.63 +15
_>_(11(:;)c(;l. 5| 5 E(10)2(1. 5) |- 5(10)(10) sin(1.5) a® = 185.853 . _ 25 13cm? — 28.63cm
= 75cm? = 49.87cm> a=13.63cm
1)
0.8¢ 7cm
2)
20cm 60cm
3)
1.2¢ 21.6cm?
4)
6m cm 721 cm?
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Fill in the Gaps

Angle 8¢ | Radius r cm | Arc Length | Area of Sector Area of Triangle Length of Chord Area of Segment | Perimeter of Segment
Sector Area = Triangle Area = ;
Arc Length 1 5 1 & . 2 ZCOSIIZ'Ie Rule . Perimeter = Chord + Arc
—r0 Er 0 Eab sinC a* = b* + c* —2bccosA Area = Sector - Triangle 513.63 + 15
0=15 | r=10cm 1 1 a? = 10 + 102 — 2(10)(10) cos(1.5) - 75—49.87 e
- GO0-5) | - 2(10)2(1.5) | > 5(10)(10) sin(1.5) a? = 185.853 ... = 25.13cm? = 28.63cm
=15cm
= 75cm? = 49.87cm? a =13.63cm
5)
8cm 8cm
6)
15cm 94.67cm?
7)
11cm 5.694cm
8)
2¢ 6.681cm?
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Worked Example Your Turn

The diagram shows three circles, each of radius 9 cm. The diagram shows three circles, each of radius 6 cm.
The centres of the circles are A, B and C such that ABC is a straight line The centres of the circles are P, Q and R such that PQR is a straight line
and AB = BC =9cm. and PQ = QR = 6 cm.

Y Y
AN AN

Work out the total area of the two shaded regions. Work out the total area of the two shaded regions.
Give your answer in terms of . Give your answer in terms of .
Dr Frost 467q
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Extra Notes
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4 Advanced Probability
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Venn Diagrams
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Sets
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Worked Example

Your Turn

& = whole numbers from 1 to 15 inclusive
A = set of all prime numbers
B = set of all numbers one less than a power of 2

C = set of all square numbers

§ A

¢ = whole numbers from 1 to 10 inclusive
A = set of all cube numbers
B = set of all odd numbers
C = set of all multiples of 3

Bonus: If we extended ¢ to include more positive integers, what is the
smallest number that would appear in all three of A, B, C?

§ A
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Worked Example Your Turn

From the Venn diagram below, describe the sets: From the Venn diagram below, describe the sets:

§ = § =
A= A=
B =

C =

| A B

i
(2
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Worked Example Your Turn

A number is picked from the Venn diagram. Calculate the A number is picked from the Venn diagram. Calculate the
probability of picking: probability of picking:
a) A prime number a) A prime number
b) An even number b) An even number
c) A number greater than 5 c) A number greater than 5
d) A number less than or equal to 5 d) A number less than or equal to 5
$
A B J A B
1 3 7 4
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Worked Example

Your Turn

§=1{1,2,3,4,5,6}
A=1{234)
B = {4,5}

Construct a Venn Diagram to show these sets.

§=1{2,4,6,8,10,12,14}

A=1{4,6,8}

B ={8,10,12,14}

Construct a Venn Diagram to show these sets.
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Worked Example Your Turn
§=1{1,2,3,4,5,6} §=1{2,4,6,810,12,14}
A={1,2,3} A={4;6;8}
B = {1} B = {6,8}

Construct a Venn Diagram to show these sets.

Construct a Venn Diagram to show these sets.
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Worked Example Your Turn

There are 150 pupils. The examinations available are: English, Maths and There are 130 pupils. The examinations available are: English, Maths and

Science. Science.

* 15 pupils are sitting English and Maths but not science. * 10 pupils are sitting English and Maths but not science.
* 20 pupils are sitting Science and Maths but not English. * 20 pupils are sitting Science and Maths but not English.
* 18 pupils are sitting Science and English but not Math:s. * 9 pupils are sitting Science and English but not Maths.
* 8 pupils are sitting all three exams. * 13 pupils are sitting all three exams.

* 55 aressitting English in total. * 49 are sitting English in total.

* 72 are sitting Maths in total. * 83 are sitting Maths in total.

* 65 are sitting Science in total. * 62 are sitting Science in total.

A pupil is chosen at random. What is the probability that they are sitting A pupil is chosen at random. What is the probability that they are sitting
no exams? no exams?
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Worked Example Your Turn

There are 150 pupils. The examinations available are: English, Maths and There are 170 pupils. The examinations available are: English, Maths and

Science. Science.

* 15 pupils are sitting English and Math:s. * 10 pupils are sitting English and Maths.
* 20 pupils are sitting Science and Maths. * 20 pupils are sitting Science and Maths.
* 18 pupils are sitting Science and English. * 9 pupils are sitting Science and English.
* 8 pupils are sitting all three exams. * 3 pupils are sitting all three exams.

* 55 aressitting English in total. * 49 are sitting English in total.

* 72 are sitting Maths in total. * 83 are sitting Maths in total.

* 65 are sitting Science in total. * 62 are sitting Science in total.

A pupil is chosen at random. What is the probability that they are sitting A pupil is chosen at random. What is the probability that they are sitting
no exams? no exams?

Dr Frost 355g
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Worked Example

Your Turn

In a group of 28 scientists:

* 20 have degrees in Physics.

* 18 have degrees in Chemistry.

*  Some have degrees in both.

* 4 scientists have degrees which are neither Physics nor Chemistry.

A scientist is chosen at random. Find the probability that the scientist has
a degree in:

a)  Physics

b)  Chemistry

c)  Both Physics and Chemistry

d)  Neither Physics nor Chemistry

In a group of 30 mathematicians:

* 15 have studied Calculus.

* 22 have studied Topology.

*  Some have studied both.

* 3 mathematicians have not yet studied either Calculus or topology.

A mathematician is chosen at random. Find the probability that the
mathematician has studied:

a) Calculus

b) Topology

c) Both Calculus and Topology

d) Neither Calculus nor topology

Dr Frost 355f
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Conditional Probability
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Worked Example Your Turn

The Venn diagram shows a sample of people who play the The Venn diagram shows a sample of people who play the
guitar (G) or piano (P). guitar (G) or piano (P).
i
J G P G P
10 10

Find the probability that a student plays the guitar, given that Find the probability that a student plays the piano, given that
they play the piano. they play the guitar.
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Worked Example

Your Turn

A vet surveys 100 of her clients. She finds that

25 own dogs, 15 own dogs and cats, 11 own dogs and tropical fish, 53
own cats, 10 own cats and tropical fish, 7 own dogs, cats and tropical
fish, 40 own tropical fish.

Draw a Venn Diagram, and hence answer the following questions:

a)  P(ownsdogonly)

b)  P(does not own tropical fish)

c) P(does not own dogs, cats, or tropical fish)

d) Given that a randomly chosen person owns a cat, what’s the
probability they own a dog?

The following shows the results of a survey on the types of exercise taken
by a group of 100 people.

65 run, 48 swim, 60 cycle, 40 run and swim, 30 swim and cycle, 35 run
and cycle and 25 do all three.

a) Draw a Venn Diagram to represent these data.

Find the probability that a randomly selected person from the survey
b) takes none of these types of exercise,

c) swims but does not run,

d) takes at least two of these types of exercise.

Jason is one of the above group. Given that Jason runs,
e) find the probability that he swims but does not cycle.
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Notation
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Fluency Practice

Complement: ‘
The opposite of a set.

B’ = everywhere not in B

Intersection: N
The overlap of regions.

Union: U
The sum of regions.

A N B = everywhere A and B overlap

A UB=Aadded to B

A B § A B § A B § A B
A B A B’

A B F’ A B E A B ﬁ A B
AUB AUPB’ AUB A" UB’

A B E A B & A B E A B
ANB ANPB ANB A nPB
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Fluency Practice

Shade the Venn Diagrams according to the notation.

Remember! U =sum, N = overlap

E' A B ﬁ A B E A B E A B
AUB ANB AUB ANPB
§ A B § A B § A B § A B
AUPB A nB A UPB A nPB
E’A B gA B § A B 6A B
C C C C
BnNnC ANBnC BUA UC CUA UB
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Fluency Practice

Shade the Venn Diagrams according to the notation.

& A

B

ANBNC

¥ah)
>

s2)

AUB UC

(AnB)NnC

§

Remember! U =sum, N =overlap

A B &l A B
C C

ANnBn(C AUBUC
A B A B
C C

AnB nC (AnBNC)
A B &l A B
C C

(AUB) UC A'n(BnC)

§

A B

C

AUB UC

>
w

C

(AuBuUC)Y

A B

C

(AnByuc
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Worked Example Your Turn
$ A B $ a B
f

a) ANB= a) AnB=

b) AUB= b) AUB=

) A= o A=

d B' = d B =

e) ANB'= e) ANB' =

fy A'NnB= fy A'NB=

gl A'nB = g ANB =

Page 173




Worked Example Your Turn
§=1{1,2,3,..,10} ¢ = {all whole numbers }
A=1{2,4,6,8,10} A = {factors of 60 }
B ={3,6,9} B = { multiples of 3 }
a) ANB= a) ANB=
b) AUB-= b) AUB-=
c) A = c) A=
d B'= d B' =
el ANB' = el ANB' =
fy A'NB= fy A'NnB=
g) A NB' = g) A NB' =
Dr Frost 243g
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Fill in the Gaps
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Fill in the Gaps
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Worked Example

Your Turn

Calculate:

P(4) =
P(B) =
P(A") =
P(B") =
P(ANB) =
P(AUB) =
P(A'nB) =
P(ANB) =
P(A'nB) =
P((AnB)) =
P(A'UB) =
P(AUB) =
P(A'UB) =

P((AuB)) =

Calculate:

A B

)

P(4) =
P(B) =
P(4) =
P(B") =
P(ANB) =
P(AUB) =
P(A'NB) =
P(ANB) =
P(A'NB) =
P((AnB)) =
P(A'UB) =
P(AUB) =
P(A'UB") =

P((AuB)) =

Page 179




Cardinality of Sets
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Worked Example Your Turn
'3 A 9 B § A 9 B
8 10 8 10
a) n(4) = a) n(B)=
b) n(ANnB) = b) n(AUB) =
) n(A'NB)= c) n(AuB’) =
d) n(4'UB) = d n(AnB)=
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Frequency Trees
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Worked Example

Your Turn

106 people are asked if they like coffee.

63 of these people are men.

60 of the 106 people like coffee.

21 of the women do not like coffee.

Use this information to complete the frequency tree.

like coffee

do not like coffe€

114 people are asked if they like cake.

58 of these people are men.

57 of the 114 people like cake.

24 of the women do not like cake.

Use this information to complete the frequency tree.

like cake

do not like cake

Dr Frost 241b
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Worked Example

Your Turn

100 students had some homework.
The frequency tree shows the number of students who did the
homework.

(71
did do homew L‘YL)\ !

L

859
bovs \
did not do

homework \(/ 1 4‘ 3
// N

( 100
N

3
did do h«\mv'\\y)(\lf/

girls o
Kel

2
ddmotdo —~_~
homework K 2 >

A boy is chosen at random.
Write down the probability that they did not do their
homework.

100 students had some homework.
The frequency tree shows the number of students who did the

homework.
<
did do huur\wxh /C:;T) /:
/ o

did not do
homework \(/;\
K S

53
did do homew n}/Q
sarls : P
58
N

\ -
ddmotdo T~ ™
homework k 5 /.‘

A girl is chosen at random.
Write down the probability that they did do their homework.
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Tree Diagrams
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Mutually Exclusive and Independent Events

If A and B are mutually exclusive events, they can’t happen at the same time. Then:

P(A or B) = P(A) + P(B)

If A and B are independent events, then the outcome of one doesn’t affect the other. Then:

P(A and B) = P(A) X P(B)
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Worked Example Your Turn
There are counters in a bag. There are counters in a bag.
Colour Red | Blue | Yellow Colour Purple | Orange | Green
Number 5 10 15 Number 10 45 5

One counter is taken out the bag. It is replaced. Then another counter is
taken out the bag. Find the probability that:

a) Both counters are red

b)  Neither counter is red

c) The counters are different colours

One counter is taken out the bag. It is replaced. Then another counter is
taken out the bag. Find the probability that:

a) Both counters are purple

b)  Neither counter is purple

c) The counters are different colours
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Worked Example

Your Turn

In bag A there are 2 white and 5 red counters. In bag B there are 7 white
counters and 3 red counters. A person takes at random one counter from
A and one counter from B.

a) Draw a probability tree diagram to represent the situation.
b)  Find the probability that the counters are the same colour.

c)  Find the probability that the counters are different colours.

In bag A there are 4 white and 7 red counters. In bag B there are 9 white
counters and 5 red counters. A person takes at random one counter from
A and one counter from B.

a) Draw a probability tree diagram to represent the situation.
b)  Find the probability that the counters are the same colour.
c)  Find the probability that the counters are different colours.
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Worked Example

Your Turn

A person plays a game of tennis and then a game of golf. They can only
win or lose each game. The probability of winning tennis is 0.3. The
probability of winning golf is 0.7. The results of each game are
independent of each other.

a) Draw a probability tree to represent this information.

b)  Calculate the probability that the person win both games.

c) Calculate the probability that the person wins one and loses one.
d) Calculate the probability that the person wins at least one game.

A person plays a game of tennis and then a game of golf. They can only
win or lose each game. The probability of winning tennis is 0.6. The
probability of winning golf is 0.35. The results of each game are
independent of each other.

a) Draw a probability tree to represent this information.

b)  Calculate the probability that the person loses both games.

c) Calculate the probability that the person wins one and loses one.
d) Calculate the probability that the person loses at least one game.
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Fill in the Gaps
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Fill in the Gaps
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Worked Example Your Turn
There are counters in a bag. There are counters in a bag.
Colour Red | Blue | Yellow Colour Purple | Orange | Green
Number 5 10 15 Number 10 45 5

One counter is taken out the bag. It is not replaced. Then another counter
is taken out the bag. Find the probability that:

a) Both counters are red

b)  Neither counter is red

c) The counters are different colours

One counter is taken out the bag. It is not replaced. Then another counter
is taken out the bag. Find the probability that:

a) Both counters are purple

b)  Neither counter is purple

c) The counters are different colours
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Fill in the Gaps
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Worked Example

Your Turn

There are 8 counters in a bag.
There is a number on each counter.

OOOOOEOO®

Martha takes at random three of the counters.

She works out the product of the numbers on the three counters.

Work out the probability that the product is an odd number.

There are 6 counters in a bag.
There is a number on each counter.

OOOOEO

Emily takes at random three of the counters.
She works out the product of the numbers on the three counters.
Work out the probability that the product is an even number.
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Worked Example Your Turn
There are 9 counters in a bag. There are 7 tiles in a sack.
There is a number on each counter. There is a number on each tile.
Zoe takes at random three of the counters. Jules takes at random three of the tiles.
She works out the sum of the numbers on the three counters. She adds together the numbers on the three counters to get a total.
Work out the probability that the sum is an odd number. Find the probability that her total is an even number.
Dr Frost 354f
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Worked Example

Your Turn

There are two bags with numbered discs as shown.

Bag 1 Bag 2
©0
©) ®
e/ \00

A person chooses a disc at random from bag 1.

If it is labelled 2, he puts the disc in bag 2.

If it is labelled 1, he does not put the disc in bag 2.
He then chooses a disc at random from bag 2.

He then adds the numbers of the two discs he selected to give his score.

Find the probability that his score is 5.

There are two bags with numbered discs as shown.

Bag 1 Bag 2
©0
©) ®
e/ \00

A person chooses a disc at random from bag 1.

If it is labelled 1, he puts the disc in bag 2.

If it is labelled 2, he does not put the disc in bag 2.

He then chooses a disc at random from bag 2.

He then adds the numbers of the two discs he selected to give his score.
Find the probability that his score is 4.
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Review

...with replacement:
The item is returned before another is chosen. The probability of each event on each trial is fixed.

...without replacement:

The item is not returned.

* Total balls decreases by 1 each time.

* Number of items of this type decreases by 1.

Note that if the question doesn’t specify which, e.g. “You pick two balls from a bag”, then PRESUME WITHOUT REPLACEMENT.
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Worked Example Your Turn

A person throws a biased coin two times. A person throws a biased coin two times.
The probability of flipping a heads on any throw is p The probability of flipping a heads on any throw is g
a) Draw a probability tree diagram to represent the situation. a) Draw a probability tree diagram to represent the situation.
b) Find an expression for the probability of flipping: b) Find an expression for the probability of flipping:
i) Two heads i) Two heads
ii) Two tails ii) Two tails
iii) One heads and one tails iii) One heads and one tails
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Fill in the Gaps
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Worked Example

Your Turn

There are n sweets in a bag.

4 of the sweets are orange.
The rest are yellow.
Hannah takes at random a sweet from the bag. She eats the sweet.

Hannah then takes at random another sweet from the bag and eats it.

The probability that Hannah eats two orange sweets is é
Find n

There are n sweets in a bag.
6 of the sweets are orange.
The rest are yellow.

Hannah takes at random a sweet from the bag. She eats the sweet.
Hannah then takes at random another sweet from the bag and eats it.
The probability that Hannah eats two orange sweets is g

Find n
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Worked Example

Your Turn

There are counters in a bag.

At the start, 7 are red and the rest are blue.

A person takes at random a counter from the bag. They do not put it back
in the bag. Then they take another counter at random.

The probability that the first counter is blue, and the second counter is
. 21
red is 55

Work out the number of blue counters in the bag at the start.

There are counters in a bag.

At the start, 7 are red and the rest are blue.

A person takes at random a counter from the bag. They do not put it back
in the bag. Then they take another counter at random.

The probability that the first counter is blue, and the second counter is

Work out the number of blue counters in the bag at the start.
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Extra Notes
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5 Capture-Recapture
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Worked Example

Your Turn

| catch 12 fish in a pond and mark them with a red dot. The
next day | catch 8 fish, of which, 3 have red dots on them.
Estimate the population of fish in the pond.

| catch 18 fish in a pond and mark them with a red dot. The
next day | catch 7 fish, of which, 2 have red dots on them.
Estimate the population of fish in the pond.

Dr Frost 351a
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